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Abstract:

Let h be a separately harmonic function on an open neighborhood of a (m — 1)-

dimensional compact submanifold ¥ in R™ with m > 2. We show that h can be extended to a
separately harmonic function on the bounded component of R™ — X.
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1. Introduction and main theorem. A
famous and fundamental theorem of Hartogs states
that a separately holomorphic function, i.e. a holo-
morphic function with respect to each variable, is
holomorphic. In particular, a separately holomor-
phic function is analytic.

Even in the case of real variables, there are var-
ious analogues of Hartogs theorem. For instance,
Lelong showed in [6] a kind of Hartogs theorem for
harminic functions.

Fact 1 (Lelong). Let u(x,y) be defined on
Bi1 X Bs, where By is the unit ball in R™ and By
is the unit ball in R™. If u(x,y) is separately har-
monic, that is, u(x,-) is harmonic on By for each x
and u(-,y) is harmonic on B; for each y, then wu is
harmonic on By x Bs.

See also Avanissian [2], Siciak [8], Zaharjuta
[12], Stein [9], Hervé [4] for related results.

Another famous and fundamental theorem,
which shows a serious difference between C and C"
(n > 2), is Hartogs-Osgood theorem.

Fact 2 (Osgood). Let D C C™ (n > 2) be a
domain, and K a compact subset of D such that D —
K is connected. Then every holomorphic function on
D — K can be extended to a holomorphic function
on D.

We prove the following analogue of Hartogs-
Osgood theorem for separately harmonic functions.
First, we recall the definition of separately harmonic
functions.

Definition. We say that a function v : D —
R, where D is a domain on R™ = R™ x --- x Rk,
where my, ..., my are fixed natural numbers, m; +
coo4+my =m, and m > k > 2, is separately harmonic
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on D if u is harmonic on each R” (v =mq,...,my)
separately, i.e. the following identities hold on D:

mi+ma 82u
=0, =0,...,

ox2
2. gm="

v=mi+-+mr_1+1 v

<X §%u

oz
v=1 v v=mi+1

In Section 2, we show:

Theorem 1. Let D be a bounded domain in
R™ with m > 2 whose boundary consists of a (m—1)-
dimensional submanifold . Let h be a separately
harmonic function on an open neighborhood V of %
in R™. Then h can be extended to a separately har-
monic function on D.

Compare Theorem 1 with the following fact in
(3].

Fact 3 (Hecart). Let D C R™ and G C R"
be domains. Let F C D and FF C G be compact
sets which satisfy the Leja condition with respect to
harmonic polynomials. Then there exists an open
set O C R™*™ such that each separately harmonic
function u : (D x F)U (E x G) — R extends to a
harmonic function on 2.

Remark. Fact 1 is false if “harmonic” is re-
placed by “subharmonic”. Wiegerinck [10] gave an
example u(z,y) which is not subharmonic but sep-
arately subharmonic. On the other hand, some ad-
ditional conditions for separately subharmonic func-
tions to be subharmonic were given by many authors,
for example, Riihentaus [7], Armitage and Gardiner
[1].

We may ask whether u is subharmonic on By X
By if u(x,-) is harmonic on By for each x and u(-, y)
is subharmonic on B; for each y (where B; and Bs
are as in Fact 1). Kolodziej and Thorbiérnson [5]
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showed that the answer is yes if u(-,y) is of class C?
for each y.

2. Proof of Theorem 1. Let D,0D,V and
h be as in Theorem 1. It is enough to show that, for
a given integer k (1 < k < m), a separately harmonic
function h on V. R™ = R¥ x R™ % with m > 2
can be extended to a separately harmonic function on
D, because separately harmonic functions are always
harmonic. We need to consider only the case that
m > 3: when m = 2, from the assumption,

h(z1,22) = aryxe + bry + cxa +d

on V with suitable constants a,b,c, and d. On the
other hand, the right-hand side of the above equation
is a separately harmonic function on R?, and hence
h is extended to a separately harmonic function on
R2.

Assume that m > 3. We take an open tubular
neighborhood W € V of ¥, i.e. an open neighbor-
hood of ¥ diffeomorphic to ¥ x (—1, 1) whose bound-
ary consists of two smooth (m — 1)-dimensional sub-
manifold ¥; (i = 1,2) homotopic to £0D. We put

Dy =DUW and Dy =R™ — (D — W).

Then

D1UDs = Rm, DiNDy =W and 9D; = 3; (Z = 1,2).

Lemma 2. There exist harmonic functions h;
on D; (i =1,2) such that

(21) hg - h1 =h on W.

Proof. Take open tubular neighborhoods T; of
¥ (i = 1,2) in V such that Ty N Ty = 0. Let x; €
C>*(R™) (1 = 1,2) such that 0 < x; <1,

on Ty U(R™ — Dy)
on To U(R™ — Dy),

0 onTiU(R™— D)
1 onT>U(R™ — Dy),

and
X1+ x2=1onR™

If we extend x;h (by setting) to be 0 on D; — W then
xih € C*(D;) (i =1,2). Further, since x;h = h on
T;(C V), if we extend A(x;h) (by setting) to be 0 on
R™ — D;, then A(x;h) € C°(R™) (i = 1,2), where
Supp A(x;:h) C W — (Th UT,) € W. Moreover, we
have
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(2.2)
X1h + x2h = h on V, A(x1h) + A(x2h) =0 on R™.
Define
Axih)(y)
Nix::cm/ — 2 dV,, x € R™
Y Y e e
for each ¢« = 1,2, where ¢, = m, Wy, is the

euclidean surface area of the unit sphere in R, and
dV, is the euclidean volume element of R at y. Set

hy == —(x1h + N1)
ha 1= x2h + Na

on Dy,

on Ds.

Then h; (i = 1,2) are harmonic functions on D; sat-
isfying (2.1). In fact, since NN; satisfy Poisson’s equa-~
tion, we have AN; = —A(x;h) on R™, and hence h;
are harmonic on D;.

By (2.2), we have N7 + N2 = 0 on R™, which
implies the assertion. [l

Remark. The argument as in the proof of the
above lemma is used in various situations. See, for
instance, [11].

Lemma 3. The functions h; defined above are
separately harmonic functions on D; (i =1,2).

Proof. We prove the assertion for ¢ = 1, since
the proof for i = 2 is exactly same.

Set

2 m 62

-
v=k+1 ax”
Fix a non-empty open set U € T1N Dy (C W). Then
we first show that

(2.3) Aihy = Aghy =0 on U.

Take another open tubular neighborhood Wy of
¥ in W such that U N W, = 0. The boundary of W
consists of two smooth (m — 1)-dimensional subman-
ifold o (i = 1,2) with Yo, C T; (i = 1,2). Since
A(x1h) € C§°(R™), we have

— Ajhi(zo) = Aj(x1h)(x0)
+Cm/’ A A @)}

m—2 Yy
lly — ol

for every g € U and every j = 1,2, where Aj in the
integral is taken with respect to (yi,...,yx) when
j=1and (ykt1,...,Ym) when j = 2. Since x1 =1
on T1 and Supp A(x1h) C W — (T1 UTy) @ Wy, it
follows that
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CRh(eg) =, [ AA0aNG)}
Ajhy(zo) m/WO T v,

for 5 = 1,2. Since xg ¢ Wy, Green’s formula gives
that the right hand side of the above equality is

1 0
Cm 7W—(A(X1h))
/zo,l—zo,z <||y—$0| 2oy

0 1
—(7771,) dsy.
Ony ||y — o)™ !

Here, xy1 =0o0on 73 D ¥g2 and x1 =1 on 711 D o 1,
and hence this integral equals

1 0  ~
Cm 77”_—(Ah)
Am<w—xﬂ Zony

~ 0 1
— (A-h)—(imf ) | dS,.
Tony My —ao|™ ) Y

Since h is separately harmonic on V' O ¥ 1, we have
Ajh =0 (j = 1,2) on Xo;1. Therefore, the above
integral is 0, which implies (2.3).

Next, we prove

— (A;(xah))

(24) Alhl = Aghl =0on Dl.

Since h; is harmonic on D7 by Lemma 2, hq is
real-analytic on D;. Hence Alhl and Aghl are also
real-analytic on D;. Then, by uniqueness of real
analytic continuation, we have (2.4). O

Lemma 4. The function hs is identically equal
to 0 on Ds.

Proof. Let D’ be the projection of D; on the
RF of variables 2/ = (z1,..., ), which is bounded
in R¥. Take a non-empty open set U’ € RF — D’.
For fixed zf, € U’, let L(x}) be the real (m — k)-
dimensional plane {z{} x R™ % in R™. Since
L(x}) C D, we have Aghg(z), Ty, ..., Tm) = 0 on
L(z{). Since Na(z) = O(1/||z]|) at & = oo, by the
maximum principle for harmonic functions, he = 0
on L(z}). Thus hy = 0 on U’ x R™*. Again by
uniqueness of real analytic continuation, we conclude
the assertion. O

Thus by Lemma 4, we conclude that h = —hy
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on V', and hence —h; is the desired extension of h.
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