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Abstract: In this paper, we give an explicit description of the first layer of anti-cyclotomic
Zp-extension of imaginary quadratic fields.
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1. Introduction. For each prime number p,
a Zp-extension of a number field k is an extension
k = k0 ⊂ k1 ⊂ · · · ⊂ kn ⊂ · · · ⊂ k∞ with
Gal(k∞/k) � Zp, the additive group of p-adic in-
tegers. Let k be an imaginary quadratic field, and
K an abelian extension of k. K is called an anti-
cyclotomic extension of k if it is Galois over Q, and
Gal(k/Q) acts on Gal(K/k) by −1. By class field
theory, the compositum M of all Zp-extensions over
k becomes a Zp

2-extension, and M is the composi-
tum of the cyclotomic Zp-extension and the anti-
cyclotomic Zp-extension of k. For p = 2, 3, the ex-
plicit construction of the first layer ka

1 of the anti-
cyclotomic Zp-extension of k is given in [2, 3]. The
purpose of this paper is to give an explicit descrip-
tion of the first layer ka

1 of the anti-cyclotomic Zp-
extension of an imaginary quadratic field k whose
class number is not divisible by p > 3. Let kz =
k(ζp) and let σ, τ with σ(ζp) = ζp

t be generators of
Gal(kz/k), Gal(kz/Q(ζp)), respectively. The main
result of this paper is as follows:

Theorem 1. Let X be a vector space over a
finite field Fp with a basis {x1, · · · , xp−1} and A be a
linear map such that Axi = xi+1 for i = 1, · · · , p− 2
and Axp−1 = x1. Let x =

∑
i aixi be an eigen-

vector of A corresponding to an eigenvalue t. Let
k = Q(

√−D) be an imaginary quadratic field whose
class number is not divisible by p > 3 and assume k is
not contained in Q(ζp). Assume that ε = τ(ε)ε−1 is
not a p-power of a unit in kz, where ε =

∏
i(α)aiσi−1

for some unit α ∈ kz. Then ka
1 = k(η), where

η = Trkz( p
√

ε)/ka
1
( p
√

ε).
Since p does not divide the degree [k+

z : Q], one
can always choose a unit α such that ε is not a p-
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power in the maximal real subfield k+
z of kz. See

Remark 1 of this paper.
2. Proof of theorems. To prove Theorem

1 we need lemmas.
Lemma 1. Let p be an odd prime, and k2

1

be the compositum of first layers of Zp-extension of
an imaginary quadratic field k. Then Gal(k2

1/Q) �
Dp ⊕ Z/p, where Dp is the dihedral group of order
2p.

Proof. See [2]. �
Lemma 2. Let k be an imaginary quadratic

number field whose class number is not divisible by
p > 3. Then the only cyclic extensions of degree p

over k unramified outside p which are Galois over Q
are the first layers of anti-cyclotomic and cyclotomic
Zp-extension of k.

Proof. Let H be the Hilbert class field of k and
let F be the maximal abelian extension of k unrami-
fied outside p. Then [4] class field theory shows that

Gal(F/H) � (
∏

p|p
Up)/E−,

where E− is the closure of the global units of k,
embedded in local units

∏
p|p Up diagonally. So in

this case Gal(F p/k) � Z2
p, where F p is the maximal

abelian p-extension of k unramified outside p. Let
N ⊇ k be a cyclic p-extension of k, which is Galois
over Q, contained in k2

1. Then by Lemma 1, we see
that Gal(k2

1/N) =< saub >, where Gal(k2
1/k1) =<

s >, Gal(k2
1/ka

1 ) =< u >. Since the non-trivial ele-
ment of Gal(k/Q) acts on Gal(N/k) by 1 or -1, it
can be easily checked that a = 0, or b = 0. In other
words, N should be either the first layer of cyclo-
tomic Zp-extension of k, or of anti-cyclotomic Zp-
extension of k. �

Now we are ready to prove Theorem 1. First
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note that the characteristic polynomial of A is

xp−1 − 1

and xp−1 − 1 splits completely in Fp[x]. Therefore
the eigenvector exists. Write Lz = kz( p

√
ε). Let

H =< ε mod(k∗
z )p > be the Kummer group for the

Kummer extension Lz/kz, and let X = Gal(Lz/kz).
Then Gal(kz/Q) acts on H and X , and the Kummer
pairing

H × X −→ µp

is a perfect Gal(kz/Q)-equivariant pairing. Hence,
by the construction of ε, σ and τ , one can eas-
ily see that σ(ε) = εt mod(k∗

z)p and τ(ε) = ε−1.
Therefore the generators σ and τ act on X triv-
ially and inversely, respectively. It follows that
Gal(Lz/k) is cyclic of order (p − 1)p. Then there
exists the unique intermediate field M of Lz/k with
[M : k] = p, and the uniqueness of M asserts
that M/Q is a Galois extension. It follows that
Gal(M/Q) � Gal(Lz/Q(ζp)) � Dp. Since M/k is
a cyclic extension of degree p unramified outside p,
we have M = ka

1 by Lemma 2. Therefore, by [1,
Theorem 5.3.5], we conclude that ka

1 = k(η) with
η = TrLz/ka

1
( p
√

ε). �
Example 1. Let k = Q(

√−3) and p = 5.
Then we can take t = 2, and in this case the eigen-
vector of A is −x1 + 2x2 + x3 + 3x4. If we take
α = (ζ15 − 1)(ζ15

−1 − 1), then ε = α−1+2σ+σ2+3σ3
.

If we write ε =
∑

aix
i|x=ζ15 and ε is a 5-th power

of a unit in kz = Q(ζ15), then we have
∑

aix
i − (

∑
bix

i)5

∈ (x8 − x7 + x5 − x4 + x3 − x + 1)Z[x]

for some integers ai, bi. This implies that
∑

ai3i

should be a 5-th power modulo 4561. But we can
easily compute by Maple that

∑
ai3i = 3938, which

is not a 5-th power modulo 4561.
Remark 1. If we choose a unit α(mod Ep) to

be a generator of the Z[Gal(k+
z /Q)]-module E/Ep,

where E is the unit group of k+
z , then ε is not a p-

th power in k+
z . Moreover τε/ε �= 1 since ε is an

eigenvector for t whose order in F ∗
p is p-1. A referee

pointed out to me that such a unit α always exists by
using so called “Minkowski unit” [4, Lemma 5.27].
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