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Milnor’s link invariants attached to certain Galois groups over Q

By Masanori Morishita

Department of Mathematics, Kanazawa University, Kakumamachi, Kanazawa, Ishikawa 920-1192

(Communicated by Shokichi Iyanaga, m. j. a., Feb. 14, 2000)

Abstract: This is a résumé of the author’s recent work on certain analogies between primes
and links. The purpose of this article is to introduce a new invariant, called Milnor invariant, in
algebraic number theory, based on an analogy between the structure of a certain Galois group over
the rational number field and that of the group of a link in three dimensional Euclidean space. It
then turns out that the Legendre, Rédei symbols are interpreted as our link invariants. We expect
that this is a tip of an arithmetical theory after the model of link theory which may give a new
insight in algebraic number theory. The details will be published elsewhere.
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1. The Galois group with restricted ram-
ification and the group of a link. In this sec-
tion, we recall some basic results, due to Hasse, Iwa-
sawa and Koch, on the structure of a certain Galois
group with restricted ramification ([5]), and Milnor’s
results on the group of a link ([6], [7]).

Let l denote a fixed prime number throughout
this article. Let p be a prime number which is con-
gruent to 1 modulo l, p ≡ 1 mod l. Let Qp(l) denote
the maximal l-extension over the p-adic number field
Qp. Then, the field Qp(l) is generated by the primi-
tive ln-th root ζln of 1 and ln

√
p for all n ≥ 1, and the

Galois group Gp(l) of Qp(l)/Qp is generated topo-
logically by two elements σ and τ which are defined
by

σ(ζln) = ζp
ln , σ( ln

√
p) = ln

√
p

τ(ζln) = ζln , τ( ln
√
p) = ζln ln

√
p

(1.1)

where ζln are chosen so that ζlm

ln = ζln−m for n ≥ m.
The inertia subgroup of Gp(l) is generated by τ and
σ is an extension of the Forbenius automorphism of
the maximal unramified subextension of Qp(l)/Qp.
The relation of between σ and τ is given by

τp−1[τ, σ] = 1

where [τ, σ] = τστ−1σ−1.
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Let p1, . . . , pn be distinct n prime numbers so
that pi ≡ 1 mod l for 1 ≤ i ≤ n. Set S =
{p1, . . . , pn} and let GS(l) be the maximal pro-l quo-
tient of the étale fundamental group of the comple-
ment of S in SpecZ: GS(l) = π1(SpecZ\S)(l). This
is the Galois group of the maximal pro-l extension
QS(l) over the rational number field Q which is un-
ramified outside S ∪ {∞}, where ∞ is the infinite
place of Q, and it has the following group presenta-
tion. Choose a prime divisor ℘i in QS(l) over pi for
1 ≤ i ≤ n. The embedding QS(l) ↪→ Qpi

(l) induces
the surjective homomorphism Gpi → Gi for each
i, where Gi is the decomposition group of ℘i. We
choose a generator τi of the inertia group of ℘i and an
extension σi of the Frobenius automorphism of the
subfield corresponding to Ii so that σi and τi are the
images of σ and τ given in 1.1 for p = pi, respectively.
We may see that σi is an extension of the Artin sym-
bol (ηi,QS(l)ab/Q) where QS(l)ab is the maximal
abelian subextension of QS(l)/Q and ηi is the idele
whose pi-component is pi and other components are
all 1, and that τi is an extension of (λi,QS(l)ab/Q)
where λi is the idele whose pi-component is a prim-
itive root gi mod pi and other components are all
1. Define an integer li,j by p−1

i ≡ g
li,j

j mod pj for
1 ≤ i 6= j ≤ n. Then, the Galois group GS(l) is gen-
erated topologically by τ1, . . . , τn and the relations
are given by

τpi−1
i [τi, σi] = 1, 1 ≤ i ≤ n.

We also note that modulo the commutator
GS(l)(2) = [GS(l), GS(l)], we have the following con-
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gruence relation:

σi ≡
∏
j 6=i

τ
li,j

j mod GS(l)(2).(1.2)

To state this result in terms of the group per-
mutation, let Fn be the free pro-l group generated
by the free words x1, . . . , xn representing τ1, . . . , τn
respectively and yi is the (pro-l) word in x1, . . . , xn

representing σi (1 ≤ i ≤ n). Then, the group GS(l)
has the presentation

(1.3)

GS(l) = 〈x1, . . . , xn | xpi−1
i [xi, yi] = 1, 1 ≤ i ≤ n〉

= 〈x1, . . . , xn | xpi−1
i

∏
j 6=i[xi, xj ]li,jρ = 1,

with ρ ∈ F (3)
n , 1 ≤ i ≤ n〉

where F (3)
n is the 3rd term of the lower central series

of Fn.
In turn, let L be a link in three dimensional Eu-

clidean space R3 consisting of n-component knots
K1, . . . ,Kn and let GL be the group of a link L:
GL = π1(R3\L). Milnor showed that the quotient
GL/G

(q)
L , where G(q)

L is the q-th term of the lower
central series of GL, q ≥ 1, has the following pre-
sentation. Let Fn be the free group generated by
the free words α1, . . . , αn where αi represents the
i-th meridian ai around Ki. Then, for each n ≥ 1,
there is a word β

(q)
i in α1, . . . , αn representing the

i-th longitude bi around Ki in GL/G
(q)
L , and one has

GL/G
(q)
L = 〈α1, . . . , αn | [αi, β

(q)
i ] = 1,(1.4)

1 ≤ i ≤ n, F (q)
r = 1〉

and also sees that we have the following congruence
relation:

bi ≡
∏
j 6=i

a
lk(Ki,Kj)
j mod G(2)

L .(1.5)

where lk(Ki,Kj) is the linking number of Ki and Kj .
We note that we can choose β(q)

i to be independent
of q and reduce G(q)

L to the identity when the link L
is obtained by the closure of a pure braid of n-strings
and in this case the presentation of GL is closer to
that of GS(l).

Summing up, from the view point of Galois and
link groups 1.2 ∼ 1.5, the elements τi and σi play
similar roles to the meridian and longitude respec-
tively and “primes look like a link !”.

2. The Milnor invariant attached to a
Galois group. In this section, we introduce an
analog of the Milnor µ-invariant for a link ([7], [12])

in algebraic number theory, based on the analogy
between Galois and link groups discussed in the pre-
vious section. We keep the same notations in the
section 1.

Let Fl[[X1, . . . , Xn]]nc be the free power series
ring in n noncommutting variables X1, . . . , Xn over
the finite field Fl with l elements. The Magnus
embedding of the free pro-l group Fn is the injec-
tive group homomorphism Fn → Fl[[X1, . . . , Xn]]×nc

sending xi to 1+Xi and x−1
i to 1−Xi +X2

i −· · · for
1 ≤ i ≤ n. By this embedding, we identify an ele-
ment f of Fn with its Magnus expansion, denoted by
1+
∑
εI(f)XI , where I is a multi-index I = (i1 · · · ir)

of length r (r ≥ 1), 1 ≤ i1, . . . , ir ≤ n. Alternative
description of εI(f) is given by using the Magnus em-
bedding Fn ↪→ Zl[[X1, . . . , Xn]]nc over l-adic integer
ring Zl and the Fox free differential calculus founded
by Ihara [4] for free almost pro-l groups:

εI(f) = ε

(
∂rf

∂xi1 · · · ∂xir

)
mod l

where ε is the augmentation homomorphism
Zl[[X1, . . . , Xn]]nc → Zl.

We then define the Milnor µl-invariant, denoted
by µl(I), for a multi-index I = (i1 · · · ir) (r ≥ 1) by

µl(J) := εI′(yir
) ∈ Fl

where I ′ = (i1 · · · ir−1). By convention, we set
µl(I) = 0 for an index I of length 1. As Milnor con-
cerned, we should care whether µl(I) is an invariant
of the Galois group GS(l). First, as for µl(ij) for a
multi-index of length 2, we have the following inter-
pretation as “linking number”.

Theorem 2.1. Let i, j be indeces between 1
and n. When i = j, we have µl(ii) = 0. When
i 6= j, we have

ζ
µl(ij)
l = ζ

lj,i

l =
(
pj

pi

)
l

where ζl is a primitive l-th root of 1 given in (1.1)
and (pj/pi)l = (pj , pi/Qpi

) is the l-th power (norm)
residue symbol in Qpi

. In particular, ζµl(ij)
l depends

only on pi, pj and l. If pi, pj ≡ 1 mod 4, we have
the symmetry µl(ij) = µl(ji).
We call µl(ij) the linking number of pi and pj mod l,
denoted by lkl(pi, pj), in view of 1.2, 1.5 and 2.1.

Remark 2.2. Waldspurger [13] introduced
the linking number of two prime numbers for the
case l 6= 2, in the cohomological manner using Artin-
Verdier duality, and expressed it by the norm residue
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symbol. The result is essentially same as ours.
The Milnor invariant for a link involves a certain

indeterminacy so that it becomes an isotopy invari-
ant. In our case, µl(I) is well-defined as an invariant
of the Galois group GS(l) in the following manner.

Let lmi be the maximal power of l dividing pi−1
for 1 ≤ i ≤ n, and set m = min{mi|1 ≤ i ≤ n}

Theorem 2.3. Let r be an integer with 2 ≤
r ≤ lm−1 and suppose that µl(J) = 0 for any multi-
index J of length ≤ r − 1. Then, for a multi-index
I of length r, µl(I) is independent of the choice of
℘i and an invariant of GS(l), namely, µl(I) is not
changed under the following operations:
1) xi or yi is replaced by a conjugate,
2) yi is multiplied by a product of conjugates of

words xpi−1
i [xi, yi].

Remark 2.4.
1) Under the same assumption of the above the-

orem, let i1 · · · is and j1 · · · jt be multi-indices
with s+ t = r−1. Then, by a theorem of Chen-
Fox-Lyndon ([1]), we have the shuffle relation∑

µl(h1 · · ·hs+tk) = 0,

h1 · · ·hs+t ranges over all proper shuffles of
i1 · · · is and j1 · · · jt (cf [7]).

2) In our choice of σi and τi, 1.1 means a normaliza-
tion. In general, an extension of the Frobenius
automorphism for ℘i has the ambiguity by the
multiplication of τ c

i , c ∈ Zl. However, when j is
distinct from j1, . . . , js, then µl(j1 · · · jsi) does
not change if σi is replaced by σiτ

c
i .

Let Fl[[G]] be the completed group ring of a pro-
l group G over Fl and IG its augmentation ideal. Let
Gq be the Zassenhaus filtration of G defined by

Gq = {g ∈ G | g − 1 ∈ Iq
G}

for an integer q ≥ 1. By the definition of our Milnor
invariant, we have the following

Theorem 2.5. Let r be an integer with 1 ≤
r ≤ lm. Suppose µl(I) = 0 for any multi-index I of
length ≤ r. Then, for any q ≤ r, the canonical ho-
momorphism Fn → GS(l) induces the isomorphism

Fn/(Fn)q
∼→ GS(l)/GS(l)q.

3. Relation with the Rédei symbol.
Rédei [10] introduced a triple symbol [a1, a2, a3]
which describes a prime decomposition law in a cer-
tain dihedral extension of degree 8. In this section,
we interpret the Rédei symbol as our 3-rd order Mil-
nor invariant when a1, a2, a3 are prime numbers and

µ2(ij) = 0 for 1 ≤ i, j ≤ 3.
Let p1, p2, p3 be distinct prime numbers ≡ 1

mod 4. We assume(
pi

pj

)
2

= 1, 1 ≤ i, j ≤ 3(3.1)

or equivalently

µ2(ij) = 0, 1 ≤ i, j ≤ 3.

Set ki = Q(
√
pi), i = 1, 2 and k12 = k1k2. We

assume that there is an algebraic integer θ2 ∈ k1 such
that Nk1/Q(θ2) = θ2θ2 = p2 and that θ1 := (

√
θ2 +√

θ2)2 also satisfies Nk2/Q(θ1) = θ1θ1 = p1. Set K =
k12(

√
θ1) = k12(

√
θ2). Then, we see that K/Q is a

dihedral extension of degree 8. Such examples are
supplied when (p1, p2, p3) = (5, 41, 61), (5, 29, 181)
for instance. By our assumption, p3 is completely
decomposed in the extension k12/Q. Take a prime
divisor ℘ in k12 over p3. The Rédei symbol is then
defined by

[p1, p2, p3] =

 1,
(

K/k12
℘

)
= id

−1, otherwise
(3.2)

Now, for S = {p1, p2, p3,∞}, we have K ⊂
QS(2) and the canonical projection F3 → GS(2) →
Gal(K/Q). The images xi of xi ∈ F3 generate
Gal(K/Q) and for suitable choices of ℘i in the sec-
tion 1, we may assume that the relations are given
by

x1
2 = x2

2 = 1, (x2x1)4 = 1, x3 = 1.

We note that these relations do not affect the com-
putation of µ2(123), the coefficient of X1X2 in the
Magnus expansion of y3, and so it is an invariant for
Gal(K/Q). Then we have the following

Theorem 3.3. (−1)µ2(123) = [p1, p2, p3].
Example 3.4. (p1, p2, p3) = (5, 41, 61),

(5, 29, 181). Then we have

lkl(pi, pj) = 0 for 1 ≤ i ≤ 3, µ2(123) = 1.

Namely, any two of p1, p2, p3 are unlinked, but we
cannot pull the three of them apart. We wish to call
these prime numbers Borromean primes mod 2 after
the model of Borromean ring (cf [9] 6.4).

Remark 3.5. As Murasugi [8] interpreted the
Milnor invariant as a covering linkage invariant for
a certain finite nilpotent covering space, 3.2 and 3.3
suggest that our Milnor invariant may also be in-
terpreted as the Artin symbols in a certain nilpotent
extension.
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Remark 3.6. We may introduce an analog
of the Alexander module as a certain ideal in
Fl[GS(l)/GS(l)(2)] = Fl[Z/(lm1)×· · ·×Z/(lmn)] af-
ter the model of link theory ([2], [3]). It is certainly
interesting to investigate the realtions with the Mil-
nor invariant.

Remark 3.7. The analogy between Galois
and link groups discussed in this article suggests
that the Galois group of a finite algebraic number
field with a certain ramification condition may have
an analogous nature that a certain three-manifold
group does. We note that Reznikov [11] explored
an arithmetic topology after the model of class field
and Golod-Shafarevich theory, where his results con-
cern the geometry of three manifolds, but philosophy
seems to be close to ours.
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