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1. X(G) for a topological group G. Let
G be a topological group. By a cocycle of G we mean
a continuous map f : G→ G such that

f(st) = f(s)f(t)s, with as = sas−1,(1.1)

s, t ∈ G, a ∈ G.

We denote by Z(G) the set of all cocycles. Two
cocycles f , f ′ are equivalent, written f ∼ f ′, if there
is an a ∈ G such that

f(s) = a−1f ′(s)as, s ∈ G.(1.2)

Cocycles f , f ′ are locally equivalent, written f
l̃oc

f ′,
if there is an as ∈ G for each s ∈ G such that

f(s) = as
−1f ′(s)as

s.(1.3)

Two subsets B(G), Bloc(G) of Z(G) are defined by

B(G) = {f ∈ Z(G); f ∼ 1},(1.4)

Bloc(G) = {f ∈ (Z(G)); f
l̃oc

1},
respectively, where 1 denotes the constant function
on G of value 1G. A cocycle in B(G) is a coboundary
and one in Bloc(G) is a local coboundary. Clearly a
coboundary is a local cobundary : B(G) ⊂ Bloc(G).
The S–T set X(G) is the quotient of Bloc(G) with
respect to the equivalence (1.2). B(G) forms a dis-
tinguished point in X(G). When X(G) = 1, i.e.
Bloc(G) = B(G), we say that G enjoys the “Hasse
principle”.

2. Z(G) and End(G). Let G be a topolog-
ical group and End(G) the semigroup of continuous
homomorphisms of G into G. I owe M. Mazur an
excellent idea of associating an F ∈ End(G) to each
f ∈ Z(G) by

F (s) = f(s)s, s ∈ G.(2.1)

It is easy to verify that the map f 7→ F is a bijection

µ : Z(G) ∼→ End(G),(2.2)

and Z(G) becomes a semigroup with the multiplica-
tion

f ∗ f ′(s) = f(f ′(s)s)f ′(s), f, f ′ ∈ Z(G).(2.3)

The equivalence in End(G) corresponding to the one
in (1.2) turns out to be

F ∼ F ′ ⇐⇒ F (s) = a−1F ′(s)a, a ∈ G.(2.4)

In particular, to a coboundary f(s) = a−1as corre-
sponds the inner automorphism F (s) = a−1sa. In
other words, the map (2.2) induces a bijection

B(G) ∼→ Inn(G)(2.5)

and B(G) becomes a group.
Similarly, another equivalence in End(G) corre-
sponding to the local equivalence (1.3) turns out to
be

F
l̃oc

F ′ ⇐⇒ F (s) = as
−1F ′(s)as(2.6)

⇐⇒ F (s) ∼ F ′(s),

the (pointwise) conjugacy in G.

In particular, to a local coboundary f(s) = as
−1as

s

corresponds an endomorphism F such that F (s) ∼ s.
In other words, the map (2.2) induces a bijection

Bloc(G) ∼→ Endc(G)(2.7)

where the right hand side is the set of F ′s such that
F (s) ∼ s, i.e., the set of endomorphisms which pre-
serve conjugacy classes of G. It should be noted
that every F in Endc(G) is injective but not sur-
jective in general. Denoting by ia the inner auto-
morphism of G such that ia(s) = asa−1, we have,
for F, F ′ ∈ Endc(G),

F ∼ F ′ ⇐⇒ F ′(s) = aF (s)a−1(2.8)

⇐⇒ F ′ = iaF, a ∈ G.

Consequently, we obtain a bijection

X(G) ≈ B(G) \Bloc(G) ≈ Inn(G) \ Endc(G).(2.9)

Let Aut(G) be the group of automorphisms of
G. Set

Autc(G) = Aut(G) ∩ Endc(G)(2.10)

the subgroup of Aut(G) preserving conjugacy classes
of G. Therefore if the condition

every F in Endc(G) is surjective
(])

and F−1 is continuous
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holds, then (2.9) turns out to be

X(G) ≈ Autc(G)/Inn(G).(2.11)

In other words, under (]), the S-T set obtains a struc-
ture of a group.

(2.12) Finite groups. For a finite group
G, the condition (]) holds obviously. Hence, by
(2.11), the determination of X(G) boils down to
a typical problem of that of the quotient group
Autc(G)/Inn(G). In particular, if Aut(G) = Inn(G),
then X(G) = 1, i.e., G enjyoys the Hasse princi-
ple. This is, for example, the case G = the Monster
([1]). Recently, K. Harada informed me that he has
checked X(G) = 1 for all 26 sporadic simple groups
and alternating simple groups. It would be interest-
ing if one proves X(G) = 1 for all simple groups
without using the classification. As for some results
on (finite or infinite) linear groups, see [6], [10].

(2.13) Free groups. Let G be a free group
Fr of rank r. We consider G as a discrete group. This
time, we use the bijection (2.9) the other way around.
Namely, since we know that X(Fr) = 1 (see [7]), it
follows from (2.9) a result on Fr, i.e., Endc(Fr) =
Autc(Fr) = Inn(Fr), an interesting property of free
groups. It is to be noted that X(Γ (N)) = 1 for all
N ≥ 1 since Γ (N) are all free for N ≥ 2 (cf. [3],
p.362, 3D) and X(Γ (1)) = X(PSL2(Z)) = 1 by
[6].

3. Profinite groups. Let G be a profinite
group, i.e., a topological group wihch is compact
and totally disconnected. We shall use repeatedly
the property that in G every neighborhood of 1
contains an open normal subgroup. In order to
check the condition (]) above for G, it is enough
to show that F is surjective because the continuity
of F−1 follows from the compactness. For an
F ∈ Endc(G), let t0 be any point of G. We shall
find an s0 so that F (s0) = t0. So let N be any
open normal subgroup of G. If t ∈ N , then since
F (t) ∼ t, we have F (t) ∈ N . Therefore F induces
an endomorphism FN : G/N → G/N such that
FN (sN) = F (s)N , s ∈ G. If FN (sN) = N , then
F (s)N = N which implies that s ∼ F (s) ∈ N ,
hence s ∈ N . Thus FN is an automorphism of the
finite group G/N . Call sN an element of G such
that FN (sNN) = t0N . Then we have t0 ∈ F (sN )N .
Since G is compact, there is an element s0 so that

sN → s0 when N → 1. Then we have F (s0) = t0.
So we proved

(3.1) Theorem. Let G be a profinite group,
then there is a bijection

X(G) ≈ Autc(G)/Inn(G).

In particular, X(G) gets a group structure.
Now let K be a finite Galois extension over Q

and GK = Gal(Q̄/K). Then celebrated results due
to Neukirch, Ikeda, Iwasawa and Uchida (cf. [4], [2],
and [11]) tell us that us that there is an isomorphism

Aut(GK)/Inn(GK) ≈ Gal(K/Q).(3.2)

Combining (3.1), (3,2) we see that the S-T
group X(GK) can be embedded in the finite group
Gal(K/Q). In particular, X(GQ) = 1, i.e., the full
Galois group GQ = Gal(Q̄/Q) enjoys the Hasse prin-
ciple.
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