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“Hasse principle” for GL,, (D)
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Abstract: Let D be a Euclidian domain, G be a GL,(D) and f be an endomorphism
of G which preserves conjugacy classes. Then we shall prove f must be an inner automorphism,
namely G enjoys the Hasse principle.
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1. Notation and result. Let D be a Eu- (Of course we must change that proof a little). Let
clidean domain, n be a positive integer and G be the  f(D,) = M 1D, M where
GL, (D). Put ¢ = (—1)"~! and we define in G

aq e Ay, x1
0 e - O I M = , M71 — . N
. 0 * Ty
S=1¢9 . - s Then
0 0 1 0 f(Dy) =M"YE + pEn)M
1 v 0 0 T
0 1 0 =Etu (a1~ an)
T, = , T'="1, o
: 0 where F;; is the matrix unit whose ij-element is 1
o - .- 0 1 and the other elements are 0. Put y; = pz; (1 <1 <
144 0 - 0 n). As
D — 0 1 1+ ¢ = unit, .
= : . S ) 1 0. SD, ~ f(SD,) = f(S)f(D,) =SM~"D,M
0 w01
their charactaristic polynomials are equal.
Then G is generated by S, T, and D,, (cf.[1]). Using E— SM-1D.M
this fact T. Ono([2]) proved that GLy(D) enjoys the ok — uM|
Hasse principle. In this paper we shall prove more €Yn
generally the following theorem: Y1
. =|zeE—-8S— . (a1 -+ an)
Theorem. For any positive integer n, GL, (D) :
enjoys the Hasse principle. Yn1
2. Proof of the theorem. Let f(x) be an 0 ol 1o o
endomorphism which satisfies f(x) ~ x (conjugate B * n ¢
in G) for each € G. We shall prove that f must be a . .
an inner automorphism.
In [3], we proved that SL, (D) enjoys the Hasse —€Yna1 -+ —EYnln

principle. So we may assume f(S) =S5, f(T,) =T, +
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Put these terms a, b and c. Then

C= —¢€UYn
aq a9 as
—1l—-yia T — Y102 —Yi1a3
x —Y201 —1—y2a2 x—y2a3
aq a2 a -+ Qan
-1 T 0 0

=—cyp |0 -1 =z

0 0 -1 T
= —eyp(arz™ a2+ -+ ap).
a=x|A,_1]
T —Yyiaz —Yias3 —Yi1a4
—1 —yaa9 T — Y203 —Y2a4q
=T —ysap —1—-y3a3 = —ysay
= x2|An_2\ —yx
a2 as aq
—1 —yoaz T — Y203 —Y204
X —ysaz —1—-yza3 x—yza4
as as PN (025
) -1 =z 0
= |An—2\ —nx
0 -1 =z

= 2% Ap_o| — prz(az™ 7 + - + an).
Using induction we have

a=az" — yl(azxnfl + o 4 an)

—yo(azz™ -+ apa?)

- yn—la'nxn_1
b= (=1)""!(=¢)
—1—-ya T —Yyia2 —Y1a3
—Y20a1 —1 — yoa2 T — Y203
X

—y3a1 —Y3a2 —1 —ysas

= —|Bp-1]-

-1 —Y101
0 —Ya2a1
|Bn71| =1 . + .
: * *
0 —Yn—101
= _|Bn72| + |Cn71|~
yl x 0 e 0
Y -1 T
Cnoal=—a1| 4, 0 -1 0
: : R
Yn—1 0 -+ 0 -1

= (—1)n—1a1(y1 +yox + -+ yn71x7L—2).

Using induction we have
b=—car(y1 + Y2z + - + yn—12"7)
—cas(y2 + Y3z + -+ yo12" )
— - —E&Ap-1Yn—1 — E.
Put all together we have

|tE — SM~'D, M|

n

= 2" =) (Y10is1 + Y2ip2 + - + Yn_itn

i=1
FEYn_it101 + -+ EYyna;)z" T — €.
If we put M = E, then we have

|tE —SD,| = 2" — (p+ 1)e.
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Comparing the coefficients of two polynomials, we

have
(1)
Ty T2 3 T Tn a
ET9 ET3 s ETn I a2
ET3 cee ETp T T2 as —
ETn T €2 T Tn—1 Gnp

Next we use
TSD, ~ f(TSD,) =TSM 'D, M.
AsT = FE + E5, we have

o O =

|2E —TSM™'D,M| = |zE — SM~'D,M| + |F,|.

—1—yia —Yia2
|F,| = |1~ a1 = —ya



46 H. WaDA [Vol. 76(A),
—1—yiaq —Y102 —y1a3 Therefore we have
0 z 0 (2)
= —yoay —1—ysas x—yoas £ 0 0 0 0 Zl 1
0 0 0 0 a2 0
0 0 0 S 1_1o
—1-yia —Y1a3 —Y1a4 T2 : =
—Y20a1 T — Y203 —Y204 : : u ’
=T —ysa; —1—ysaz3 = —yza4 0 0 xo -+ - Ty 271 0
. n

— —Y1a1  —Yi1a3 —Yian
*
-1 0 0‘
+x
*

ap as ay

0 =z 0 -
=_ .| = x|A,—

ylx O _1 T .. ‘/'E| n 2‘

= —grana™ " — 2" ya(aza™ P 4+ anw)
+ot ynflanxn_z-
If we put M = E, then we have
|zE —TSD,|=2" — (u+1)e — (u+ 1)z 1.

As x1a7 = 1, we have 1 # 0 and ay # 0. If a,, # 0,
then from (2), we have z3 = 23 = -+ = 1 = 0.
So from (1) we have z,, = z; = 0. Therefore a,, = 0.
Similarly we have

apn=0p_1=-"=a3=0, o =23=---=2x, =0.

This means f(D,) = E + puE11 = D,,, which com-
pletes the proof.
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