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§1. Introduction and result.
R x R®— C? satisfy

., 0 . 0
W [lhmfl)(t, @ =Hpt, ¢, H= — ich 0, 505

¢, @ = ¢(g).
Here ¢(t, @) = "(¢,(t, @), ¢,(t, @), the summa-
tion w.rt. =1, 2,3 is abbreviated and the
Pauli matrices {0,} are, for example represented

by
o= (01 5= (0 =i} (L O
! 1 0/) 72 i 0 )73 0o —1/)

Applying formally the Fourier transforma-
tion w.rt. q € R’ to (1), we get

ih —%gz?(t, p) = HY(t, p) where
o b b z‘pz>
H=cop, = . .
22 ¢ (Pl + 1P, — P
As H> = ¢* | p |212 (I, stands for 2 X 2-identity

matrix), we easily have
Proposition 1. For any t € R,

o, @) = (27Zh)_3/2 ./;3 dpem-lqpe—m-uﬁ(i)(p)

Let ¢(t, ¢ :

= j};s dq'E(t, q, ¢)¢(q")
with
E(t, q,q) = (2ﬂh)_3f dpeih"<q—q’)i’
R3 )
x [cos(ch 't pD L, — ic™ |p[™ sin(ch "'t p D HI.

It seems difficult to imagene from this for-
mula that there exist hidden classical objects for
(1).

In spite of this, we claim that there exists
the classical mechanics corresponding to the
Weyl equation and that a fundamental solution of
(1) is constructed as a Fourier integral operator
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Superspace; super Hamilton-Jacobi equation; continuity equation; Feynman;

using phase and amplitude functions defined by
that classical mechanics. Therefore, the Weyl
equation is obtained by quantizing that classical
mechanics after Feynman’s procedure. Because
that Hamiltonian is “of first order both in even
and odd variables”, we should modify Feynman'’s
argument from Lagrangian to Hamiltonian formu-
lated “path integral”.

Main Theorem [Hamilton Path-integral repre-
sentation].

o(t, @ =b(@xm)™n [ dednp, 2 6, & o
R3l2

X gh BwE0Em g (4 9 €, ) L

Tp=q
Here, S(t, T, 0, §, m and pu(t, 0, g, m) are
solutions of Hamilton-Jacobi and continuity equa-
tions, respectively.

Remark. We use rather freely the know-
ledge from superanalysis (= analysis on super-
space Ele"). Roughly speaking, we introduce
even and odd variables x; and 6, as something-
like even and odd forms on “R” = IT;;IR", re-
spectively. After introducing the Fréchet-
Grassmann structure on AR” ~ R, we may de-
velop elementary and real analysis on R = ?RZ,
X R, ~ (A,R)" X (A,R™)" as similar as
those on R™. In the above, # denotes the Fourier
transformation for functions on superspace R
and g = xz = the body part of x € R See,
more precisely, [2] or [6].

Detailed proofs will be appeared somewhere
[4].

§2. Outline of our procedure. (A) We iden-
tify a “spinor” ¢ (¢, @) = "(¢,(t, @, ¢,(t, @) : R
X R*— C® with an even supersmooth function
u(t, z, 6) = u,(t, © + u,(t, 2 6,0,: R x R**—
€,,- We denote that identification by

#:L'(R*: C*) — £5,R*") and
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b: L3R — LA (R®: CY).
Here, R*? is the superspace, #,(t, x), u,(t, x)
are the Grassmann continuation of ¢, (¢, @), ¢,(¢,
q), respectively, and
L2RD = (uz, 6) = uy(@) + u,(2)6,6,]
uy(@), u, (@) € L*(R*: C)}

where xz = q.

(B) We represent the matrices {g;} which act
on u(t, x, 6) as follows:

AN o’
"1(9' %) = 0.6 ~ 39,50,

2
a0, aaa) i(6:0, + aeaae)
o,(6, —a%) =1- 91% - 02%.
Example. 0'1< 0, 50) (uy + u,6,6,) = u, +

1#,0,6,, (Zf)*(iﬁj,) - <(1) (1)) (Z?>

(C) Therefore, we may correspond the dif-
ferential operator given by

2
#(- ”’a% 9"6%) =—icn(6,6,— ae?ae)aixl
9° G}
(2) + C”(e %+ 59 ae) o,
—ich (1 - 016%1— 025%—2)6%3,

which yields the superspace version of the Weyl
equation

ih %u(t,x, 0)

3) 3

= (- in4,
u(, z, 6 = u(x, 6).

0, a%)u(t z, 0,

Moreover, the “complete Weyl symbol” of (2) is

given by ’
H(E, 0,

(4) =c(§ + 66,0, +ch _2(51 — &) mm,

—ich g0y, + 6,m,).
(D) We consider the classical mechanics cor-
responding to # (&, 6, m) given by
~d 0K, 0, n)

dt T = 0§; ’
d _O0#E, 0, ™
5 ) dt & = ox, =0,
(®) d, __OHE 6,
dat 9,
d __  o#(, 0,
Lt T T ox,,

Proposition 2. There exists a unique global
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solution (x(®), E®, 6, m(#)) of (5) with any ini-

tial data (2(0), £(0), 6(0), 7(0)) = (z, &, 6,
™) € RM=g ER“ Moreover, for any fized (t, &,
E) the map defined by

(z, ) — (& =0
z=ux, z, &,6 ), 6 = 6(t, z, & 0, m
gives a supersmooth dszeomorphzsm from R —
R Therefore, there exists the inverse map given
by
z, 6) — (z, 6)
z=yt, z,&0,m,0=wi7zé 0, n,

which satisfies

z=z(t,yt, 2,§0,m,§ 0wt 2,8 6,n,n),
=0yt z,66,m,8wt,zE6 n,n),
=yl zt ¢ 60,m,§ 00,26 0,0, 1,
0=w(t xt & 6,1),§ 60,z 60,n, n).

We put
Bolt, 2, €, 6, 1) = j; (Ca(s) | £()D
+ <0(s) | ()Y — #(z(s), £(s), 6(s), m(s)))ds,

and
S, z,66,n)=<z|& +<6lm
+ Jzo(l’y 27 Er z=yt,%,§,0,7)
—cut.z‘_EéTt

Proposition 3. J(¢, Z, &, 0, ) is given by
S, & 0,1 =<x|&

+ [| &lcos(cn ~'t| £]) — i€, sin(ch T't| NI
X [|&]<8| x> — hsin(ch 't| £) (&, + i€, 6,0,

0, m

— 2 7sin(cn Tt ED§ — Tzl
Moreover, it satisfies the following Hamilton-Jacobi
equation:
6 _ ~ 08 - 048\ _
580D+ # (% 8, ﬁ)—o,
13(0 T,§0,m=<z|& +<0|n.
Now, we put %8 33
_ 0x0 7
2(t, z, § 0, r) = sdet £ oot
- ’3 @ .(3
0I0t  phor
(sdet = super determmant)

Then, we get _
Proposition 4. 2(t, %, & 6, m) = | &7 [ £
cos(ch ™'t| €]) — i& sin(ch 't| EDI%
It satisfies the following continuity equation:
0 0 oH 0 o\ _
79+ 3 (2 5¢) +—(@%> =0
@(O; 1‘, §, 6, _7_[) - 1. _
In the above, the argument of D is (t, z, §, 0, m),
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those of af and aa:jf are (6&3 g, 2

Iy.

>, respective-

oz 0 PYl
From here, we change the order of variables

2,60, TR =0"t0 1,0, rsR”
x R (this change corresponds to the process
from classical to quantum).

We define an operator
WD w &, O = @rh) f dédn

x @1/z(t 0 E, n_)em 'S, z, 6, e n)g;g(g’ E)
The function u(t Z, 0) = W®Ow (&, ) will be
shown as a desired solution for (3).

(E) On the other hand, using Fourier trans-

formation, we have readily that
., 0 0\ _ .
#(~ ih 5y 0, 55) = %
where # is a (Weyl type) pseudo-differential
operator with symbol # (§, 6, m), that is,

Fw) (z, ) = @zh)h f f dedrdydw

LR +<a—wln>)%<€’ f—izﬂ, n)u(y, ).

Theorem 5. (1) For e R U is well de-
fined unitary operator in Lag(R*'?).
(2)) R 3 t— UWD € B(L (R,
L2 RD) is continuous.
(i) For u € €s5,R>®), we put ult, T, ) =
U w) (z, 0) Then, it satisfies

[lh W%(t, f, 0) = %M(t, -Z_" é)y

u(0, Z, 0) = u(Z, 0).
(F) Remarking b# # ¢ = H¢ and putting
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U®¢ = bU@) # ¢, we have
Theorem 6. (1) For t € R, U(d is well de-
fined unitary operator in L*(R®: C?).
(2) ) R2t—UW® € BIL*(R*: C?,
LX(R’: C?) is continuous.
(i) For ¢ € L*(R?: C%, we put ¢(t, q) =
(U@ P) (). Then, it satisfies

ih a%gb(t, @ = Hp@, @),
¢, @ = ¢(g).
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