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A conditional stability estimate for determining a cavity

in an elastic material
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Abstract: We consider an inverse problem of identifying an unknown cavity within an
elastic material by a single boundary measurement. For this problem we show a conditional
stability estimate.
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1. Introduction. The purpose of the pre-
sent paper is to announce a conditional stability esti-
mate for an inverse problem of elastostatic measure-
ment which we state in the following.

Let Ω be a cube in R3 given by

Ω = {x ∈ R3 : |xi| < H (i = 1, 2, 3)}(1)

for a positive number H, and let D be a subdomain
of Ω such that D ⊂ Ω, where D means the clo-
sure of D. We assume that the domain D is star-
shaped with respect to the origin of R3, and we
regard the domain Ω \ D as a reference configura-
tion of a homogeneous and isotropic elastic mate-
rial in natural state, the Lamé constants of which
are λ and µ. We also regard the domain D as a
cavity which is unknown in our inverse problem.
Let u(x) = (u(1)(x), u(2)(x), u(3)(x))T denote the
displacement vector at a point x of the material, and
assume that no surface force is applied on ∂D.

Our inverse problem is the identification of the
unknown cavity D by observing the displacement
and the surface traction over an open part of the
boundary of the cube Ω. For this problem we show
a modulus of continuity of the mapping from the
observed data to the cavity in a certain class of reg-
ularity.

There have been various results on the condi-
tional stability for inverse problems by electrostatic
measurements (see e.g. [1] and its references). They
reduce the problems to Cauchy problems of a sin-
gle elliptic equation in order to determine unknown
subdomains. We have generalized some of the re-
sults to the case of a system of elliptic equations and

2000 Mathematics Subject Classification. Primary 35R30;

Secondary 35E99, 74B05.

have succeeded in applying a method for electrostatic
measurement to elastostatic measurement.

The details will be published elsewhere.
2. The main result. We prepare some no-

tation and hypotheses to state our result. The main
result is Theorem 1.

For a point x0 ∈ R3 and a number r > 0, we
set B(x0, r) = {x ∈ R3 : |x − x0| < r}, where | · |
denotes the Euclidean norm. We use the capital B

to denote the unit ball B(0, 1). For two sets P and
Q ⊂ R3, P b Q means P ⊂ Q. For a R3-valued
function u, ∇u denotes the Jacobian matrix of u.
Define the linearized strain tensor e(u) of u by

e(u) :=
1
2
(
∇u +∇uT

)
=

1
2

(
∂iu

(j) + ∂ju
(i)
)

i,j
,

where ∂i = ∂/∂xi (i = 1, 2, 3). Let λ and µ be two
real numbers and define the stress tensor σ(u) and
the Lamé system L by

σ(u) := λ(divu)I + 2µe(u),(2)

L := µ∆I + (λ + µ)grad div,(3)

where I denotes the identity matrix.
Let Ω be the cube given by (1). Suppose that

one of the six faces of the cube, say ∂ Ω∩{x3 = −H},
contains an open disk, which is denoted by Γ with
its radius RΓ. Suppose the Lamé constants λ and µ

satisfy

µ > 0 and 2µ + 3λ > 0,(4)

and the operator L defined by (3) is strongly elliptic.
For j = 1, 2, let Dj be a subdomain of Ω given

in the form

Dj =
{

x ∈ R3 : x 6= 0, |x| < ρj

(
x

|x|

)}
∪ {0},
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where the function ρj ∈ C1(B) is supposed to satisfy

ρ0 6 ρj(x) 6 ρ0 (x ∈ ∂B), ‖∇ρj‖C0(∂B) 6 R(5)

for some fixed numbers R > 0 and 0 < ρ0 < ρ0 < H.
We set Ωj := Ω \Dj and assume that functions

uj ∈ C3(Ωj : R3) satisfies, for j = 1, 2,

Luj = 0 in Ωj , σ(uj)n = 0 on ∂Dj ,(6)

where n denotes the outward unit normal. We sup-
pose moreover that uj satisfies, for j = 1, 2,

‖uj‖C3(Ωj)
6 E,(7)

|div uj | > m on Γ,(8)

for some fixed numbers E > 0 and m > 0. The pair
(Dj ,uj) is said to satisfy the “a priori assumption”
when Dj and uj satisfy the hypotheses above.

Our main result is as follows:
Theorem 1. There exist numbers K > 0 and

0 < ε0 < e−e, depending only on E, H, m, R, RΓ, λ,
µ, ρ0 and ρ0, such that the following holds: Suppose
that two pairs (D1,u1) and (D2,u2) satisfy the a
priori assumption, and that the Cauchy data (f j , gj)
of uj is given on Γ (j = 1, 2), i.e.,

uj = f j , σ(uj)n = gj on Γ.

Then we have

‖ρ1 − ρ2‖C0(∂B) 6 K (ln ln | ln ε|)−1

for ε := ‖f1 − f2‖L∞(Γ) + ‖g1 − g2‖L∞(Γ) < ε0.
3. Lemmas. In this section we give three

lemmas, which are keys for our proof of the main
result. These lemmas lead us to a proof of the theo-
rem by an idea similar to that proposed in [1].

Let u = (u(1), u(2), u(3))T satisfy the Lamé sys-
tem Lu = 0 in a domain G of R3, and define, for u,
a R4-valued function U = (U1, U2, U3, U4)T by Ui :=
u(i) (i = 1, 2, 3) and U4 := div u. Then U satisfies a
system of equations{

µ∆Ui + (λ + µ)∂iU4 = 0 (i = 1, 2, 3),
(λ + 2µ)∆U4 = 0

(9)

in the domain G.
We firstly give a conditional stability of the

Cauchy problem for the Lamé system, which can be
obtained by a Carleman estimate (see [3]) for the
system (9).

Lemma 1.1. Assume that the domain G has
a boundary ∂G which contains an open part γ of the
plane {x3 = 0}. Let u ∈ C3(G ∪ γ : R3) be a solu-
tion to the Cauchy problem

Lu = 0 in G,

u = f , σ(u)n = g on γ.

Let ω1 and ω2 be two subdomains of G such that
ω1 b ω2 b G ∪ γ. Then there exist numbers K > 0
and 0 < τ < 1, depending on λ, µ, ω1, ω2, γ and
‖u‖C3(ω2), such that we have

‖u‖H1(ω1) + ‖div u‖H1(ω1) 6 Kητ

for η := ‖f‖L∞(γ) + ‖g‖L∞(γ) 6 1.
In the next lemma, part (b) stands for a gener-

alization of the three balls theorem for the harmonic
functions (cf. [4]).

Lemma 1.2. Take a point x0 ∈ G and three
numbers r > 0, β > 1, γ > 1 such that B(x0, βγr) b
G and βγr 6 1. Then we have the following :

(a) Let v ∈ C2(G : R) be a harmonic function
on G. Then we have, for τ0 = ln γ/ lnβγ,

‖v‖L2(B(x0,βr)) 6 ‖v‖τ0
L2(B(x0,r))‖v‖

1−τ0
L2(B(x0,βγr)).

(b) Let u ∈ C2(G : R4) satisfy Lu = 0 in G

and let U be defined above. Then there exist numbers
K > 0 and 0 < τ < 1, depending only on β, γ, λ

and µ, such that

‖U‖L2(B(x0,βr)) 6 K‖U‖τ
L2(B(x0,r))‖U‖1−τ

L2(B(x0,βγr)).

Finally, we give an estimate for the sup-norm
of the gradient ∇U in terms of the L2-norm of U .
We are led to the estimate by Schauder and local
boundedness estimates for solutions to elliptic equa-
tions (e.g. [5]).

Lemma 1.3. Let U ∈ C2(G : R4) satisfy (9)
in G and take a point x0 ∈ G and numbers 0 < r1 <

r2 6 1 such that B(x0, r2) b G. Then there exists a
positive number K depending on λ and µ such that

‖∇U‖L∞(B(x0,r1)) 6
K‖U‖L2(B(x0,r2))

(r2 − r1)7/2
.

4. A sketch of a proof for the main result.
In this section the capital letters K1,K2, . . . ,K10

represent numbers depending only on the parame-
ters fixed in §2.

Set Ω12 := Ω1∩Ω2 = Ω\ (D1∪D2), and assume
D1 6= D2. Without loss of generality we further as-
sume that

ρ12 := ‖ρ1 − ρ2‖L∞(∂B) = ρ2(y0)− ρ1(y0) > 0

for some y0 ∈ ∂B.
We observe that the domains Dj , Ωj and Ω12

satisfy a cone property stated below. For x ∈ R3\{0}
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and 0 < θ < π/2, let C±
θ (x) denote a cone defined

by

C±
θ (x) = {y ∈ R3 : ±x · (y − x) > |x||y − x| cos θ},

and let H(x) be the half space

H(x) = {y ∈ R3 : x · y > 0}.

Here · denotes the inner product in R3. Then the
cone property is as follows: there exists a number
0 < θ < π/2, depending only on ρ0, ρ0 and R in (5),
such that

C+
θ (x) ∩ Ω ⊂ Ωj and C−

θ (x) ∩H(x) ⊂ Dj(10)

hold for all x ∈ ∂Dj and j = 1, 2. Using the same
value of θ, we have

C+
θ (x) ∩ Ω ⊂ Ω12(11)

for all x ∈ ∂Ω12 ∩ ∂Dj , j = 1, 2.
From Green’s formula (e.g. [6]) and (6), we have∫

Ω1\Ω12

{λ(div u1)2 + 2µe(u1) : e(u1)}dx(12)

6 area(∂D2) · sup
Ω1

|u1| · sup
∂Ω12∩∂D2

|σ(u1)n|,

where A : B denotes the sum
∑3

i,j=1 aijbij for two
matrices A = (aij) and B = (bij). By setting u :=
u1 − u2 on Ω12, we obtain∫

Ω1\Ω12

(div u1)2dx 6 K1‖σ(u)n‖L∞(∂Ω12)(13)

for some number K1 > 0. We remark that we use
(4), (12) and the a priori assumption. For sufficiently
small ε, we can derive an estimate

‖∇u‖L∞(∂Ω12) 6 K2| ln ε|−K3(14)

for some numbers K2 > 0 and 0 < K3 < 1. Here we
use Lemma 1.1 – Lemma 1.3, (7) and (11) (cf. [1]).

Consider the domain

G :=
{

x ∈ Ω12 : dist(x,Γ) <
m

4E
, x3 < −ρ0

}
,

and note that G contains a ball whose radius can be
estimated in terms of E, m and H − ρ0. Then, by
(10) and (11), there exists a number K4 > 0 such
that B(y, 4ρ) ⊂ Ω1 \ Ω12 and B(z, 4ρ) ⊂ G for

ρ := K4 min{1, ρ12},

y :=
ρ1(y0)y0 + ρ2(y0)y0

2
,

and for some z ∈ G.
Since div u1 is harmonic in Ω1, repeated use of

Lemma 1.2 (cf. [2]) yields∫
B(z,ρ)

(div u1)2dx(15)

6 K5

(∫
B(y0,ρ)

(div u1)2dx

)exp(−K6/ρ+K7)

for some numbers K5, K6 > 0 and K7 ∈ R. Since
we have (13)–(15) and since |div u| > m/2 in G by
(7) and (8), we reach

ρ3 6 K8(K9| ln ε|−K3)exp(−K6/ρ+K7)

for some numbers K8, K9 > 0. If ε is sufficiently
small, the inequality above means

ρ 6 K10(ln ln | ln ε|)−1

for some K10 > 0. Thus we obtain Theorem 1 by an
appropriate choice of the number ε0.
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