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Duality for Hypergeometric Period Matrices

By Michitake KITA® and Keiji MATSUMOTO™* *)

(Communicated by Kiyosi ITO, M. J. A., Sept. 12, 1995)

We present some basic identities for the
hypergeometric period matrices associated with
the integrals of Euler type. Our main theorem
shows not only identities classically known for
integrals expressing hypergeometric series such
as
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but also identities for various hypergeometric
functions. The full context of the theory will be
published elsewhere.

Let M(k+ 1, n+ 2) be the set of (k-+1)
X (n+ 2) complex matrices such that any (k+ 1)-
minor does not vanish; for an element x =
@iDo<izio<iznr € M(k+ 1, n+2), put

L,=Lt 2 = Z txy;,
H,=H) = {teP"lL(t x) = 0},
T = P* =0 H,(z),

j=0

x> = det(x;;,)o<im=ir
where t = (¢,,...,t,) is a homogeneous coordin-
ate system of the complex projective space ) o
and J =1, -, 7,05, <5 < -+ <j. <n
+ 1 denotes a multi-index. We define a multi-
valued function U® = U*(¢, x) and holomorphic

k-forms ¢, = ¢,(t, 1) on T(x) X M(k+1, n+2)
by
n+1 .
U“(t, J,') = II L(t, x)a//n x<]> (a,0+...+a,k)/(k)’
i=0 ;

¢,(t, x) = d,log(L; (t, x)/L;(t, 1))
“Adlog(L; (¢, 2)/L; (t, 1)),
where
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a=(a, -, a,),a € C\Z, 2" a,=0.
Let & be a fixed element of M(k+ 1, n+ 2)
of the following form:
1 1 - 1 0
Ao A A,

2 2

g,=| % A4 4 0|,
Ag A v A, 1
S A <4< <A,

since &,{J7 is positive for any J, we assign the
argument of &</ by requiring arg(&,{J>) = 0.
Let 4, = 4,(€,) be the simplex in P*(R) < P*
defined by the inequalities
(= DL, (4, §)/ Ly (8, E)) >0, j, €T ;
we assign the argument of L; /L,,, on 4; by

arg(L; (¢, §)/L,.\(t, &) = (k — m)m.
Note that 4, N H; # ¢ for j,, < j < j,.,; we de-
form 4, to 47 = A;(§) < T(§) so that it is
avoiding H}, j,, <j <j,s and that the argu-
ments of L;/L,,, are assigned by

(k—m— 1r < arg(L,;(¢, §)/L, (&, &))

< (k—mm, for j, <J < Jpir-

Let A, = A, (&) be a deformation of A, near Hj,
j € J on which the arguments of L,/L,,, are
assigned by

arg(L, (¢, §)/L,,,(¢, §)) = — (k —m)m,
for j,, € J
— (k—m)r < arg(L;(¢, §)/L,,,(t, &)) <

—(k—m— D=, for 5, <7 <Jni1;
see the following figure.
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The assignment of arguments above defines
the branch Ug(t, &) of U® on 4. Let 7/ (a; ¢,
&) denote the pair of the simplex A4; and the
branch UAa;(t, &) and 7, (a; ¢, &) the pair of
4, and UAO:-(t, &,). For general x € M(k+1,
n + 2), we continuously deform T1+ (a; ¢, &) and
7y (a; ¢, &) along a path o from &, to x in M(k+ 1,
n+ 2), thus defining 7, (@) = 7, (a; ¢, 2) and
7y (@ = 7, (a; t, x); note that they depend on
the choice of p.

We define functions Fyj(a; x) and Fy(a;x)
on M(k+ 1, n+ 2) by

Fla;x) = <o, (t, ), 17 (a;t, 2)>
=J. UAaf(J:)(t! x) o, (t, 1),
P

where I and J are multi-indices; we do not need
to worry about divergence of the integrals (cf.
[7)). Since 7; (a; t, ) depend on the choice of a
path o from &, to x, F,jj(a ; ) are multi-valued
on M(k+ 1, n+ 2); refer to [8] for monodromy
groups.

For g € GL,,,(C) and » = (ry,* "+, #,.,) €
(C*)"* take a path g(s) from 1,,, to g in
GL,.,(C) and a path #(s) from (1,---, 1) to 7 in
(C™™? in order to define F,i(a ; &2 7) by the
continuation of F,j;(a;x) along the path gxr(s)
= g(s)-x-diag(ry(s), -+, #,,,(8)) in M(k+ 1,
n+ 2). The facts that gxr(s){J> = det(g(s))
x{P W, 7, (s), L;(¢, gxr(s)) = L;(tg(s), D r,(s),
Z;’;} a; = 0, and that the integrals are indepen-
dent of the choice of the coordinate f, show

Fi(a;gxr) = Fja;2)
for any choice of the paths.

Lemma. The functions Fj,(a; x) are defined
on the double quolient space
Xk+1,n+2) =

GL,.,(OO\Mk+1, n+2)/(C*"".

We call X(k+ 1, n+ 2) the configuration
space of # + 2 hyperplanes on P* in general
position and denote by [x] the element of X(k + 1,
n + 2) represented by x € M(k+ 1, n + 2).

Let Iy, I,,, and J,, J,,; be multi-indices of
type

I,=H0,14, -, 4}, L,,= i, -, i, n + 1},
1< < <1q, <,

©y ik}’ Joir = {jl" e nt 13},
1<;<---<j. <n
Definition. The < k> X ( k> maltrices

1y (a; [x]) = (F], (a;2),,, and

]o = {0, il,' :
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H"_"‘l(a ;[ = (Fln+ljn+l(a ; x))1n+1v-’m1’
where Iy’s, Jy's and IL,,,’s, J,11's are arranged lex-
icographically, arve called the hypergeomelric period
matrices of type (k, n) with parameter & on the con-
figuration space X(k + 1, n+ 2).

The spaces X(k+1,n+ 2) and X(+1,
n+2),l=mn— k, are isomorphic; an isomorph-
ism L is given as follows: for t € M(k+ 1,
n+ 2), there uniquely exists z* € MU+ 1,
n+ 2) modulo SL,,,(C) such that x{> =
xlql>y where ] = {jm jl" . jk}’ ]J- = {jk+17. )
jmjn+1}v0£jk+1< U <jn+l§n+1’]U]J‘
=1{0,1,- - -,n, n+ 1}. The isomorphism L is
defined by

1:Xk+1,n+2) 2 [x] ~
[z]" = [z']1 € XU+ 1, n+ 2).
For g € GL,(C), put
N'g = (det(g,) yepsca)ro € GL1 (0),
P= {pl"“vpk}v Q = {qu'“r qk}v
where P's and @’'s are arranged lexicographical-
ly; we have
N(g.g) = (Ng)(N'g), g1, g, € GL,(C).

Main Theorem (Duality for hypergeometric
period matrices).

2 I (a;[x]) = V() E,,,(AN'I,(@7)
I, (— a; )N L@™D'E,,

h
w;z{i) — enn«/:faoe(n—l)n/:fal - em/ja,,_,
I'ay - -I'a,)
r(-— an+1) ’
I,(@ = —2m/—1diag(l/ay, 1/a,,"-*,1/a,),

2nV —-1(ay+ay)

. (e
I(a) = d1ag<m——,
e t—1

e27r~/—1 (ag+a+ay)

eZ7rv—1a2 -1 ’

e27t«/—1(ao+--~+an)

’ eva -la, __

)

1
— : . n
and Ey, = (e;;0);,0 is an anti-diagonal PR

n . .
< k> wmalrix given by

N ‘
{(— DI L= =10, 4y, g,

0 it I, # J,.
The path from (€] = [E]" to [x]" defining II,,,
(— a; [x]Y) is the L —image of the path defining
I} (a; [z]).

Remark 1. The duality says componentwise

Fiy(a; [z]) = cFu(— a; [2]")
for a constant ¢ which can be expressed in terms
of components of intersection matrices I,,(a) =
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@ity Piymrn?s; and  [L(a) = <T<T),n(a), Tumen
a(— a)?,;; these matrices were studied in [2]
and [6], respectively.

To prove the main theorem, we need three
propositions whose proofs are referred to [1], [2],
[5], [6] and [9].

Proposition 1 (Invariant Gauss-Manin sys-
tems). The hypergeometric period wmatrix H0+ (a;
[x]) satisfies the following differential equation

ai1) (a; [x]) = ©%([zD 11, (o ; [2]),
where O%([x]) = (67,) 1,5, is given by
.Z'(]n+l\0 >
sy 0
x<jn+l\1m>

0

+ 2 a;dlog
1 jE]oJ'

— 2 (Z a)dlogz{p,
G) 7 e
(— 1)m+#(x‘E]o\Um}|i<j)
o\ s 7
I 2
2 rimy
61, = O for other (I, J,),
here ](f\i’” denotes the multi-index (J)\{,,}) U {4},
. . L
Jm €JoJ €L

Proposition 2 (Twisted Riemann’s period vela-

tions for k = 1).
- -1
(3) Hn+1(_ a; [El])lh(a) tHo+(a; [El]) = Ich(a)'

Proposition 3 (Wedge formulae for period mat-

rices).

05, = = a, dlog
nee (g
x{Jy

a —
6 1 m =

dlog

NI (s [8]) = I (s [E€]),
/\an_n(a; (&) =1, (a; [§]D),
m particular,

AT (a5 [E,]) = I (a; [&])

= UAO:*O’,_,,,”QD(O,--nn} = V()

+
Ao, em

(A sketch of a proof of the main theorem.)
A straightforward calculation shows that the
right hand side of (2) satisfies the differential
equation in Proposition 1. Thus we have only to
show the identity (2) at the point [§,]. By the
property [§]" = [£,] and by taking the /-fold
wedge product of (3), we have
(N'Ly @™ AN (— a; [ED) (N (@™

=N (e [T
then Laplace’s expansion formula and Proposition
3 conclude the main theorem.

Remark 2. When £k = 1 and # = 3, we can
see the equality in (1) by comparing the both
sides of the top-left components of (2) for para-
meters
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a,=a,a;, =c—a a,= — b,
a;=—b,a,=b+ b —c,
and by using the formula
or/—1 — em/ja
rar(—a =
a eZn' —-la __

The top-row vectors of (2) lead the identities
among single integrals and double integrals that
are fundamental solutions of Appell's F,. For
general (k, n), the both sides of the top-left com-
ponents of (2) are expressed by the hypergeomet-
ric series of type (k + 1, n + 2) studied in [7],
and the I,-th row vectors of (2) lead the identi-
ties among k-fold integrals and I-fold integrals
that are fundamental solutions of the hyper-
geometric differential equation of type (k+1,
n + 2) with parameters a(lp) = (- -, o, (1)), - ),
where

a,—1 il 1€ [,

oIy = {a,- it i &1,
Refer to [3], [4] and [7].
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