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Abstract: We prove some new results on the triviality and the finiteness of the Galois and
flat cohomology of unipotent algebraic group schemes over non-perfect (and in particular, also local
and global function) fields. Some applications are also given to certain local - global principles.
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1. Introduction. It is well-known by a re-
sult of Rosenlicht [Ro1, Ro2] that if G is a smooth
connected unipotent algebraic group defined over a
perfect field k then the group structure of G is very
simple: there is a normal series of k-subgroups of
G, with each factor isomorphic over k to the ad-
ditive group Ga (cf. also [Bo]). In particular, its
first Galois cohomology, which will be denoted by
H1(k, G) := H1(Gal (ks/k), G(ks)), where Gal (ks/k)
denotes the absolute Galois group of k, is trivial (see,
e.g. [Se]). However this is no longer true if k is
non-perfect. First Rosenlicht [Ro1, Ro2], then Tits
[Ti], Raynaud [Ra], Demazure and Gabriel [DG] and
Kambayashi, Miyanishi and Takeuchi ([KMT]) were
able to show certain unusual properties of unipo-
tent groups over non-perfect fields. They also estab-
lished basic properties of unipotent algebraic groups
over non-perfect fields. In [Se], Chap. III, Serre
constructed certain function field k and unipotent
k-group G, such that the first Galois cohomology
H1(k, G) of G is non-trivial (cf. also Raynaud [Ra]).
Furthermore, Oesterlé developed in [Oe] a compre-
hensive arithmetic theory of unipotent groups over
global fields and, in particular, showed that the na-
ture of unipotent groups over non-perfect fields is
quite non-trivial. One example given there showed
that this first Galois cohomology group may be even
infinite for some locally compact field of characteris-
tic p > 0 (a completion of a global function field). In
general, there are many open interesting (and diffi-
cult) questions regarding the arithmetic and geome-
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try of unipotent algebraic groups over non-perfect
fields. For example, there is a close connection
with the Néron models theory of unipotent algebraic
groups ([Oe], [BLR]). In particular it is natural and
interesting to inquire about the Galois cohomology of
unipotent groups in this case. Here we are interested
in the finiteness and certain local - global principles
especially in the case where k is a local or global func-
tion field of characteristic p > 0. We assume that,
unless otherwise stated, all algebraic groups consid-
ered here are linear algebraic groups in the classical
sense, i.e., absolutely reduced (or smooth) as in [Bo],
[Oe].

2. Main results. We proceed in this paper,
by basing on some main results from the theory
of unipotent groups over non-perfect fields of [DG],
[KMT], [Oe], [Ro1, Ro2], [Ra], [Ti] to investigate cer-
tain finiteness properties of Galois (and also flat) co-
homology of unipotent groups over non-perfect fields,
generalizing the results mentioned above by Serre,
Raynaud and Oesterlé, and also investigate some re-
lated local - global principles over global function
fields.

Let k be a global field, S a finite non-empty
set of non-equivalent valuations of k. We denote
by kv the completion of k at a valuation v, and by
A(S) the ring of (truncated) S-adèles of k. If P :=
P (T1, . . . , Tn) ∈ K[T1, . . . , Tn] is a polynomial with
coefficients in a field K and in n variables T1, . . . , Tn,
one says that P is universal over K, if P (Kn) = K.
We say that P is additive, if for any two elements
x ∈ Kn, y ∈ Kn we have P (x + y) = P (x) + P (y).
If this is the case, P is the so-called a p-polynomial,
where p = char. K. Denote by pmi the highest de-
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gree of Ti appearing in P with the coefficient ci ∈
K∗. Then the sum Σ1≤i≤rciT

pmi

i is called the prin-
cipal part of a p-polynomial P . For p > 0, we denote
by Xt the closed k-subgroup of G2

a defined by the
equation yp = x + txp. By H∗ we denote the Galois
cohomology and by H∗

fppf we denote the flat coho-
mology, which is isomorphic to the Galois cohomol-
ogy in the case of smooth group schemes.

The main results of this note are the following
announcements, the detailed proof of which will be
published elsewhere.

Theorem 1. Let k be a non-perfect field of
characteristic p with a non-trivial discrete valuation.
Let G be a non-trivial (not necessarily smooth) com-
mutative unipotent k-group scheme of dimension ≤
1, the connected component G◦ of which is not k-
isomorphic to an extension of Ga by an infinitesi-
mal k-group scheme. Assume in addition that if p =
2 then G◦ is neither k-isomorphic to an extension
of Ga, nor of the subgroup Xt defined above, by an
infinitesimal group scheme. Then the flat cohomol-
ogy H1

fppf (k, G) is infinite. In particular, for any
global field k of positive characteristic and for any
non-trivial commutative k-unipotent group scheme G

of dimension ≤ 1 with G◦ not k-isomorphic to an ex-
tension of Ga, by an infinitesimal k-group scheme,
the cohomology group H1

fppf (k, G) is infinite.
This theorem generalizes some known results

(cf. Serre [Se], Ch. III, Raynaud [Ra], Exp. XVII,
Sec. 5.9, Oesterlé [Oe], Ch. IV, Sec. 2.2). It is in-
teresting to note that the situation is quite different
over local function fields as the following examples
show.

Exemples. 1) Let k be a global function field
of characteristic p = 2, t ∈ k \k2, and let v be a non-
trivial discrete valuation of k. Then for G = Xt, we
have |H1(kv, G)| = 2, and H1(k, G) is infinite.

2) Let k = Fq(t), kv = Fq((t)), q = pn, p > 2,
and let G be the cloased subgroup of G2

a d’efined by
the equation xp

0 + txp
1 + · · ·+ tp−1xp−1

p−1 = xp−1. Then
|H1(kv, G)| = p, and H1(k, G) is infinite.

3) Let k = Fq(t), kv = Fq((t)), q = pn, p >

2, and let G be the closed subgroup of G2
a defined

by the equation xp
0 + txp

1 + · · · + tp−1xp−1
p−1 + xp−1 =

0. Then |H1(kv, G)| = 1 (resp. p) if n is odd (resp.
even), H1(k, G) is infinite.

Concerning the finiteness and the triviality of
the Galois and flat cohomologies of the groups G

above, we have the following principle of local - global

type, which relates the finiteness (or the triviality)
of the cohomology with the property of being closed
for orbits in the topology induced from that of A(S).

Theorem 2. Let k be a global function field of
characteristic p > 0, and let G be a connected smooth
unipotent group scheme defined over k.

a) The first Galois cohomology set H1(k, G) is
trivial if and only if for all valuation v of k, H1(kv, G)
is trivial and for some (hence any) k-embedding of
G into a semisimple (resp. unipotent) smooth simply
connected k-group H, then with natural action of H

on H/G, the orbits of H(k) are closed in (H/G)(k)
in the A(S)-topology of (H/G)(k) for any finite set
S of valuations of k.

b) The first Galois cohomology set H1(k, G) is
trivial if it is finite and for some (hence any) k-
embedding of G into a semisimple (resp. unipotent)
smooth simply connected k-group H, then with natu-
ral action of H on H/G, the orbits of H(k) are closed
in (H/G)(k) in the A(S)-topology of (H/G)(k) for
any finite set S of valuations of k.

In particular, in the case the group G is defined
by an additive polynomial, we have the following lo-
cal - global principle.

Theorem 3. Let P be a separable additive
(i.e. p-)polynomial in n variables with coefficients in
a global function field k of char. p > 0.

a) P is universal over k if and only if P is uni-
versal over kv for all valuations v of k, and P (kn) is
A(S)-closed in k for all finite set S of valuations of
k.

b) Assume that n = 2. Then P is universal
over K if and only if it is so over all kv.

In order to establish these results, besides the
known results by [DG], [Oe], [Ra], [Ro1, Ro2], [Ti],
and various preliminary ones, we need the following
key results.

Theorem 4 ([TT]). For any field k with any
finite non-empty set S of (non-equivalent) valua-
tions of k and any smooth unipotent algebraic group
G defined over k, the localisation map of Galois co-
homology

φS : H1(k, G) →
∏

v∈S

H1(kv, G)

is surjective.
Theorem 5. Let k be a field of characteristic

p > 0, v a discrete non-trivial valuation of k, and let
G be a smooth commutative unipotent group defined
by a separable p-polynomial P in r variables with the
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principal part

P0 =
∑

1≤i≤r

ciT
pmi

i , ci ∈ k∗.

We set m = min{m1, . . . , mr} and suppose that
r < pm and that v(c1), . . . , v(cr) are pairwise dis-
tinct modulo pm. Then the cohomology set H1(k, G)
is infinite.

(In fact, the condition of the discreteness of the
valuation stated above is not essential.) As an im-
mediate consequence of the results obtained, we have
the following partial answer to a question mentioned
by Russell in [Ru].

Corollary. Let k be a non-perfect field of char-
acteristic p > 0 with a non-trivial discrete valuation.
Then for any natural number n, k has cyclic exten-
sions of degree pn.
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