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1. Introduction and the main theorem. In connection with a problem
of the inviscid Burgers equation ([10], [11]), Sinai ([12]) obtained the follow-
ing estimates (1.3) and (1.4) for the distribution of the integral of one-
dimensional Brownian motion b(f) starting at 0: For » > 0,a € R, A> 0
and 0 > 0, let

t
(1.1) P, Q) = P{f0 b(w)du < at for all 0 < ¢ < A}

and

t
(12)  Puo=P|[ bwdu<r+at+ of forall 0 <1< o).
0
Then, for each fixed » > 0 and ¢ € R,

(1.3) P,(A) <A asA 1 o
and
(1.4) P,=0¢"%aso |l 0.

Here we use the following general notation; for positive functions f(x) and
g(x) on (0, ),

: g(x)
fl@)=<gl)asx T oo[] 01if0< 11111130[1{151 f( ) }:1:1&??8763— <

and
flx) ~ glx) asx 1 e[| 0] ifﬂlir[nlm% =1.
In this paper, we refine these results in the following way:
(1.5) P,(A) ~ C,(r,)A* as A T
and
(1.6) P~ C(r,@)6*as o | 0.

Also we compute explicit expressions of C,(r, @) and C,(r, a). Our
approach to this problem is based on an observation of a two dimensional
diffusion process (X(9), Y(#)) defined by

A7) YO =y+ b0, XO=z+ f’ Y du = z + yt + f' b(w) du.

This diffusion is often called the Kolmogorov diffusion since it has been intro-
duced by Kolmogorov [4]. As usual, we denote the probability law for the
diffusion starting at (x, ) € R’ by P, and let T be the first hitting time
to the positive y-axis:

(1.8) T=inf{t =>0; X(® =0, Y(® = 0}.
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Then both asymptotics (1.5) and (1.6) can be obtained systematically from
the following theorem.

Theorem. Fora =0, b= 0 and (x, y) € R* with x < 0,
(1.91 — E, (exp[— ao’T — boaY(T)]) ~ C(a, b;x, y) Yo aso | 0.
The constant C(a, b; x, y) is obviously zeroifa =b =0 ory = 0 and x = 0.
Otherwise it is strictly positive and can be expressed in the following form

- _ — 3(b+ v2a) “ (9 3\ s/
(1.10) C(a, b; — &, —n) = ﬁ__“ﬂn(bum)r(l/ﬁ)foe (zst+n) s
EZO,T]>O.
(1.11) Cla b:—¢&, p) = 3+ 120) 5%

/7 + 220 I'(1/6) ¢
© /9 1/6 2 3\ —5/6
x_/; ¢ (§Et> (t+—9—%> dt, >0, 7= 0.

As a corollary of this theorem, we can obtain (1.5) and (1.6) with

(1.12) C.(r, @) = —%)—0(1,0; B
F —_

and <4

(1.13) Cr,a) =C2,2;,—7r, —a.

The proof of the theorem we give in section 2 depends heavily on a formula
of McKean [8] for the joint distribution of T and Y(7) with respect to the
law Py _; cf. also related results in [2], [3], [5]-[7]. Lachal [5] in fact
obtained an expression for the joint distribution of (T, Y(T)) with respect
to P, for any (x, y), but it seems difficult to derive (1.10) and (1.11) from
his result. The reduction of (1.5) and (1.6) to the theorem will be given in
section 3.

Finally we would thank Professor S. Kotani for helpful discussions and
his suggestion to consider the Laplace transform v in section 2.

2. Proof of the theorem. The proof proceeds as the starting point
(x, y) being situated first in the negative y-axis, then in the negative x-axis,
in the third quadrant and finally in the second quadrant.

2.1. Preliminaries. For ¢ = 0, b = 0 and o > 0, let # be the function
on the left half plane {(z, ) | £ < 0} of R? defined by
2.1) u(x, p(=ulz,y;o0,a, b)) =E,,{expl— ad’T — baY(D)1}.
Then # is uniquely determined by the following properties: 0 < # < 1 and
satisfies in the half plane {x < 0} the equation

1 0% ou

(2.2) Lu-——z“gf Yor —aou
with the boundary condition on the positive y-axis:
(2.3) lim u(x, y) = e, y > 0.

x10
By the scaling property of the Brownian motion, we deduce easily that
(2.4) w(x, y;co,a,b) =ul’x,cy;o,a, b, c>O0.
Let

(25) viy;o,B(=vly;o0o, B, a,b)= fo ulz, y;o,a, bde, B>O0.
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By an integration by parts, we see that v(y) = v(y; o, B) satisfies for
y > 0 the equation

1 _
(2.6) 50 @ = By + acHv(y) — ye .
Let ¢(y), ¢(y), F(y) be defined by

$(y) = ( ) —1/3‘/-1_— (3 ys/z) o) = (1) 3-2/3@—1 (3 ya/z)

1/311 2 2 3*1/3 /s
F@) = 0@ — 2 pi D o) = 22 i K @/3 4.

This F(y) is a constant multiple of the Airy function Ai(y). We introduce
v, (y) = FG2By + s)/F(s),

v,(y) = b (s)pF2By + ) + ¢(s)p 2By + s)},

1

V2B
_ 2a02 . 1 ” —

where s = 05 Then v,(y), v,(y) are solutions of o y = (By+

ac®)v(y) such that v,(0) = 1, v,(y) is bounded on (0, ), and v,(0) =
v,(0) = 1. Hence

2.7) vly; 0, B) = 20,() fo ’ 0,(&) & dE + 2v,(y) f "0 (&8s

+v(0; 0, Dv,(y).
Let
(2.8) T, =inf{t > 0; Y(» =0}, X' = X(T,).
It is obvious that X° < 0 ass. (P, if y > 0. Applying the optional sam-
pling theorem to the local martingale ,
(2.9) F(= 22y Lrom 23>0,
we obtain E _, [ = FG2y).
We can easily invert the Laplace transform to obtain the following:

P(O,-—y)(— XO € d.Z‘) — 21/3 Y —2y%/9z

(2.10) dx 32/3]-.(§)x4/3

, >0,y>0.

Also it is well-known that

(2.11) Eo_ple T =¢™, y>0,p>0.
2.2 The case of the starting point on the negative y-axis. McKean ([8])

obtained the following formula:
-39

_ 3h zgipm (e 2
Poy[T € dt, (D) € dhl =™ fo g do-dndt, th>0.

Then, as 0 | 0, we have ]
1— M(O, —1;o0,a, b) = E(O,—l)[l _ e—aa T—baY(T)]

b ° 2 2 /t %0
— 1 — g eottbh —3(1 h+h?) e
fo f dtdh(l — e )y ﬁ _£ g @
_ —t—h o a - 4a —%aa
— \/ﬂf f dtdn—2& 2 (1 4 ) —2—(h —boh+b%0?) f 0d0
0
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124%2 o oo s 12 _a?
N\/EWL f; dtdn(l — e ™) ez e vk

_ 30+ y2a) /o
Vb + 2v2a
b3

© —oan?/? _ oah2 b2
by noting that £ RS i s VT /2, f TR g =
(via h>—3/2 j:o e ‘/%‘— n(+l) dr = 2V~ K K., (2 Via h),

and K_g(z) = ‘/; ~ (1 + %)

This proves that (1.9) holds for (z, ) = (0, — 1) with
3(b + V2a)
(2.12) C(a, b 5 O, 1) m
and, by the scaling property (2.4), it is immediately seen that (1.9) holds on
the negative y-axis with
(2.13) Cla, b;0, —y = 30+ y2a)iy «/%)«/5’
(b + 2V2a)

2.3. The case of the starting point on the negative x-axis. By the strong
Markov property applied to the hitting time T, in (2.8) it follows that, for
y >0,
(2.14) u©, —y;0,a,b = E(o,_,,)[e_”"z“u(XO, 0;0,a,bdl.

Then, noting (2.11) and the scaling property (2.4),
Cla,b;0,—yvo~1—u,—y;0,a,b) ~E,_,[1— w(X° 0;0,a, b=
Eq_pl1 —u(—=1,0;|1X°1""c,a,0)las o | 0

and, by (2.10), this is equal to
1/3 oo
—ylf e LTV — w(— 1,0 2%, a, b))dz.
32/3F<_> 0
3
Now we can apply a Tauberian theorem to conclude that

(216) 1 —u(—1,0;0,a,b) ~C(a,b; —1.0)0yo, aso | 0

and the constant C(a, b; — 1,0) satisfies
1/3

> (ylf e dx = Cla, b0, — )
3 F—)

3

> 0.

(2.15)

Cla,b;—1,0)

=Cla, b;0, — y.
By the scaling property (2.4),
217) 1 —u(—2z,0;0,a,b) =1— u(—1,0; 20, a, b)
~ Cla, b; —1,00yoz"®, aso | 0,
that is (1.9) holds on the negative x-axis with

) ..

1 1/6 z
r (6)2
2.4. The case of the starting point in the third quadrant. Clearly the

joint distribution of (T,, X° = X(T,)) with respect to the law P, _,, is that
0 0 ,—Y)

(2.18) Cla,b;—x,0) = Ca,b;0, —1).



No. 9] Asymptotic Formula for Kolmogorov Diffusion 275

of (T,, — x + X°) with respect to P,_,. Then, by the strong Markov prop-
erty and (2.17) together w1th a careful estimate, we can show that
l1—u(—x,—y;0,a,b= <o_,,>[_aaT°u(—x+X 0;0,a,bl
E,_,[1— u(— z+X°0;0,a, b]
~ o Cla, b; — 1,0)E(0,_,,)[(x X1, x>0,y >0.
This proves that (1.9) holds for (—x, —y), x > 0, y > 0 with
Cla, b;—z,—y) = Cla, b; — 1,0E,_,[(x— X"
Cla,b;0,—1) [ _s56 — (92t
= 1 £e (
1(5)
2.5. The case of the starting point in the second quadrant. Let v(y ; o, B)
be defined by (2.5). Then by the result in the subsection 2.3,

v(0;0, B = f w(—z,0;0,a,be ™ dx

+y )UBdt.

~——fﬁ‘7“‘r( )c, b5~ 1,0.

Note that functions ¢(y), ¢ (y) and F(y) in the subsection 2.1 are entire
functions. Then from (2.7), we see by Taylor expansions and integration by
parts that as ¢ | O and B > 0 being fixed,

vy ;0. B ~ 5 — VB I(§)Cla, b — LOFE2By as o | 0.
From this we can conclude by a standard argument that, for x > 0 and y > O,
(2.19) 1—u(—2z,9y;0,a,b) ~VoCla, b; —x,y
with

f Cla,b; —x, pe ™ dx= B‘”“r(%)C(a, b; — 1,00F(2By).
0
We can invert this (cf. Oberhettinger and Badii [9], (13.45)) to obtain

7\ ., 2/3
F ~ 3 3 3
(2.20) C(a,b; —x,y) = Cla, b; —1,0) —<6> @e—g—’” w. (2919

1/3 l) Y
21(3
where W_LL( ) is the Whittaker function. Noting
-2 173

e 2z ° —t t
2.21 W_11 = —_—
( ) _é,é(z) - 7 j; e G+ 0"
6
(cf. Abramowitz [1], (13.2.5) and (13.1.33)) and (2.18), we finally obtain
Cla, b;—x,9

l
2’

-

176

<9_‘Z._t_>l/6
_ C(a, b;i), - D e—%"ﬁfwe“—z—wgdt.
() G

3. The reduction of (1.5) and (1.6) to the theorem. Since P,,(4) =
P_,_,(T>A)), (15) with (1.12) is an immediate consequence of the Taube-
rian theorem apphed to
(3.1) 1—E_, ole”1~CA,0;,—7», —a)oaso | 0.
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For 0 = 0, we consider the Kolmogorov diffusion with drift:

(3.2) Y() =y + b — 20t, X® =z + [ " Y du
0

t
=x+yt—at2+f b(u)du.
0

The probability law of this diffusion starting at (x, y) is denoted by Pfx 5 SO
that P(ox,,,) = P, Then by Girsanov’s theorem, we have for any #» > O,

- (20)?
(z,y)[T < n] = [ 201Y (n)—yl— Ln T < n]

(xy) (20)
_ —Za[Y(T/\n) yl— TAn
(20)
Zoy —20Y(T)—
E,,le ; T < ml.

Noting P, (T < ) =1, and lettig n— ©°, we have
- —20Y(T)—
Pma_P( r—a)(T_oo) =1- ZlmE( —7,— a)[ v

(20)2
2 T

2o T (Tt )

=1-E_, ole™" P75 1+ 0(0), aso 0.
Hence by the theorem
(3.3) P,,~VcC2,2; —a) asol 0

and we obtain (1.6) with C,(», a) = C(2,2 =7, —a).
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