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Abstract:

Let 7, s be positive integers satisfying # > s, 2| 7 and gcd(r, s) = 1. In this

paper, using Baker’s method, we prove that if 2|7, » = 81s and s = 3(mod 4), then the
equation (#* — s»% + (2rs)! = (#* + s®7 has the only solution (z, ¥, 2) = (2,2,2).
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1. Introduction. Let Z, N, @ be the sets
of integers, positive integers and rational num-
bers, respectively. Let (a, b, ¢) be a primitive
Pythagorean triple such that
(1) a+b=¢c, a,b ceN,

gcd(a, b, c) =1, 2]|b.
Then we have, as is well known,
(2) a=r2—sz,b=27s,c=rz+sa,
where 7, s are positive integers satisfying » > s,
gcd(r, s) = 1 and 2| 7s. In [2], JeSmanowicz con-
jectured that the only solution of the equation
(3) a+bv=¢¢ zx,y z€N
is (xr,y, 2 = (2,2,2). This conjecture was
proved for some special cases (see the references
of [4]). But, in general, the problem is not solved
as yet. Recently, Takakuwa and Asaeda [6]
proved that if 2 || r, s = 3 and 7 satisfies some
other conditions, then the only solution of (3) is
(x, y, 2) = (2,2,2). Guo and Le [1] showed that
the conditions on 7 can be reduced to » = 6000,
improving the result of [6]. In this paper we
prove a general result as follows:

Theorem. If 2|7, s =3 (mod4) and 7
81s, then the only solution of (3) is (z, ¥, 2)
2,2,2).

By this theorem, the above condition 7 =
6000 in the result of [1] can be replaced by » =
243.

2. Preliminaries. Lemma 1. ([5, page 2]).
The equation

X‘+v'=z""X,Y,ZEN

=
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has no solution (X, Y, 2).

Lemma 2. ([1, Lemma 2]). Let (z, y, 2) be
a solution of (3) with (z, y, 2) # (2,2,2). If 2| »
and s = 3 (mod 4), then we have 2|z, y=1
and 2 £ z.

Let a be a nonzero algebraic number with
the defining polynomial @,2" + az" ™t + -+
a, = a,(z— o) - -(z— 0,a), where a, € N,
o,a," "+, o,a are all the conjugates of . Then

h(a) = l(log a, + i log max(1, | 0, |)>
n i=1

is called Weil’s height of a.

Lemma 3. Let a,, a, be positive real algeb-
raic numbers which are multiplicatively indepen-
dent. Further let D = [Q(a,, a,) : @] and log 4;
= max(h(a), |loga,;|/D, 1/D) for j=1,2.
Let A= b,loga; — b,loga,, b, b, € N. Then
we have

log|A| = — 32.31 D*(log A,) (log 4,) -

2
<max(%, 0.18 + log B>> ,
where B =b,/Dlog A, + b,/Dlog A,.

Proof. Letting h, = 10 in the Table 2 in [3],
we obtain this lemma immediately in the same
way as Corollary 2 of [3].

3. Proof of theorem. We now assume that
7 and s satisfy 2| 7, s = 3 (mod 4) and » = 81s.
Let (z, y, 2) be a solution of (3) with (x, y, 2)
# (2,2,2). Then, by Lemma 2, we have
(4) a+b=¢c" 2|z, 24z
Further, by the proof of [1, Theorem], we have
z<wcx

Since ¢ = a + 2s° we get from (2) that
(5) log ¢ =loga + p,,
where p, satisfies , ,

2s° = 1 T\
() 0<"1“7,§02k+1(7)
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2 = 817%

S 2k F1
Similarly, we get from (4) that
(7) zlogc — xloga :=p,,
where p, satisfies

2 Z 1 b >2" b

®) 0<en ax+czk§)2k+1 <a”+c’ < a®
The combination of (5), (6) and (7) yields
(xr — 2)loga+ p, > loga

< 0.0003049.

9) 2= > 3279 log a.
01 0,
Let B = z/loga + x/log ¢. Then we have
_ 2z O3
(10) B = logec ' (oga)(logec)”

By Lemma 3, if B < eg'sz, then we get

(11) log p, = — 3231 (log a) (log ¢).
From (8) and (11), we obtain
(12) logb | 3931 10gc >z
log a g )
The combination of (9) and (12) yields
1+3231logec>x>2z>32791loga =
32791log ¢ — 3279 p, > 32791logc — 1.1,
a contradiction.
On the other hand, by Lemma 3, if B > eg‘sz,
then
(13) logp, = — 32.31(oga) (ogc)(0.18 + log B)®.
From (8) and (13), we get
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1+ 64.62(0.18 + logB) > 0, + W

+ 64.62(0.18 + log B)® > B,
whence we conclude that B > 4860, a contradic-
tion. Thus, the theorem is proved.
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