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1. Introduction. Let (B, g) and (F, ) be
two Riemannian manifolds of dimensions # and p
respectively, and let f be a positive smooth func-
tion on B. Then the warped product space M =
B X ,F is defined by the Riemannian metric & =
5(g) + (f - ©)°6™ (), where m and o are the
projections of B X F onto B and F, respectively.

Let n + p = m. For a local coordinate sys-
tem (%) (@=1,2, -+, n) of B, the metric ten-
sor g has the components (g,,) and & on F has
the components (Z,z) for a local coordinate sys-
tem (y*) (@ = 1,2, -+, p). Hence the metric ten-
sor g on M has the components

§ ) — <gab 0 >
" 0 fzg-aﬁ

with respect to the local coordinate system x' =
@,y onMandi,j=1, -, m.

Let V, (resp. V,) be the components of the
covariant derivative with respect to g (resp. £)

a a
. i 1
and {b c} (resp {.3 7’}> the christoffel syrfnlao

1
of B (resp. F). Then the christoffel symbol { ) k]
J

of M are given as follows

(1.1) {b?a} = {bca},

(1.2) {fr} =g,
(1.3) {573} = — f(V,Ng” s

an () =15}

and the others are zero.

Let K’, R, and R be the curvature tensor of
M, B;and F respectively, then we get [2, 3, 4, 5]
(1.5) Rdoba = Rdcba

D [+4 1 a
(1.6) Rd‘rb = 7 (Vdf;J)dT
(1.7) Ry = Ry — 1 £, I70," 8,5 — 6,7 &59)
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and the others are zero, where f, = V, f.
The components of Ricci tensors are given

by
(1.8) 8, = Su = £ (71,
(1.9) S, =0,

(1.10) S, =S, — @ — DI £ 2,5 — fAfZ,,
where Af is the Laplacian of f for g and S, S
and S are the Ricci tensors of M, B and F re-
spectively.

Let 7, r and 7 be the scalar curvatures of
M, B and F respectively, then we have
QADF=r+f"F7=2pf Af—p@—DfIAF.

2. Critical Riemannian metrics. Let (M =
B X ,F, 2) be a compact oriented Riemannian
manifold. Consider the following Riemannian
functional

H® = [ 7 du,

where du is the volume element measured by g.
A critical point of H(g) is called a critical
Riemannian metric on M. In particular, every
Einstein metric is a critical metric for H on M.

M. Berger [1] obtained the equation of the
critical Riemannian metric in the following form
in the tensor notations
(2.1) H; = cg,
where ¢ is undetermined constant and Hj; is
given by

(2.2)H, =207 — AP g, — 275, + 5 7 &
where ¥ means covariant differentiation with re-
spect to & and A7 is the Laplacian of 7 for g.

If the Riemannian metric & on M is a critical
Riemannian metric, then the undetermined con-
stant ¢ is determined as

1 ~ 1 2\ 2
(2.3) C—2<E—I>AT+ (E_%) T .

Hence, by use of (2.2) and (2.3), we have

Lemma 2.1. The Riemannian metric g on
warped product space M = B X ,F is critical
Riemannian metric if and only if
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2.4) m VVF—m7S,,— @P g, +7 &,=0.
3. Main results. On M = B X ;F, by use

of (1.1’):(1.4), we get

(3.1) V,Vor= VWV,

~ 1
32) V,V,;7=— 7 £,

(3.3) ZgVa'= Vo V.7,
(34) V
(3.5)

Let M, B, F be compact orientable C* man-
ifolds such that M = B X ;F, and assume that
the metric & on M is critical Riemannian metric.
Then, from the equation (1.11) and (2.4), we
obtain
(3.6) mV,Vly +f 27 —2pfAf—p(p— 1)

AP =o.

From this and (3.1)-(3.5), we get f,(0; %)
= 0.

Since f, = 0 means that the function f is
constant on M, we have

Theorem 3.1. Let M, B, F be compact
orientable C” manifolds such that M = B X , F.
If & on M is critical Riemannian metric, then the
warped product space M is the Riemannian pro-
duct space or 7 is constant on M.

We now assume that the warped product
space M is not Riemannian products (in this case,
we call M a proper warped product space). Then
7 is constant on M.

Therefore, we see that § on F is critical
Riemannian metric if and only if
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(3.7) p7 Spa — 7 8sa = 0.
Hence, if we consider the case
(I) ¥ =0 and
(II) ¥ is non-zero constant, then we can state
(I) If the scalar curvature 7 on F is zero,
then the metric & on F is critical Riemannian
metric by means of (3.7).

(I1) If ¥ on F is non-zero constant and g on
F is critical Riemannian metric, then from (3.7),
we see that F is Einstein.

Since the Einstein metric is critical Rieman-
nian metric, we have

Theorem 3.2. Let M = B X . F be a proper
warped product space with a critical Riemannian
metric and ¥ # 0. Then g on F is a critical
Riemannian metric if and only if F is Einstein.

References

[1] M. Berger: Quelques formulas de variation pour
une structure Riemannian. Ann. Sci. Ecole Norm
Sup., 4° series 3, 285—294 (1970).

[2] A. Besse: Einstein Manifolds.
Berlin (1987).

[3] R.L.Bishop and B. O'Neill: Manifolds of negative
curvature. Trans. A. M. S., 145, 1-49 (1969).

[4] B. H. Kim: Warped product spaces with Einstein
metric. Comm. Korean Math. Soc.,8, 467—-473

Springer-Verlag,

(1993).
[5] B. O'Neill: Semi-Riemannian Geometry with Ap-
plication to Relativity. Academic. Press, New

York (1983).



