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Abstract: Let E, be the elliptical domain
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E, = {(x, y) € R*:

(e )

7+ 2<1}

(=)

where 7 > 1. Let S(E,) denote the class of functions F(z) which are analytic and univalent
in E, with F(0) = 0 and F’(0) = 1. In this paper, we obtain sharp bounds for the Faber
coefficients of functions F(z) in certain related classes and subclasses of S(E,). The case
r— © gijves standard coefficient estimates for the corresponding classes of functions de-

fined on the unit disc.

1. Introduction. Let S denote the class of
functions f(z) which are analytic and univalent
in the unit discD = {z:|z| <1} with the
Taylor expansion

(1) ) =z + i‘. 07"

Coefficient problems for functions in the class S
and certain subclasses and related classes of S
have been attacked by several authors (see e.g.,
[1], [2], [5], [6], [10], and [12]). However, very lit-
tle attention has been paid to the corresponding
problems for functions analytic in domains £
other than D. For functions analytic in £, it is
natural to use the Faber expansion as a gener-
alization of the Taylor expansion.

In [7], we found sharp bounds for the Faber
coefficients of certain classes of analytic func-
tions in the elliptical domain

Y 1}.
(3/4)°

2
x
E={@& v eR" .
(5/4)
In this paper, we generalize the results of [7] to
the elliptical domain
x
1 1
1+3) (=)
7 7

E, = {(x, y) € R":

where » > 1, in which the case » = 2 gives the
results of [7]. Here it is important that the case
r— © vyields the classical coefficient estimates
for the corresponding classes of functions in D.
As known for #— oo, there are infinitely many

2

2 2

Y

; + 2<1}
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extremal functions. However, it is interesting that
for each » > 1 there are two extremal functions
in E, corresponding to the number of invariant
rotations of E,.

2. Let £ be a bounded, sim-
ply connected domain in C containing the origin.
Let g(2) be the unique, one-to-one and analytic
mapping of A = {z:] z| > 1} onto C\ 2 with
2 g@=cz+ X2 >0,z 4).

n=0 2z

Assume that £ has capacity 1 so that ¢ =1 in
(2). The Faber polynomials, {®,(2)},_, associ-
ated with 2 (or g(2)) are defined by the generat-
ing function relation [6, p.118]

ng'(n) _ 2 -n
(3) 2 — 2 nZ=IO o,(n .
If 02 is analytic and F(z) is analytic in
IntQ, then F(2) can be expanded into a series of
the form

(4)

where

Preliminaries.

F(2) = i A,0,(2), z € IntQ
n=0

__1 -1
A, = ori )., F(g(2)z dz

with o < 1 and close to 1. In addition, the series

in (4), called the Faber series, converges uniformly

on compact subsets of Intf2 (see e.g., [13, p.42]).
The function

1
g =z+—",r>1
vz
is the one-to-one, analytic mapping of A4 onto
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C\E,. One obtains from (3) that the Faber
polynomials, {®@,(2)},_, associated with E, are
given by

D,(2) = 2”7‘"P,,(125), n=0,1,2---).

Here {P,(2)},_, are the monic Chebyshev polyno-
mials of degree #, which are given by

P,(2) =27z + V2" — 11"+ [z — /2" — 11"},
n=1,2,3,-"")
and
P,(z) = 1.
Let sn(z; q) be the Jacobi elliptic sine func-
tion with nome q, and modulus k,, and let

1
K= f dt
o J1—¢£1— kP
(see [9, Chap. 2]). Then the function
¢(2) = Vk, sn (—ZFK sin”! 2;,%)

is the one-to-one, analytic mapping of E, onto
D with ¢(0) = 0 and ¢'(0) = r@K
p.296)).

Let S(E,) denote the class of functions
F(2) which are analytic and univalent in E, and
satisfying the conditions F(0) = 0 and F’(0) =
1. Also, let the class C(E,) be defined as

C(E, = {F(2) € S(E,) : F(E,) is convex}.
In addition, let T(E,) denote the class of func-
tions F(2) analytic in E,, satisfying the condi-
tions F(0) = 0 and F’(0) =1 and having real

(see [11,

1
values for —1 ——<z<1 + — and nonreal

7 7
values elsewhere. Finally, let P(E,) denote the
class of functions P(z) analytic in E, with

1wk K

and

" 1 L
(The condition F(0) IO is imposed for

convenience.)
If f(z) € S, then the function F(z) defined

by
_ fle(2)

is in S(E,) and conversly every function F(z) €
S(E,) has such a representation. In a similar
way, if F(2) is in one of the classes C(E,),
P(E,) or T(E,) then F(2) may be written as in
(5) for some f(2) in the classes of convex func-
tions C, functions with positive real part P or
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typically real functions T defined for D (see e.g.,
[6, Chap. 2]), respectively. Because of representa-
tion, denote the Faber coefficients {A,},_, of
F(2) in the classes defined above by {4,(f)},_,.
where f(2) is the corresponding function in D,
given by (5).

3. Main Results. Let F(2) be analytic in
E, and have the Faber coefficients {4,},_, Then
from the orthogonality of the Chebyshev polyno-
mials we see at once that {A4,},_, are given by

the formula

n
v

A, =7J;IF<2L786> cosnbdf, (n=0,1,2,---).

As a result, if F(2) is in the one of the classes
S(E,), C(E,), P(E,) and T(E,), then the Faber
coefficients, {4, (f)},_, of F(2) are given by

n—1

©) 4,00 = K71 (0(350)) cos noao,
(n0= 0,1,2,---).

Let # denote one of the sets C, P, and T.
Then % is a compact set. Hence the closed con-
vex hull of ¥, co %, is also compact and since
A,(f) is a continuous linear functional

M = max |A,(f) ]

fecol(%F)
exists. In addition, we have

(7)  max|A,()|= max [A,()],
feF ext(Co(F))

where ext(co(%)) is the set of extreme points of
co(F).

The extreme points of €0(C) and co(7T) are
determined in [4] as follows:
(8) ext(@(C)) = {f:f(2) = ¢,(2),0=<6<2n}
and
9) ext@(D) ={f:f(2 =t,2),0<0< 7w}
where ¢,(2) and £,(2) are given by
(10) i
1—e¢z

z

1—2zcos 0+ 2°
respectively. The extreme points of co(P) [3] are
given by
(12) ext(coP)) ={f:f(2) =p,(2),0=<6<2m}

where

(13)

co(2) =

b

(11)

ty(2) =

i6

50(2) = 1+ eiaz‘
1—ez

Using (7) with (8), (9), and (12) we see that

the problem of maximizing | 4,(f) | over the clas-

ses C, P, and T reduces to the problem of max-

imizing the values of |A,(c) | (6 € [0, 2m)),
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|A,(,) | (6 € 0,27)), and | A,(t,) | (6 € [0, ])
over 0, respectively.

The method of [7] is used to evaluate the
values of A,(c,), A,(t), and A, (p,), where A,(f)
is given by (6). Since manipulations are the same
as in [7], we give only the evaluation of A,(c,)

T
for OSB_<_§ and state the other results

without proof.
Theorem 1.

A,(cp) =

If ¢,(2) is given by (10), then

T e
ZrKZ\/k—O(l - r““”) (1 + k2 — 2k, cos 20)"%
<6< 2, n=0,1,2-")

2 —iﬂ(eina(ﬂ) _ r—Zne—ina(G)

where 0 < a(f) < E is given by
2 nr)] T
<p[rcos<a(0)+ i) ="
411
0<60< 5 witht==_2"
. 2 cos z
Proof. The function p maps the
. . . TT
rectangle R with vertices at the points — 4

TT T T
T T + - and e onto E,. Therefore the

Cos z

2
function (p( ) maps R onto D with

2 T __ it /s
(14) <p[7cos (a(® + T)] =" 0st<5

. T .
where a(#) increases from 0 to 5 as tincreases

T
from O to 5

2
Integrate the function A(2) = Ce(@( C:S z))

¢™ over the parallelogram ABCD with vertices
at the points — 7w, 7w, w7, and 7T — 27, respec-

tively. From (14) we see that a(6) +1t4£ is a

pole of #(z) inside ABCD.
Let
1K' = Kt
1
and refer to SH(Z;—4> as sn z for convenience.
7

Then
o(2EEE) = vy sn(%F (5 v+ 4))
= Vi (% (3 + 2)),
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since sn z is doubly periodic with periods 2i1K’
and 4K. Thus
2cosz\ _ (2cos (—z)>
(15) ¢< r > - (‘0( r
_ (2 cos (w7 — z))
prmmnd ¢ .

v

3
It follows from (15) that — a(6) + % is the

other pole of h(z) inside ABCD. So by the re-

sidue theorem,

(16) h(2)dz = an(Resa(,,Hm + Res_awH%r_r)

ABCD
where Resz0 denotes the residue of the function
h(z) at the point z = z,.

The contribution of the integrals on BC and
DA cancel each other because 2(z) is a periodic
function with period 27. Now

(17) f h(z)dz=j::h(x)dx

=2 f cg( <2 cos x)) cos nx dx

f h(z2)dz = f Wiz + nr — 2m)dx
CD 27

27

= — h(x + ro)dx.

0
From (15) we obtain

(18) J;Dh(z)dz =— jo-zn einmmc,,(go(EE?,—S{))dr

can [T 2
=—2'r4f c(,(qo( Cc;sx))cosnxdx.
0

Then adding (17) and (18) results in
(19) $ n@adz
ABCD

=201 —7r 4")f ce( <2cosx>> cos nx dx.

To evaluate Res

and

zz, expand the function
coe(Wko sn(u + u,)) about # = 0, where

(20) "y = 2K< m‘)

E—a(ﬁ)——.

The addition formula for sn # [9, p.33] yields
(21) vk, sn(u + u,)
_ ko snucnu,dn u, + vk, snu,cn udn u

2 2 2
1 — k,sn u,snu

1
where cnz and dnz refer to cn <z;-4> and

v

1
dn(z —) respectively. It follows from (14) that
r

Vg snu, = e ", 0<c9<§
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To evaluate cn %, and dn %, employ the identities

(22) sn’z+cn’z=1
and
(23) k(z)sn Z+dn%z=1

[9, p.25]. To determine whether to use + or —
sign for cnu#, and cnw#, check the signs of

1K’ 1K’
Re{cn (x—- 5 )} and Re{dn (x — 5 )}
respectively. Deduce from the addition formulas
for cn # and dn « [9, p.34] that

( __z'K’)_ 1+ ky cnx+ isnxdnx
T 27/ ko 1+ k,sn’z
and

dn (x—

iK’) _ V1 + k,(dnx + ik,snxcnx)
2 1+ k,sn’x '
)} =0 and Re{dn(x —

’

Thus Re{cn(x — i12{

K’
12 )} > 0 for x € [0, K] since cnx decreases

from 1 to O and dn.x decreases from 1 to
J1 — ky for x € [0, K]. Hence using (22) and
(23) we obtain

e—ztﬂ

ko

dn u, = 1 — ke ™.

Choosing the principal branch as — 7w < argz
< 7 we obtain

cnu, = |1 —

and

0 < arglcnu, <

Ny

and

0 < arg(dnu, <

N

Therefore
3
0 < arg(cnuy,dnu, < e
which implies
(24) Vk, cnu,dnu, = ie (1 + ki — 2k, cos 26)"%.
Using

(25) snu=u—§1—!(1+k§)u3+~-~

1

(26) cnu=1—Fru’+

dnu=1—%k§u2+“-

[9, p.37], and (24) in (21) and doing necessary
calculations result in

(28) Vo, sn(u + u,)

=e¢ "+ e+ kX — 2kycos 20)u+ .
Thus

(27)
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ie "
c,(Vk, sn(u + u)) =
o ° (1 + k2 — 2k, cos 26)*u
+ .« e
or
2K (7
ol sn (% (5 - 2))) =
_ rie "’
2K(1 + k2 — 2k, cos 201/2(2 — a() — %)
..+_ N

Hence we obtain

(29) Resa(e>+% =

. —if —n _ina(d)
e vy e

2K(1 + kX — 2k, cos 26)"*
In a similar way, residue of A(2) at the point

— a(f) + EZ—E may be obtained as
. —if —3n —ina(6)
wie v e
2K + k2 — 2k, cos 26)*
Substituting (29) and (30) into (16) yields

(31) jJ;BCDh(z)dz

2 —i0 -n
Te v

" KQ + K — 2k, cos 26)
Comparing (19) and (31) gives the desired result.

Theorem 2. If c,(2) is given by (10), then
n_2 —if, —ina(n-60 _ _-2n ina(x—06)
(= 1D"r%e (e r e )

(30) Res_qp 4322 =

ina(@) __

—-2n _—ina(6)
r e ).

A, (cp)

KNk — 7™ (A + K — 2k, cos 26)

%S 6<m, (n=012,-"),

where a(0) is as in Theorem 1.

Theorem 3. If ¢,(2) is given by (10), then
n_2 —if, ina(f-m) —-2n _—ina(6-m)
(—1D"r% " (e —7r " )

A,lcp) = ,
Y 2Kk (L~ r ™) (A + K — 2k, cos 26)"
r<9<T (=012,

where a(0) is as in Theorem 1.

Theorem 4. If c,(2) is given by (10), then
2 —if, —ina@nr-06) =2n _ina(2wr—6)
_ me (e —r e )
A,(c) = 2 —dn 2 172’
27Kk, (1 — ™) (1 + kg — 2k, cos 26)
3

TS 03 27[, (n = 0,1,2,"'),

where a(0) is as in Theorem 1.

Theorem 5. If p,(2) is given by (13), then
A, =24,(), 0<6<2m, =0,1,2,---).
Theorem 6. If t,(2) is given by (11), and

k(2) is the Koebe function given by

z
k =t = —7
(2) (2 1— 2"
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then .
Tn
A, (k) = P
4rK¥k, (1 — k) — ™)
(n = 1’2,...).

Theorem 7. If t,(2) is given by (11), then

(— D" '7’n

A, ) = >
47Kk, (1 — k(1 — ™)
(n=1,2,).
Theorem 8. If t,(2) is given by (11), then
A, (L) =

7° sin na (6)
2rK*/k, (1 — r ™)sin 61 + k2 — 2k, cos 26)"*’

0<6<3, m=1.2,"")
where a(0) is as in Theorem 1.

Theorem 9. If t,(2) is given by (11), then
An(ta) =

(— 1"z’ sin nla(z — 6)]
2rK*/k, (1 — r ™)sin (1 + k2 — 2k, cos 26) V%’

%£6<rc, n=1,2- ")

where a(0) is as in Theorem 1.

In the following three theorems we obtain
sharp bounds for the Faber coefficients of func-
tions in the classes C(E,), P(E, and T(E,).
Here we give only the statements of the results
since proofs are similar to the proofs given in [7].

Theorem 10. If f € C and c(2) = ¢,(2) =

z
1=z then for each v > 1,

2
T

< =
A, ()] < 4,0 KB — k(£ 7
(n=0,1,2,--).
Equality occurs only for the functions f(z2) = c(2)
and f(2) = — ¢(— 2).
Remark 1. In the extreme case ¥r— °, one
obtains at once that for f € C, then
lim|A,(H) | <lim|A4,(,)| =1,

r—o0 r—00
(n=0,1,2,-+), VO € [0,27m)

which coincides with the standard coefficient esti-
mate proved by Loewner [10] in the class C as ex-
pected. (For the asymptotic behaviour of ky and K as
¥ — 0, see the nfinite product expansion of k, and
K in terms of nome q given in [9, p.25].)

Theorem 11. If f€ P and c(2) is as in
Theorem 10, then for each v > 1,

|4,(H | < 24,0, r=0,12,"").
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Equality occurs only for the functions f(z) = p(2)
1+ 2z
and f(2) = p(— 2) where p(2) =

1—2z
Remark 2. It follows from Theorem 10 and
Remark 1 that for f € P,

lim|A4,(N]|<2, =012, Vo< [0,2m1)

oo
which coincides with the standard coefficient esti-
mate proved by Caratheodory [5].

Theorem 12. If f € T and k(2) is the Koebe
Sfunction, thewn for each v > 1,

|4,(N ] <A,k =

7r3n
4Kk (1 — k) — ™)’
n=1.2,--).

Equality occurs only for the functions f(2) = k(2)
and f(2) = — k(— 2).

Remark 3. The proof for n = 0 is given in
[8].

Remark 4. It follows from Theorem 12 that
forf €T,

lim | A,(f) | <limA,(k) = n,

700 r—o0
(n=0,1,2,---) VO € [0,27)
which coincides with the standard coefficient esti-
mate proved by Rogosinski [12].
As a final note we make the following con-

jecture, whose special case for r— o is the
famous Bieberbach Conjecture.
Conjecture. If f € S, then ,
Tn
|A,(N) | < An(k) = Epw
8 4rK%k,(1 — k)’ — ™)

n=12,--1), fE€S

and
|A,(H | < Ak), fES.
Proof of this conjecture for the cases n =
0,1,2 is given in [8].
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