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1. Introduction. In the paper [3], we consi-
dered the differential equation
d 1 g+1 X
(1Y) Z¥=_d@ Y, d, t): = Eodkx ,
which satisfies the conditions:
(i) A, are 2X2 matrices,
(ii) the eigenvalues of &, are distinct up to
additive integers,
(iii) the eigenvalues of &, ,, are distinct.
This equzation can be reduced to the equation

d
(1.2) dxzy +p.(z, gy + p(z, Hy =0,

which satisfies the three conditions:
(iv) The Riemann scheme of (1,1) is

x2=0 =4 = x=4,
0 (U 0
Ko 2 2
=™
0 0 0 =0 — Ko
G A _ :
d+1 g 9-1 L ke — Ko+ 1

(v) kK and k., are not integer,
(vijx= A, (k=1,..., g) are non-logarith-
mic singular points.
The equation (1.2) is called L(1, g + 2; g) type.
Let g, (k=1,..., g) be the residue of p,
(z, t) at x = A, and let

_ o &, Aulty
hy: = ox’ (xpz - Elx — Rk>
By the assumtion (vi), we remark that these #;
are uniquely determined as rational functions in
Ao iy (E=1,..., 9.

Using these notations A, 4, and &, we state
that the holonomic deformation of the linear
equation (1.2) is governed by the Hamiltonian
system :

=0

02, _ 0K, op, _ 0K, . . _
atj - aﬂi’ at, - a ; (1,]_1,..., g),

where the Hamiltonian i{j are

K, 1 017!

K, 2

> 0

K, 1 ! 017! h,
t, 1 h,
Pt 1 :
ty ENEREH :
t, t, - t, 1 h,

It is known that, if g = 1 the holonomic de-
formation of (1.2) is governed by the fourth Pain-
levé equation. So the Hamiltonian system (4, gk,
K, t) is a extension of the fourth Painlevé equa-
tion.

Now, we assume that g < 8. The purpose of
this paper is to transform the Hamiltonian sys-
tem (1, u, K, t) into the Hamiltonian system (g,
p, H, & with the conditions:

(C) H;(j=1,...,¢g) are polynomial in g, p, (k
=1,...,9,
0H, _0H,

(Cz) as] - ask .

We will state that if £, = 0, a special solution of
this system is written by the multivalue Hermite
function.

By the condition (C,), we can introduce the
function 11(3) as follows:

0
a—Eklog v = H,.

In [7], Okamoto defined the 7 function associate
with the fourth Painlevé transcendental function.
. .. . I8
This function is equivalent to 7y .
2. Polynomial Hamiltonian structure.

Theorem 2.1. Put g,, 0, (k=1,..., g) as fol-
lows :

0, = the k-th elementary symmetric function
of Ay, Agyev ey Ay

g
0= (DX @, - 27
=1 j=1

j#F1
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Then the transformation (4, u, K, t)— (o, p, K, t)
is camonical. Moreover, the Hamiltowians K; (j = 1,
.., 9) are polynomial in o,, 0, (k =1,..., g).
Remark 1. Changing the variables A, g,
into the oy, o, the rational functions &,,,_; (j =
1,..., g are expressed as follows:

S35 B0, + Z Fp, +

r=1s=1 i
g+j
(_ 1) 0‘0-j+1.lcoo ’

a+1 -i=

s—
(J)

= (-1 [ZO’ aOr+s-j—a ZoaUHs—j—a
a=

- ZG O'r+s—1 a]
a=0

g+r ()

) Cr, rt 0k+r—j

0k+0+1—j (_ 1)0_ {("CD - 1) + g + 1 - k}(fk_j],

' +1 (g+1<k+r<g+jandr>j)

) i=1-1 (j<k+r<gandr<j—1)

0 (otherwise)

To state the following theorems, we prepare
some notations. Let 4, be the set of all partitions
of a natural number d, and Y= (Y}, Y,, ...,
Y,) be an element of 4 ,. m,(Y) stand for the
depth of Y. For t=1,..., g, m,(Y) stands for
the multiplicity of Yi.e.

m,(Y) = Card {i € Z|Y, = I}.

We define the polynomial &, (k=1
as follows:

FY = <n“ﬁﬂﬁu+z<

g
my(Y)—1
Eo:=2 | (-1 — kg + 1)}]

vea, b k=1
{ 1”-'[ 1 s m,,(Y)}
P mk(Y)! g+1—k ’

where s, = (— 1)* 't /k.
Remark 2. The following relation holds for
g < 8.
(—D°
bypr1oa = ——d—'detM(g +1—4d;

Eq’ Sg—ly- ) ‘Sg+1—d) d=1,2,.. .y g),

where

0 0
1

0 1 0
M(c; x,..., x,): = — diag(1, 2,...,
d .
d)'Dy+ (=1’ ¢ Xjx; D/
j=1

Using the above notations, the transforma-

[Vol. 73(A),

tion (o, o, K, t) — (q, p, H, &) is given by the
following theorem.

Theorem 2.2. We assume that g < 8. Put q,,
p.and H, (k=1,..., 9) as follows:

[ g, | $11 0 0, = ©10
@G| _ | Y21 P22 02 = @20
L g, ¢a.l ¢y,y—l gbm 0y = @go
“’1 1 e 0 1[e
Do | _ | P21 @2 02
L pg B (pg,l (pg,y—l <pg,g 4t pg
[ H, D11 0 W [ 7y — Keulr0
H, - $21 P2 hy = Ku®so
LH, Po ¢’g,i—1 D | Lﬁg — Ku®Pyo
where QO ,_gr Pyr—a and h; are
P = ¢kk =1,
Prh—a = d’ -detM(g+1—k; &, &,_,,
cos Sp1md)s
1. _e*1-k ..
Prr-a = g1 g+1—k +d %
M(_g— 1+k—d; Sg? ‘S_p”-; ‘Sg+1_d)
d=1,..,k—1),

= (=D + (DTS (g + 1
k=1

= K)0y_g14im 04}
Then the Hamiltonian system :

oA, 0K, o, 0K,
'52— aﬂ,-’a_t,—— 02 (z, J= .,g),
1is equivalent to the Hamiltonian system
g, aH ap: aH,
= = G,7=1,...,9.

I 6&,
Theorem 2.3. The Hamdtoman system (q, p,
H, &) satisfies the properties (C,) and (C,).
Remark 3. The functions ¢, ,_; and ¢y .,
are rewrite as follows:

Prk—a = Z {(—= D’ g+1-— k)}m"(Y)ﬁ
k=1

1 m(Y)

m, ( Y) ! Sgr1-k ,
Dk = Z: {(=D'g+1—k+ a}

mo(¥)-1 ﬁ 1 s mm
=1y (Y) 17041k

Remark 4. We assume that g < 8. The
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functions ¢, ,_, and ¢, ,_, have the following re-
lation :

Po,0 0 Po. 0

P10 P11 $ro ¢1a =7

®g1 Pog-1 Pogl L&y Pog-1 Pog
Remark 5. If g = 1, the Hamiltonian sys-

tem is equivalent to the fourth Painlevé equation.

It is known that the fourth Painlevé equation
has a special solution which is written by Her-
mite function. This fact is a special case of the
following theorem.

Theorem 2.4. Under the assumption k., = 0,
the Hamiltonian system (q, p, H, &) has a special
solution :

P =0,
9 = g logu (k=1,..., 9,
where
u(t t) = fz_"oexp ( - sz _ 1 z“l) dz
e te . i k gt1
AT
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