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The proportion of cyclic quartic fields with
discriminant divisible by a given prime

By Blair K. SPEARMAN® and Kenneth S. WiLLIAMS**)

(Communicated by Heisuke HIRONAKA, M. J. A., Sept. 13, 2004)

Abstract: An asymptotic formula is given for the number of cyclic quartic fields with
discriminant < x and divisible by a given prime.
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1. Introduction. It was shown in [1, Theo-
rem, p.97] that the number N(z) of cyclic quartic
fields K with discriminant d(K) < z satisfies

N(z) = i{(%‘Lﬁ)c — 1}301/2,

1.1
(1.1) 2 24

+ O(x1/3 log® x),

as r — 00, where

o I ()

p=1 (mod 4)

(1.2)

Here and throughout this paper p denotes a prime.
Let g be a fixed prime. In this paper, which should
be viewed as a continuation of [1], we determine an
asymptotic formula for the number Ny(x) of cyclic
quartic fields K with discriminant d(K) < z and
d(K) =0 (mod ¢q). We prove
Theorem. Let q be a prime. Then

(1.3) Ny(z) = Ez'/? + O(x1/3 log® ),

as x — oo, where

EFL(MC_Q,

2 8
3 24 +/2
Eq:ﬁ(qﬂ)(( 24 >C_1>’
if ¢=3 (mod 4),
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3
E,=—
T r2(g+ 1)
2
x<(24+ﬁ>< 1+ % >0—1>
24 L+ orirve
if ¢=1 (mod 4).

This theorem is proved in Section 3 after some
preliminary results are given in Section 2.

The proportion d, of cyclic quartic fields with
discriminant divisible by the fixed prime ¢ is

d, = lim Ny () = Eq
1T N(z) 3 ((24+2) '
P{ o 1}

Appealing to the values of E, given in the Theorem,
the proportion d, is given by

dy = (8+\/§)C_8, if ¢=2,
(24 +v2)C — 24
1
dq: m, if qE3 (mod 4),
1+
D) | — YT | oo
1+

Valg+1)
(g +1)((24 +V2)C — 24)
if ¢g=1 (mod4).

dg =

)

The results of this sec-
tion are used in Section 3. They are either contained
in [1] or [2] or are simple extensions of results there.
We use ‘n sqf’ to indicate that the positive integer
n is required to be squarefree. As usual, for n €
N, ¢(n) is Euler’s totient function and d(n) counts
the number of positive divisors of n. The greatest

2. Some Lemmas.

common divisor of the positive integers a and b is
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denoted by (a,b).
Lemma 2.1.

- I 0R)

Let k € N. Then

1<n<z plk
n sqf
(n,k)=1
+O0(z'?d(k)),

as x — oo, where the implied constant is absolute.
Proof.  See [2, Lemma 3, p. 182]. O
Lemma 2.2. Let k € N. Let q be an odd
prime. Then

0, if qlk,

1\ 1
> e st ()
1<n<z gtlm plk P
A +O@! g (k). if qfk
qin

where the implied constant is absolute.
Proof. The result is clear for ¢ | k. For ¢ 1 k
we have

o= > 1= > 1

1<n<z 1<n<z/q 1<n<z/q
n sqf n sqf n sqf
(n,k)=1 qin (n,qk)=1
qln (qn,k)=1
-1
1
qm* gk p?
plak
2\ /2
+0 ( <—> d(qk:))
q
-1
1
__* EMH 1 —
g+172 k P>
plk
+0(22¢72d(k)),
by Lemma 2.1. |

Following [1, eq. (3.7), p. 100] we set

p={D|D=q ¢ (r>1), q1,...,q
distinct primes =1 (mod 4)}

Note that 1 ¢ p. We set (as in [1, eq. (3.8), p.100])

S(x) = Z d(D) Z 1.
D<x1/3 1<A<VzD-3
Degp A sqf
(A,2D)=1

Lemma 2.3.

4
S(x) = P(C —1)zY? + 0(z3log® ),

[Vol. 80(A),

where the implied constant is absolute.
Proof. See [1, p.103]. Note that we have ¢ +
1=0C. |
Let ¢ be an odd prime. We define

Si(x) = Z d(D) Z 1
D<z'/3 1<A<VzD-3
Degp A sqf
q|D (A,2D)=1
and
So(z) = Z d(D) Z 1.
D<z1/3 1<A<VzD-3
Degp A sqof
(A,2D)=1
qlA

We note that

Si(x) =0, if ¢=3 (mod 4).

Lemma 2.4.

4
m(q +1)

Let g be an odd prime. Then
So(z) = (€' = 1)z'? + O(z'/3log® z),
where the implied constant depends only on q, and

p=1 Hod 1) <1 ' m) '

P#q

(2.1) C' =

We note that C’ = C if ¢ = 3 (mod 4), whereas
C

(1 &)
if =1 (mod 4).

Proof. We have by Lemma 2.2

z/2 1
Sa(z) = > d(D){WH—1

D<az'/3
Degp
qtD

=)

p|2D

(2.2) C'=

+ O(x1/4D_3/4d(D))}

4 $1/2
== d(D)D~5/?
1LY aw
D<az'/3
Degp
atD

< o(D)]] (1 —~ %) B

p
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O(z'/* >~ d*(D)D~3/4).
D§x1/3
Degp

It is shown in [1, p. 103] that

Z d*(D)D3/4 =

O(x*/1210g® z).

D§x1/3
Degp
Also
1\!
> dwp-emo)]] (1- %)
D<g'/® p|D
Degp
atD
e} —1
-5 2
= > awp o) (1- )
Dego ?ID
D
( S )= >),
D>a1/3
Degp
as
1 (1 1 >—1 7
- = 5
p|D p
Clearly
1\!
-5 2
S ool (1-55)
p|D
Dego
D
2
= H 1+7>—1:C’—1.
p=1 (mod 4) ( (p + 1)\/2_)
DPF#q
Also
> dD)D24(D) = O~ Plog ),
D>x1/3
Degp

see [1, p.103]. Thus
4 $1/2
S(z) = g (€' = 1)+ O(z'/>~ Y 1ogx)
+ O(x1/4+1/12 log3 x),

which gives the asserted result.
Lemma 2.5.

Then
8 $1/2
RN

Let q be a prime = 1 (mod 4).

C' + O(x3log? ).

Proof. We have by Lemma 2.1

1/2 ¢
s = X ao ()" 5
D<g'/®
Degp
a|D
~1
X ¢(22DD) (1 — %)
pl2D b
x \1/4
o ((ﬁ)

4 -
:leﬂ > d(D)D~5?
D<g'/®
Degp
a|D

1\ !
X ¢(D)H (1 - —2>
p
p|D

O<x1/4 > DD

D§x1/3
Degp
As in Lemma 2.4 the error term is

O(x1/4+1/1210g3 x)

Also

> dD
D<pl/3

Degp
q|D

p|D

= d(q)qg*"*¢(q) (1 - q1—2>_1

2
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).

= O(x1/3 log® z).

(1)

< I (vgens)

p=1 (mod 4)
P#q

[l +O(x_1/6 10gx)

2 !

~1/6

log x)
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Finall 21/2
Y e = —2(\/5-1-(0— 1)(\/5—1-8)) + O(z'/31og® z)
4z 2
Si(z) = ( C'+O(x1/8 1ogx)> L1/2
2 (¢+1)/q =5 2((8—1—\/_ —8)+O(Jc1/310g3x)
+ O (23 1og® x
1( ) 1 (8+\/_ 1/2 1/37,. 3
g8  xl/? == 2?2+ 0 (2" ?log’ z).
:—7C'+O(Jc1/310g3x), ™ 8
72 (q+1)/q

which is the assertion of Lemma 2.5.

3. Proof of Theorem. From |1,
(3.4), p. 100] we see that if ¢ = 2

Ny(z) =2 Z

A< (/2112
A sqf
A odd

1
+5(2752) + 55’(2_430);

(3.3) and

1+28(27 ')

if g=3 (mod 4)

Ny(z) =2 Z

A§(3/211)1/2
A sqf
A odd
qlA

1 1
+ 52(2_630) + 55’2(2_430) + 55’2(3&);

1428 (27 Ha)

and if ¢ =1 (mod 4)

Ny(z) =2 Z

A< (z/211)1/2
A sqf
A odd
qlA

1 1
+ 552(2_4.%) + §SQ($) + 251(2_11$)

1428527 ) + So(27 %)

1 1
+ 51(2_6$) + 55’1(2_4.%) + 551(.%)

For ¢ = 2 we have by Lemmas 2.1 and 2.3

s =o{ ()42

T
1\ !
I (1 - _2> +O(x1/4)>
p
p[2
8 rA\1/2 4 2z 1/2
P Gn) ()
2 z\1/2 5
+P(C 1) (2—4) +O(Jc1/310g )
1 zt/2 20 —=1) 1)n( 4 2 1
T 95/2 g2 2 ot1/2 7 93 T 932

+ O(x1/3 log® x)

For ¢ = 3 (mod 4) we have by Lemmas 2.2 and 2.4

Ny(z) = 2((1)1/2 1 642

211 g+172 2
-1
xH(l—i> +O(1/4>
2 a'/t)
|2 b
8(C-1 (i)”?
w2 (q+1) 211
2 1/2
7T2q+1 (2_6)
(2)1/2 _1) 2172
7T2q+1 24 7r2q+1)
3

_ at/? 2 (C-1) 2172
= (q+1)7r2 211/2 (q+1)7T2

8 4 2
X m+2—3+2—2+2

+ O(x1/3 log® x)

S ((M)e)

+ O(x1/3 log® x)

For ¢ =1 (mod 4) we have by Lemmas 2.2, 2.4 and

2.5
3 zl/? 24+f .
m2q+1 24

N C'z'/? 2 1. 1 1
m2(q+1)/q | 21/2 23 23 2

+ O0(z'?1og” z)

3 $1/2

7 (q+1)

(59 3)e)

+0(z'?1log” ).

Ny(z)

This completes the proof of the Theorem. |
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