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Some Integral Transforms in the Space of Entire Functions of Exponential Type

By Vu Kim TUAN, *) Megumi SAIGO,* *) and Dinh Thanh DUC* * *)

(Communicated by Kiyosi IT0, M. J. A., April 12, 1996)

Abstract: Some integral transform with the Humbert confluent hypergeometric function
of two variables q)l in the kernel is proved to be an isomorphism in the space of entire func-
tions of exponential type.
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1. Introduction. Let E(a > 0) be the
class of entire functions of type at most a,
that means f E if and only if f(z)
O(e(a+t)lIm zl) as Z -- c for every > 0 [1].
The intersection of the restriction of Ea

on R
with L2(R) is denoted by Ma.

It is well known (Paley-Wiener Theorem)[1]
that f Ma

if and only if f is the Fourier trans-
form of a function f L(R) with compact sup-
port from [-- a, a]"

(1) f(x) f()e f() L(- , )

The space M’ plays an important role in the
theories of distribution and partial differential
equations. In this paper we establish some integ-
ral transform that is an isomorphism on M’. In
general, classical integral transforms as well as
integral transforms studied recently, e.g.

Srivastava-Buschman [4], Vu Kim Tuan [51, also
the table of integral transforms in Prudnikov et
al. [:31, are mostly considered in L and other
spaces.

2. Some preliminary results. We need
some elementary facts.

Lemma 1. Let k L (R) and f M.
Then the convolution

(2) g(x) y) f(y) dy

also belongs to Ma.
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In fact, in this case we have[l]

(3) g= k, f= k. f,
where f is the Fourier transform of f understood
either in L1 (R) or L2 (R)-meaning 1]

(4) f(x) f(y)e’Xdy if f LI(R),

(5) f(x) lim f(y)eXUdy iff L(R)
N--* N

with the limit being taken in L.-norm. For f
L(R) and k Lx(R), the convolution k * f
belongs to L(R) [1]. Furthermore, supp(f)

[-- a, a] according to the Paley-Wiener
theorem, and hence

(6) supp.(’’f) supp(/’f) supp (f)
[--a,a],

which means the support of k$f is included in

[--a, a]. The Paley-Wiener theorem implies
now thatk*f Ma.

Lemma2. Let k Ma
and let and 1/ fc be

both bounded. Then convolution (2) is an isomorph-
ism on Ma.

In fact, if f Ma, then both f and k belong
to L(R). Therefore, formula (3) remains valid.
Since / is bounded, one can follow the proof of
Lemma 1 to obtain that g Ma. Let now g
Ma. Putting

1
(7) ?-
Since 1/k is bounded and L(R), it follows
that j L(R). Furthermore, supp (f)
supp () [-- a, a]. Hence f M. From (7)
we have that can be decomposed in the form
(3), that means g can be expressed as the con-

volution of k and f in the form (2), where f
M Lemma 2 is thus proved
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Corollary. Ma
is the space of all square in-

tegrable eigenfunction of the operator

1; sin a(x- y)
(8) f(x) - x- y f(y) dy.

Indeed, since the Fourier transform of
sinay / Try is the characteristic function

Zl_q,al(x) of the interval [-- a, a], equation (8)
is equivalent to
(9) (x) z -, (x) ](x).
Equation (9) has solutions if and only if
supp (f [-- a, a] that means f M.

3. Some integral transforms. Since f(x)
M if and only if f(x/a) M, we will consider
only M, for simplicity. Let

(1 O) (x) 2-ra-e/ F(2 + iT)
F(1 + ia)F(1 + ir-

"X -, (x) (1 + x) (1 x)- 1 x e

where , r R, a [1, ). Then k(x) and
1 --_1 2,r_ae.-n F(1 + i)F(1 + ir- i)

(11) (x) - F(2+

X_,(x)(1 + x)-(1 x)- 1 e

are both bounded. Therefore by virtue of Lemma
2, the transform (2) with the kernel k(x)is an
isomorphism on M 1. We will find the form of
k(x) now. We have

k (x) 2re -iXydy

2_ir_la_e/ F(2 + iT)
F(1 + ia)F(1 + i7"-

f_ (1 + y)"(1- y)’r-"(-- 1--y)-BebY/2-XYdy.
Putting y 2t- 1, we obtain

F(2 + it)
(12) k(x) F(1 + ia)F(1 + ir- ia)

x ta r-a -e
bt-2ixtdte (1 t) (1 at)

The integral in (12) can be expressed through
the Humbert confluent hypergeometric function of
two variables (I)(cr, fl, T x, y) [2]

F(r)
(13) l(a, fl, r ;x, y) F(a)F(r- a)

o
t-- (1 t) r---(1 xt)-e*dt

xmyn

Z (a)+()
i -i’,.--o (r)+

where (cOrn F(a + m)/F(a) is the Pochham-
mer symbol [2]. We get

(14) k(x) e(1 + ia, fl, 2 + iT;a, b- 2/x).

Similarly, from (11) we obtain

(15) - /(Y) dy=[F(1
+ io)F(1

rF(2 ++iT--i)2iT)
ix

e q(1 ia, fl, 2 i’;a, b 2ix).
Thus we have

Theorem. Let o, T R, a : [1, oo). The
integral transform

(x-y)
(16) g(x) e P(1 + ia, fl, 2 + it;a,

b + 2i(y x)) f(y) dy
is an isomorphism on M and the inverse transform
has the form

F(1 + ia) F(
f(x) rrF(2 + it)

(17)
e P(1 ia, fl, 2 ir;a,

b + 2i(y x)) g(y) dy.
If, moreover, a (-- oo, 1) and Refl Reb 0,
then

F(1 + ia)r(1 + ir ia)
(1 8) II zrr(2 + it) g 112.

4. Speeial eases. 1) Let in (16) and (17)
fl b 0. Then we obtain a pair of transforms
in M

i(x-y)
(19) g(x) e IF(1 + ia,

2 + ir 2 i(y x) f(y) dy,

(20) f(x) 7rF(2 + it)

"f_ e
’(x-y) ,F1(1 ic, 2 ir;2i(y- x))g(y)dy,

where Fl(a, T;x) is the confluent hypergeomet-
tic function [2]:

(a)x
(21) 1FI(C, 7" ;x) (7) m!"

2) Let T in (19) and (20). We get

(22) g(x) f_ (x e

r(1 + icr, 2i(x- y))f(y)dy,

(23) f(x) y)-l+ia

r(1 ia, 2i(x- y))g(y)dy,
where T(c, x) is the incomplete Gamma function

[2].
3) Let in (19) and (20) T- 2c. Then

(24)g(x) f_ (y x) -a-/2 IJ/2+,a (Y x) f(y) dy,

a
(y x)-/(25) f(x) 8sinh
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Jl/2-ia (Y x) g(y) dy,
where ](x)is the Bessel function of the first
kind [2].
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