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Abstract:

In this paper, we explicitly compute defining polynomials of the first layer of

anti-cyclotomic Zs-extension of imaginary quadratic fields of class number 1.
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1. Introduction. For each prime number p,
a Zy-extension of a number field k is an extension k =
ko Chk1 C -+ Chkp C -+ C koo with Gal(koo/k) =~
Z,, the additive group of p-adic integers. Let k be an
imaginary quadratic field, and K an abelian exten-
sion of k. K 1is called an anti-cyclotomic extension
of k if it is Galois over Q, and Gal(k/Q) acts on
Gal(K/Ek) by —1. By class field theory, the com-
positum M of all Z,-extensions over k becomes a
Zi-extension, and M is the compositum of the cy-
clotomic Zp-extension and the anti-cyclotomic Z,-
extension of k. The first layer ki of the cyclotomic
Zs-extension of k is just k(«) where « is a root of
23 — 3z 4+ 1 = 0. The explicit construction of the
first layer of the anti-cyclotomic Zs-extension of k
is not known. In [2], we studied, for each imagi-
nary quadratic field k, the Galois group Gal(F1/Q)
where Fj is the compositum of first layers of all Zo-
extensions of k. Moreover we constructed F} explic-
itly when k has class number 1. The purpose of this
paper is to compute the defining polynomial of the
first layer L of the anti-cyclotomic Zg-extension of
an imaginary quadratic field of class number 1. The
main result of this paper is as follows:

Theorem 1. Let k{ be the first layer of
the anti-cyclotomic Zs-extension of an imaginary
quadratic field k of class number 1. Then kY is the
splitting field L of fre(x) over Q.

2000 Mathematics Subject Classification. 11R23, 11R32.
*) Department of Mathematics, College of Natural Sci-
ences, Inha University, 253 Younghyun-dong, Nam-gu, In-
cheon 402-751, Korea. This paper was completed during the
sabbatical year 2003.

**) Department of Applied Mathematics, College of Natu-
ral Sciences, Sejong University, 98 Gunja-dong, Gwangjin-gu,
Seoul 143-747, Korea.

) Correspondence to: J. Oh.

Iwasawa theory; anti-cyclotomic Zs-extension; Kummer extension; defining

Table I.

k Ap frg (@)
Q(v-1) —22%3% 23 -3r—4
Q(v-2) —23%3* 22 -3zx-10
Q(V-3) —3° a® =3
Q(V-T7) —7x%34 23 —3z-5
Q(v/—11) —11%3* 23> —-32—46
Q(v-19) —19%3* 233z - 302
Q(v—43) —43x3* 23— 32— 33710
Q(v—67) —67x3* 23— 3z — 1030190
Q(v/—-163) —163%3* 23— 3z — 15185259950

Here Ay, is the discriminant of L.

O

Proof of theorems.
1 we need lemmas.

To prove Theorem

Lemma 1. Let p be an odd prime, and k? be
the compositum of first layers of Z,-extension of an
imaginary quadratic field. Then Gal(L/Q) ~ D, &
Z/p.

Proof. Since p is an odd prime, the first lay-
ers ki, ki of anti-cyclotomic and cyclotomic Z,-
extension are linearly disjoint over k. Moreover
Gal(k$/Q) ~ D,, the dihedral group of order 2p,
which completes the proof. O

Lemma 2. Let k be an imaginary quadratic
number field whose class number is 1. Then the only
cyclic extensions of degree 3 over k unramified out-
side 3 which are Galois over Q are the first layers of
anti-cyclotomic and cyclotomic Zs-extension of k.

Proof. Let H be the Hilbert class field of k and
let F' be the maximal abelian extension of k£ unrami-
fied outside 3. Then [3] class field theory shows that



No. 3]
Gal(F/H) ~ (HUp> JE~,
pl3
where E~ is the closure of the global units of k,

embedded in local units J[,,
this case Gal(F3/k) ~ Z%, where F? is the maxi-
mal abelian 3-extension of & unramified outside 3.
By Lemma 1, we see that Gal(k?/Q) ~ D3 @& Z/3,
which has the following presentation.

U, diagonally. So in

(s,t,ulu® = s* =t° =1, st = ts, ut = t>u, us = su).

It can be easily checked that two groups generated
by st and s?t are not normal subgroup of Gal(k?/Q).
Note that the fields fixed by (t) and (s) are the
first layers of anti-cyclotomic and cyclotomic Zs-
extension of k, respectively. Ol

Next we need Kummer theory [1, Theorem
5.3.5]. Let k be an imaginary quadratic field, and let
k¢ be the first layer of anti-cyclotomic Zs-extension.
Assume that k does not contain a third root of unity
Cs, and let k, = k(¢3) and L, = k§({3). Then by
Kummer theory, L, = k.(¥/a) for some o € kI /k23.
Moreover, k{ = k(n) with n = Trp_sza(/a) and
the defining polynomial P(x) of k{/k is given by the
polynomial

(@ (0+7(9))) (z—(G30+G377(0)) (2—(C*0+¢37(6))),
where # = ¥/a and 7 is a nontrivial element of

Gal(L,/k{).

Now we are ready to prove Theorem 1. It is
enough to prove Theorem 1 for k’s except for k =
Q(v/—3) whose case is trivial. Here we give a proof
for the case of k = Q(v/—7) since proof of remaining
cases are exactly the same. So let k be Q(v/—7),
and L be the first layer of the anti-cyclotomic Zs-
extension of k. Then the only primes ramified in
L. /k, are the primes above 3. Hence

0=1y/(1-G) Gk
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for integers 0 < 4,4,k < 2, where ¢ is the funda-
mental unit of k(¢3) = (\/ ,v/—3). When 6 =
v/ (5 4+ +/21)/2 which is the third root of the funda-

mental unit of Q(\/ﬁ), then a simple computation
shows that P(z) = 2% — 3z — 5. The Galois group
of the splitting field of P(z) over Q is D3. So it
is enough to show that the splitting field of P(z)
contains v/—7 by Lemma 2. Let a,b be the imag-
inary roots of the polynomial 2® — 3z — 5. Then
we can easily, for example by a Maple, check that
(a+b)/(a—b) = y/=Tr for some nonzero rational
number 7. Note that if we take 0 as /(3, then P(x)
becomes 3 —3z+1 whose splitting field over Q is the
first layer of the cyclotomic Zs-extension of Q. Note
also that 2% —3x —5 = 23 — 3z — (e + €7 1). Actually
the defining polynomial P(z) in Table I except for

the case Q(v/—3) is:
P(z) =2 -3z — (e + e 1),

where € is the fundamental unit of maximal real sub-
field of k, = k((3). ]
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