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§0. Introduction. The purpose of this note is to give an explicit ex-
pression of the Harish-Chandra C-function of SU(#n, 1) for the case when
irreducible unitary representations of the maximal compact subgroup K =
S(U(m) X U(1)) contain one dimensional unitary representation of M =
S(U(m— 1) X U()). In this paper we compute the matrix element of the
Harish-Chandra C-function with respect to the M-highest weight vector of
the above M-type. Our main result will give a complete determination of the
composition series of the representations which are induced from one dimen-
sional unitary representations of M and characters of the noncompact Cartan
subalgebra. Moreover in order to prove the Paley-Wiener type theorem, we
need the information on the positions of zeros and poles and their orders of
the Harish-Chandra C-function for every K-types which contain certain
M-type.

In order to prove our result, using analogous arguments in (3], we
obtain the recursion formulae of the Harish-Chandra C-function.

§1. Notation and preliminaries. Let G = SU(#, 1) (n = 2) and K =
S(U(n) X U(1)). Then K is a maximal compact subgroup of G. Define the
analytic subgroups A, N and N by

cosht sinh ¢
A= In—l ;tER ’
sinh ¢ cosh t
1—w/2 25 w/2 .
N= -z I, z i2€C"  u€R, 0= 2|z +2/—1ui,
i=1
—w/2 2 1+ w/2
_ 1—w/2 25 —w/2 n—t
N= —z I, —z |;zeC uceR, w=2|z+2V=1ut,
i=1

w/2 =2 14+ w/2

where I,_, denotes the unit matrix of order # — 1 and the asterisk denotes
the conjugate transpose. Let M be the centralizer of A in K and a be the Lie
algebra of A. Then they are given by
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u
M

X :Xe€EUn—1),u€C, u'det X=1¢,

1

a={tH ;t € R}, where H=
0
1
For any g € G, let g = k(2) exp H(gn(g) be the Iwasawa decomposition of
g, where k(g) € K, H(@) € a, n(g) € N. Put w = diag(—1, —1,1,...,1)
€ K. Then w is a representative of the nontrivial element of the Weyl group
of G.

The complex dual space az of a can be identified with C under the
correspondence A € az—* A(H) € C. Let p denote the rho function of G.
Then p is identified with #».

We denote by K the set of equivalence classes of irreducible unitary
representations of K. Then for 7 € K, the Harish-Chandra C-function is de-
fined as the following integral:

C = [ e e dm, (e o).

§2. Determination of K-types. In this section we will determine the
subset of K consisting of the elements which contain one dimensional
M-type. As in [4], K and M are parametrized as follows:

. 1 " .
K={s=(s,...,s) € <mZ> 38— S €20 G=1,...,n— 1},

~ 1 n—1 .
M=(t=(.. t,) € (572) it t,€2Zo0(=1,...,n—2).

It is known that (cf. [4]), for s € Kand t € M, [s:fl =0 or 1 and [s: 1] #
Oiffs,—t, € Zopand t;, — 5;,, € Zo, G=1,...,n— 1).

Let 0™ (m € Z) be the one dimensional unitary representation of M on
C, so that

u u
am<< X >>z=umz,(< X )EM,ZEC’).
u u

We denote by V,, the set of harmonic polynomials in z € ‘C” of bidegree
(p, @). We define the action 7,,,, m € Z) of K on V,, by

<Tm,b,a <<X u )) (D)(z) = u""""p(2X), ((X w ) EK, XeEUm,ueC,

pEeV,,).

Under Kraljevié’s parameter, these representations can be written as follows:

m
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_ m m m m
Tmpa = (1’_ n+1' n+17 w+1 “1‘m>-
Thus we have the following proposition.

Proposition 1. Let T be an arbitrary K-type which contains the M-type o™.
Then there exist p, ¢ € Z ., such that T is equivalent with T,

Put ¢,,(2) = 2 ZF(— p, — —1;—(z*+ + |z, 15/] 2, "),
where F denotes the standard hypergeometric function (cf. [3]). Then ¢, , €
Ve A simple calculation shows that

u u
Tm.b.a X ©pe |2 = %mfpl,,q(z), ( X EM).
u u

§3. Intertwining operators and the C-functions. In this section we will
give an explicit expression of the Harish-Chandra C-function. To do this, we
shall first find the recursion formulae for the Harish-Chandra C-function.
We use here the arguments in [6, p. 218-277]. Let (7, ,, H™?") denote the
principal series representation of G induced from the representation ¢ @ A
® 1 of MAN and let A(w, m, 2) : H™* — H™™* denote the standard inter-
twining operator. Define the linear mapping P of V,, into C by P(p) =
¢((1,0,...,0)). Then P satisfies Pt,,,,(b) = 6" (b)P for any b € M and
P(p,,) = 1. For g € G, put Gpan(@ = e FOP(,, , (k@) 0,,). Then
it is clear that @,,, € H™". By Schur’s lemma, there exists a constant

q(/l) such that A(w, m, D) (@,,,) = a,,(A)@,,_,. Noting that [z,,,:
6”1 =1and 7,,,wWe¢,, = (— 1)*¢,,, we have from [6, p. 270] that
a,,() = (= D*MC,  (c": 1),
where C. (6™ : A) denote the matrix element of C , (A1) with respect to
the element ¢,, which corresponds to the M-highest welght vector 1 of o™
under P.

A straightforward calculation shows that (cf. [2], [3])

T (H) @ gz = 20 + q}._ n—1) {(p+n—-—DA+n—m+ 2p)¢p+1,q,z
+pA—n—m—20¢—1D)g,_,,.
+@+n—1DQ+n+m+ 2G40,
+gA—nt+m+2Q—1)G,, ..

The intertwining relationship between =,,;, and =, _, implies that A(w, m,
A Ty i CHD B gz = Ty 2 (HDAw, m, 2) @y 4, Therefore we obtain the follow-
ing recursion formulae:
A+n—m+2pa,.,, A =(—2+n—m+ 2pa,,R),
Q+n+m+29a,,,, D) =(—2+n+m+29a,, Q).
Thus we have
prg? A —m+m— 2 A —n—m— 2j

a,, () = (— 1) n /1+n—m+2y,no/l+n+m+2ja°'°(2)’
Here a,,(4) is the Harlsh Chandra C-function for one dimensional K-type
and it is computed as follows (cf. [5]):




No. 7] The Explicit Formula for the Harish-Chandra C-function 259

(n — 127" Q)
A+n+m A+n—m\’
(=5 )(=5=")
Therefore we have the following theorem.
Theorem 2. We have the following expression:
p-1 q-1
=D PO N A —n+m—2) TQA—n—m—2j)
=0 j=0
2+n—m+2p) 2+n+m+2q>
2 2
Remark. If # = 2 then our theorem gives the explicit expression of the
Harish-Chandra C-function of SU(2,1) for all K-types (cf. [6]). If p = g =
1 and m = O then it coincides with the case of adjoint representation (cf. [1]).

@y, (1) =

C,, (0" D=
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