No. 3] Proc. Japan Acad., 70, Ser. A (1994) 67

16. Singular Variation of Domains and L™ Boundedness of
Eigenfunctions for some Semi-linear Elliptic Equations

By Shin OZAWA and Susumu ROPPONGI

Department of Mathematics, Faculty of Science, Tokyo Institute of Technology
(Communicated by Kiyosi ITO, M. J. A., March 14, 1994)

1. Introduction. Let M be a bounded domain in R’ with smooth
boundary M. Let w be a fixed point in M. By B(e ; w) we denote the ball of
center w with radius € > 0. We remove B(e; w) from M and we put M, =
M\ B(e ; w). We write B(e; w) = B,.

Fix p € (1, o). We put

(1.1) Ae) = infjl; |Vu |’ dz,

X, e
where X, ={u <€ H'M,) : | g, =1, =0 on M, u =0 in MJ}.
Then, we know that there exists at least one solution #, which attains (1.1).
It satisfies

(1.2) — Au, = A@©ul in M,
% u, =0 on 0B,
u, =0 on OM.

Here 0 /0vy denotes the exterior normal derivative.

In this paper we prove the following Theorem 1.

Theorem 1. There exists a positive constant C independent of € such that
(1.3) sup sup %, (x) < C,

u.ES, TeEM,
where S, is the set of minimizers of (1.1).
The reader may be referred to Ozawa [2],[3], Lin [1] for related prob-
lems.
2. Preliminary lemma. Lemma 2.1. Assume that u, € C*(M,) is har-
monic in M, and u, = 0 for any x € 0M and that
max{| ou,(x) /0v,|;x € 0B(; w)} = L.
Then, |u(x) | < Ce L1 +log(lx — wl|/e)) for any x € M.. Here C is a
positive constant independent of €.
Lemma 2.1 is given in Ozawa [4].
Let G.(x, y) be the Green function of the Laplacian in M, satisfying
—4,G.(x,y) =0x—y zx,yEM,
Ge(x’ y)lzeaM =0 Yy € Mer

0
_a—U:Ge(x’ ) lzedB, — 0 y <€ M..

Let G(x, y) be the Green function of the Laplacian in M under the Dirichlet
condition on 0M. We put

2 2 0
Valx, w,Vpw, v)> = Ea—wia(x, w) a—u;,.b(“" Y.
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Here w = (w,, w,) is the standard orthogonal coordinates of w. We put
R.(x, y) = Gz, y) + 27V, G(x, w),V.Cw, y)>.
We put

G.f(x) = fM G.(z, Pf@dy

and

R.f(2) = fM R.(x, fWdy.

We write || flqu(Mé) as | f||,,,5. We have the following
Lemma 2.2. Fixq > 2. Fix f € L' (M,).
Then, there exists a constant C > 0 independent of € such that
0 T
(2.1) max | 5— (R f(x) — Gf (@) | < Ce |l f,.

x€0B, al)x
holds fort=1— (2/¢q).
Proof. Since (0/0v,)G.f(x) = 0 for x € dB,, we have to get bound of
(8/0v)R.f to prove (2.1). We know that G(z, y) + @m) 'log|x — y| =
Sz, y) € C°(M X M). By Ozawa [4, (2.9), p. 644] we have

0 - .
22 5o R Lawrieo = 55 G @ — 50 G @)

+ 276 0, Sz, w), V.G W)
1

Here f is an extension of f to M which is zero outside M.. Therefore, abso-
lute value of the left-hand side of (3.2) does not exceed Ce’ I Gf ||Cm(,g, +
0(e% I £l for ¢ > 2. By the Sobolev embedding theorem applied to Gf we
get (3.1).
Proof of Theorem 1. Assume that ¢ > 2. Let u, be the solution of (1.2).
By Lemmas 2.1 and 2.2 we have
(2.3) | Gaul(x) — Rul(x) |
< Ce™(1 + log(x— wl/e)) | ul ll,.
< Ce llogel |l u, b,
for arbitrary x € M,. We recall that | u, H‘Hl,5 =1,lA) | < C.
Let #, be an extension of #, to M which is defined in the Lemma A in
the appendix of this paper.
Then,
(2.4) ” U “H‘(M) <C ” U "H‘(ME) + Ce_w“l) " Ue "p+1,e
S C’&‘_Z/(DH).
By the Sobolev embedding H'(M) < L**(M), we can see that
" U, "pq,s < " U, "L”(M)
<C " U, “H‘(M)

S C,S-Z/(P+l)
We take ¢ > p + 1. Then, by (2.3) and (2.4), we get
(2.5) | Gl (x) — Rl (2) | < Ce¥ ™% | loge |
< C' < oo,

for any x € M..
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On the other hand, by using the smoothing property of the operator G,
we have for any x € 0M,

26) |Ru'@|<|Gd )|+ 2n’ | <V G(x, w),V, (Git?) (w)) |
< Clu, ).
1/(p+1)

+ee([ 1neaw, o) s

<Cca+ &) <.
Here f denotes the extension of f to M as zero outside M..
From (2.5) and (2.6) we can see that | #.(x) | £ C for x € M, by using
= 2(e) G.ul. Now our proof of Theorem 1 is complete.
Appendix. Lemma A. There exists an extension operator E : H' (M,) © u
— Eu =0 € H' (M) satisfying the following:
(0) E is linear.
(1) #(x) = ux), M,
holds for any u € H'(M.).
(2) ” % ”LS(M) < C " u "LS(M) (1<s5< )
holds for any u € H'(M.) N L°(M,).
(3) ” u ”HI(M) < C ” u “H (M) + Ce e ” u "LS(M)
holds for any u € H'(M.) N r (M,) with 2 £ 5 < oo,
Proof. Without loss of generality, we may assume that w = 0. We take
an arbitrary » € H'(M,) and put
alx) =ulx) €M, .
=u( @zl 2|9 =8B,
where 1, € C*(R?) satisfies 0< 7, <1,7,=1 on R°\B,,,, 7. =0 on
B., and |Vp.| <8¢ Notice that both 71.(’xz|x|™ and (Vn,)
(ezx| x|—2) vanish on RZ\B“. Then, by using the Kelvin transformation of
co-ordinates y = ez | z|7%, we have

f | #(z) |de=f u@ Py lyl™Clyl™ dy
B,

Sflu(y)ldy (1<s< ),

where the factor (| 1/| ) comes from the absolute value of the Jacobian de-
terminant of the Kelvin transformation. We also have

[1va@ tar < ¢ [ lu@zlz|™ [ (V1) @ Pde
B, B,
+ Cf ClzI™M* VwEx|x]™ |? n.(x)%dx
B5

<ce [ lu@ Flyl™dy+c [ 1vul®ay.
M, Me
By Holder’s inequality, we see that

L 1w Plyl™dy < e ulg, @ <5< o).

Thus, we prove Lemma A.
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