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Abstract:

A number of authors (cf. Koepf [4], Ma and Minda [6]) have been studying the

sharp upper bound on the coefficient functional |az — pa3| for certain classes of univalent functions.
In this paper, we consider the class C(y, 1) of normalized close-to-convex functions which is defined
by using subordination for analytic functions ¢ and % on the unit disk. Our main object is to

provide bounds of the quantity as — pa3 for functions f(z) = z + az2? + azz® + - - -

in C(p, ) in

terms of ¢ and %, where p is a real constant. We also show that the class C(p, %) is closed under
the convolution operation by convex functions, or starlike functions of order 1/2 when ¢ and %

satisfy some mild conditions.

Key words:

1. Introduction. Let A denote the class of

functions of the form
oo
o) =2t Y e,
n=2

which are analytic in the open unit disk D = {z €
C : |z| < 1}. Also let S, S*(«) and K(«a) denote
the subclasses of A consisting of functions which are
univalent, starlike of order o and convex of order
a in D. In particular, the classes $*(0) = §* and
K(0) = K are the familiar ones of starlike and convex
functions in D, respectively. For analytic functions
g and h with ¢g(0) = h(0), g is said to be subordinate
to h if there exists an analytic function w on D such
that w(0) = 0, |w(2)] < 1 and g(2) = h(w(z)) for
z € D. The subordination will be denoted by

9(2) < h(z)

Note that g < h if and only if g(0) = h(0) and
g(D) C h(D) when h is univalent in D.

Let M be the class of analytic functions ¢ in D
normalized by ¢(0) = 1, and let N be the subclass

g=<nh or in D.
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of M consisting of those functions ¢ which are uni-
valent in D and for which ¢(D) is convex. Also, for
a constant a > 0, set N'(a) = {p € N : Rep > a}.

Ma and Minda [6] and the authors [3] defined
the subclasses K(¢), S*(¢) and C(p, ) of A by

2f"(z)
f'(2)

2f'(2)
f(2)

K(<p):{f€A:1+ <go(z)inD},

(1.1) S*(@):{feA: < p(2) in D},

and

f'(z)
h'(2)

for ¢, ¥ € M. Note that f € K(y¢) if and only if
zf" € 8*(v). Hence f € C(p, ) if and only if

(1.2) Jg€8*(p) such that zf'(2)/g(2) <4(z) in D.

Clp, )= {fGA :3h € K(p) s.t. <(z) in D}

For functions ¢, 1 € M, if ¢ and e~%%¢) have pos-
itive real part in D, where ( is some constant in
(—m/2,7/2), then the class C(p,1) is obviously a
subclass of close-to-convex functions, in particular,
consists of univalent functions in D. Now we recall
that if f € A satisfies

Zf’(z)’
arg
f(2)

for a constant o (0 < o < 1), then f(z) is said to
be strongly starlike of order o in D, and we write
fesi If weset po(2) = (1+2)/(1—2)* (0<
a < 1), then, from (1.1) and (1.3), we can easily see

<Za (€ D)

(1.3) :
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the inclusion

(1.4) S, = S*(¢a) CC(PasPa)-

For constants 8 € (—n/2,7/2) and v with 0 <
v < cos 3, we set
1+ (e —27)e?Pz
1—2 ’

Yp(2) =

The function g, maps the unit disk onto the half-
plane {z : Re(e™z) > ~}. Note that S*(a) =
S*(10,o) and K(a) = K(¢ho,o) for 0 < a < 1. Note
also that a function in $*(¢5,) is usually called §-
spirallike. We set

(1.5) Cor= U

|B]|<arccosy

C(wo,aa wﬁ:’Y)

for 0 <a<1land 0 <~ <1 A function in Cq
is called close-to-convex of order (v,a) (cf. [2, II,
p. 89]). In particular, C = Cy is the class of usual
close-to-convex functions.

In (3], the second and third authors investigated
the norm estimate of the pre-Schwarzian derivatives
for the class C(p,v). In this paper, we shall in-
vestigate the coefficient bounds of the class C(ip, )
and also give convolution properties of functions in

C(p,v). Here, the convolution or the Hadamard
product f * g of two analytic functions
oo oo
f(z)= Z anz" and g9(z) = Z bp2"
n=0 n=0

on D is defined by
(F9)(2) = () % 9(z) = 3 anbu".
n=0

2. Preliminary results. The following lem-
mas will be required in our investigation.

Lemma 2.1. Assume that n(z) = e;+esz+---
is analytic in D with |(z)| < 1. Then |e;|*+]es| < 1.

Proof. By Schwarz-Pick’s Lemma, we obtain

' ()] 1
2 = 27
L=In(z)]*? = 1— ||

so that |[n(0)|? + [7/(0)] < 1. Hence |e1|? + |ea] < 1.

0

Lemma 2.2 (Ma and Minda [6]). Let ¢(z) =
1+ Ajz+ Azz? + -+ be univalent in D. If f(2)
z 4 a22? + azz® + -+ € K(p), then |ag — paj|

IA

[Vol. T6(A),

K(u, Ay, As), where
K(:uvAlaAQ)
(A2—(3u/2) AT +A2)/6
if 3A7u<2(As+ A7 - A1),

(2.6)

A, /6
if 2(Ag+ A2 — A1)<3A3u<2(As+ A3+ Ay),
((311/2) AT — Al - A1) /6

if 2(Ay+ A+ A1) <3A3p.

Lemma 2.3 (Ruscheweyh and Sheil-Small [8]).
Suppose either g € K, h € S* or else g, h € S*(1/2).
Then for any analytic function G in D, we have

(g% hG)(2)
(g% h)(2)
where ¢6G(D) is the closed convex hull of G(D).
3. Main results. We begin by proving
Theorem 3.1. Let p(2) = 1+ A2+ 4922+ -
be univalent in D and let 1)(z) = 1+ By 2+ Boz?+- -
be analytic in D. If f(2) = z + a22® + azz® +--- €
C(p, 1), then

‘a3 - /J,G,§| S K(,LL7A1,A2) + M(/'L7AluBlvBQ)7

€ coG(D) (z € D),

where K (u, Ay, Az) is given by (2.6) and
M(p, A1, B1, Bo)

(1/3)(1B2 = (31/4) BY| + A | Ba||1 = 311/2])
if A1|Bu|[1—3/2|>2(1B1| —[Ba — (3p/4) BY|),
|B1] (A1|By[1—3p/2])>
3 12(Bi| = [B2— (3u/4)BY)
Proof. It f € C(p, 1), from the definition of the
class C(p,) there exists a function h € K(p) such
that f//h' < 1. We set

otherwise.

h(z) = z + dy2* + dgz® + - -

and

(3.7) 9(2)

~

1)
w(z)

where w is an analytic function on D such that
lw(z)] < |z| for z € D. Then a simple calcu-
lation shows b = 2(as — d2) and by = 3(a3z —
dg) — 4d2(a2 — dQ), so that ay = b1/2 + dg and
as = ds + by /3 + (2/3)b1ds. Thus we have

= 14bi 24022+ = P(w(z)),

(3.8) az — pa3

1 3 2
= (d3 - ,Ud%) + 3 <b2 - 4b%> + <3 - N) b1ds.
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By Lemma 2.2, we have
(3.9) |ds — pd3| < K(p, Ay, As).

We write w(z) = €12 + e22% + -+ -. Then, from (3.7)
we have by = Bje; and by = Bjes + Bge%. Since
14+ (zh"(2))/ (R (2)) < ¢(z) in D, Rogosinski’s result
[7] implies |d2| < (1/2)A;. Therefore, we get

1 3, 2
S - ) bd
5 (n) = (G e

B 3
'1'|2|+ 3|5 22l

431

+ ‘3 —M‘ |d2B1|le1]

B, 3
< B || o + 2 ’Bg—“B1

I

—_

+‘3—g‘A1|Bl||el|.

Taking n(z) = w(z)/z in Lemma 2.1, we obtain
lea] <1 — le1]?, so that

1 34 2
3 (0= 0t) + (5 )

where P(z) = az® + bz +cand a = 3(|By — Su LB -
|B1]), b= A1|B1]|3 — 4] and ¢ = | By|/3. Slnceb>0
and 0 < |eg| < 1, we have

< P(leal),

P(—b/2a) = c — b?/4a
ifa<0and —b/2a <1,
P(l)=a+b+c

P(le]) <
otherwise.

Thus we conclude

1 3 2
3 <b2 - 4b§> + (3 - M) bid;

< M(p, A1, By, Ba).

(3.10)

Hence, making use of (3.9) and (3.10) in equality
(3.8), we obtain the desired result. [

Corollary 3.2. If f(2) = z+a2?+azz3+--- €
C(v0,0, %0,0), then

3—4p  ifp<1/3,
1/3+4/9u  if1/3 < p<2/3,
16 — 21 9?)/3(4 -3
if2/3<pu<1
3u—>5/3 if 1 <p<4/3,
4 — 3 if 4/3 < p.
Remark. From (1.5) it is clear that

C(¢0,0, %0,0) C C. For the cases of 0 < p < 1/3
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and 1/3 < pu < 2/3, the above estimates agree with
those of Koepf [4].
If we take p = 9 = @, = 2+ 2022 +2a%23 +
in Theorem 3.1, we obtain
Corollary 3.3. If f(2) = 2+az2%+az23+--- €
C(¢a;Pa), then
if 3ap <2a—1

(3 —4p)a?
a (2 —3u)%a?
l—pa2+ S04 2R T
(1= pa +3{ T 230
if20—1<3apu<3a—1
92 _ 2.2
o 1+—( 3p)a
3(2 — 20 + 3ap)
if 3 — 1 < 3ap < 2«
_2,)2,2
o 1+—(2 3p)a
3(2 — 3ap + 2a)
if 2a < 3ap <2a+1
(Bp—2)a? +a/3
if20+1<3apu<3a+1
(4p — 3)a? if 3o+ 1 < 3ap.

Noting the relation & C C(pq,¥a), we would
have an estimate for strongly starlike functions of
order a. When 3au < 2a — 1 or 3au > 3a + 1,
that estimate incidentally coincides with the sharp
estimate for strongly starlike functions of order «
obtained previously by Ma and Minda [5].

|as—pa3| <

Now, by using Lemma 2.3, we investigate con-
volution properties of functions in C(p, v). First, we
recall results due to Ma and Minda. The following
form is slightly different from the original one, so we
include its proof here.

Proposition 3.4 [6].

(a) Let ¢ € N(0). For g € K and h € S8*(p), we
have g x h € S*(¢p).
(b) Let ¢ € N(1/2). For g € §*(1/2) and h €

S*(p), we have g x h € S*(p).

Proof. First, we prove (a). Set G = zh//h < .
Since z(g * h)' = g * (zh') = g x (Gh), from Lemma
2.3, we see

z(g*h)'(2) _ (9% Gh)(2)
(g h)(2) (g*h)(2)

Hence, we have z(g*h)'/gxh < ¢. Assertion (b) can
be shown similarly. L]

€ wG(D) C o(D).

With the aid of the above result, we can now
prove the following.

Theorem 3.5.
(a) Let ¢ € N(0) and ¢ € M. Then, for g € K and
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f €C(p,v), we have g * f € C(p, ).

(b) Let ¢ € N(1/2) and ¥ € N. Then, for g €
§*(1/2) and f € C(p,v), we have g x f €
Clp, ).

Proof. We show only (a). We can handle (b)
in the same fashion. Let ¢ € N(0) and ¢ € N. If
f € C(p,v), there is a function h € S*(p) such that
2f'/h < 1. Set G(z) = zf'(2)/h(z). Then G(D) C
(D) and z(g* f) = gx(zf") = gxGh. Since ¥(D) is
convex and since z(g* f)'/(g*h) is analytic, Lemma
2.3 implies that

2(g* f)'(z) _ (g*Gh)(2)

(9% h)(2) (9% h)(z)
lies in (D), in other words, z(g * f) /g * h < .
Now Proposition 3.4 ensures g x h € §*(¢). Hence
we find from definition (1.2) that g x f € C(,v),
which completes the proof of Theorem 3.5. ]
Remark. If we apply the above theorem to the
case ¢ = g and ¢ = gy for |B| < m/2, then
Theorem 3.5 would immediately yield that fxg € C

for f € C and g € K (see [1, Theorem 8.7]).
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