Nineteenth International Conference on

Geometry, Integrability and Quantization @eomelcwq,
June 02-07, 2017, Varna, Bulgaria | H

Ivailo M. Mladenov and ntegrapility
Akira Yoshioka, Editors an

Avangard Prima, Sofia 2018, pp 234-249 Q L, @
doi: 10.7546/giq-19-2018-234-249 vantization

STAR PRODUCT, STAR EXPONENTIAL AND APPLICATIONS
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Department of Mathematics, Tokyo University of Science, 162-8601 Tokyo, Japan

Abstract. We introduce star products for certain function space containing
polynomials, and then we obtain an associative algebra of functions. In this
algebra we can consider exponential elements, which are called star exponen-
tials. Using star exponentials we can define star functions in the star product
algebra. We explain several examples.
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1. Introduction: The Idea

The idea of star product is deeply related to the canonical commutation relation in
Quantum mechanics, which is given by a pair of operators p, ¢ such that

b4l =pq—qp=v-1h=ih

where p = 170, and ¢ is a multiplication operator g acting on the functions of
q, and h is a constant equal to the Planck constant divided by 2. The algebra
generated by p and g is called the Weyl algebra which plays a fundamental role in
quantum mechanics.

We have another way to produce the same algebra without using operators. The
idea is to introduce an associative product into the space of functions of (¢, p). The
product is different from the usual multiplication of functions, but is given by a
deformation of the usual multiplication in the following way. (cf. Bayen-Flato-
Fronsdal-Lichnerowicz-Sternheimer [1], Moyal [9]).

For smooth functions f, g on R?, we have the canonical Poisson bracket

{f,93(a,p) = 0pf049 — 0y fOpg, (¢,p) € R2.
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Star Product, Star Exponential and Applications 235

In deformation quantization, we often use the notation such as
— —
.0t =1 (00— 0, 3) 9= 05 049 — 0u Dyg.

The Moyal Product. The typical star product is the Moyal product given as fol-
lows. For smooth functions f, g we consider g)roduct f *, g given by a formal

power series of the biderivation gp - Oq — Oq - Op such that

i 0o 1 i k k
f*og=f€><p12(%'z—gq-gp)ngzld@) (@52—5«15_;) g
. . 2
=fg+ff(5p-§q—3q@)g+;@)f(gp-?q—gq-@?fg
. k
++]il<l§> f(gp.ggfgq.lekgjL...'

The product is well-defined when f or g is a polynomial, and it is easy to see that
the product is associative.

Now we calculate the commutator of the variables p and q. We see

. e8] . k
p*oq=pexp%(5p~5q>—5q-5>p) q=pz;<1§> @@—E-@?)kq
k=0

ik = = ik
=pq+§p<5p'3q—§q'3p> q=pq+ -
Similarly we see
ih
q *o P =Dpq — 5

Then the functions p and ¢ satisfy the canonical commutation relation under the
commutator of the product *,

D, ql« =P *, ¢ — q %, p =ik

The product *, is associative on polynomials with canonical commutation relation,
and then we obtain the Weyl algebra given by the ordinary polynomials with the
product *,. Using this Weyl algebra of the product *,, we can obtain same results
of quantum mechanics and some other extension.

In this note, we give a brief review on this subject mainly related our investigation.

2. Star Calculation of Eigenvalues

As an application of star product algebra, we calculate the eigenvalues of the har-
monic oscillator by means of the star product *,,.
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2.1. Eigenvalues of Harmonic Oscillator

Eigenvalues. The Schrodingier operator of the harmonic oscillator is
. 20N 1
H=——|—+— e
2 <0Q> X

1
E,=h(n+3), n=012....

The eigenvalues are

and the eigenfunctions are given by the Hermite polynomials of q.

We calculate these values F,, by means of the star product *, and functions of p
and g, parallel to the methods in quantum mechanics.

Star Product Calculation. The classical hamiltonian function is
1
H=2(p"+q).
We put functions such as
1

a=—=(p+iq), aT:L(p—iq)-
V2h V2h
Then we calculate the product explicitly and obtain
. 1 .
al o a= o (00 p+ilpals + 0% @) = 55 (pp+iciitg ).

Then we have 1
H=h(N +3), N =ad' x, a.

The commutator with respect to the product *, is easily seen
1
[a,a']s =ax, a' —al %, a= ﬁQ(—i)[p, ql« = 1.

Now we consider a function

1 1 1
— — exp(—2aal) = — exp(—=(p% + ¢2)).
fo 7Thexp( aa') mexp( h(p +4q%))

By a direct calculation we see
ax, fo=fox, al =0

For every positive integer n we set a function

1
fn:EaT*on-*OaT*ofo ko Ak ok Q.
Pe—m —_——
n n

The relation [a, a']. = 1 induces a *, a’ = a’ %, a+1= N + 1 then

N*OaT:(aT*Oa)*OaT:aT*O (a*OaT):aT*O (N +1).
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Remark also that a x,, fo = 0 yields N , fo = (a' *, a) ¥, fo = 0. Then for
example we calculate as

N, fi=Nx, (a5, foxo, a) =al %, (N + 1), fo*, a= fi.
By a similar manner we easily see
Nxo fx = fr xo N = kfp.

Since H = h(N + %) we have the solutions of the star eigenvalue problem
1
H*Ofn:fn*OH:ﬁ(n+§)fn:Enfn, n=0,1,2,...

and thus we obtain the eigenvalues of the harmonic oscillator H.

2.2. MIC-Kepler Problem (Kanazawa-Yoshioka [4])

Similarly the star product algebra also gives the exact eigenvalues and their multi-
plicities for the quantized Kepler problem and the more general system such as the
MIC-Kepler problem, the Kepler problem under the influence of the Dirac mag-
netic monopole. For more details, see Appendix.

3. Star Products

Generalizing the ordering problem in physics, we give general star products as
follows (cf. Omori-Maeda-Miyazaki-Yoshioka [10]).

3.1. Examples: Moyal, Normal, Anti-Normal Products

The Moyal product is a well-known example of star product.
As in the previous section, we define: for polynomials f, g of the variables

(Uly ey Uy U1y e ey )

the Moyal product f *, g is given by the power series of the biderivation

J
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such that
ih — — * 1 /in\* — —\k
froo=fowy (8,9, -, a“)g:szo‘f!(?) (b.-2.-5.-8))'"
ih — — 1 [ih\? — —\ 2
— fg+ 51 (9000 b av)g+2!<2)f(5v Ou—00-00) g
k
+ +k1,<12h> P53 03) gt

Then we have

Theorem 1. The Moyal product is well-defined on polynomials, and associative.

Other typical star products are normal product *,, anti-normal product * , given
similarly by

f*Ng:feXpiFL(gv-O_)u) g, f*Ag:fexp—ih(gu-a_Z) g.

These are also well-defined on polynomials and associative.

By direct calculation we see easily

Proposition 1. i) For these star products, the generators (ui,...,uUn,
V1,...,Un) satisfy the canonical commutation relations
[u, vi], = —1 Rk, [u, wls, = vk, vils, =0, k,Jl=1,2,....,m

where *, stands for , *, *,.

ii) Then the algebras (C[u,v],*;) (L = O, N, A) are mutually isomorphic
and isomorphic to the Weyl algebra.

Actually the algebra isomorphism
I]OV t(Clu, v], %) — (Clu, v], *N)

is given explicitly by the power series of the differential operator such as

1R () =ew (-50.0.) (1 =Y 1C5) 0.0 (7).

=0

And other isomorphisms are given in the similar form.

Remark 1. We remark here that these facts are well-known as ordering problem
in physics.
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3.2. General Star Product

Now by generalizing the biderivations in the previous products, we define a star
product on complex domain.

Let n be even and let A be an arbitrary n X n complex matrix. We consider a
biderivation on C"

k=1
where (wy, - -+ ,wy) is the coordinates of C".

Now we define a star product by the power series of the above biderivation such
that

Definition 1. ]
frog= oo (5,030) o

Remark 2. i) The star product =, is a generalization of the previous products.
Actually

o if weput A = 10

) then we have the Moyal product

o if A= < (2) 8 ) , we have the normal product

o if A= (8 _(2)) then the anti-normal product.

ii) If A is a symmetric matrix, the star product *, is commutative. Further-
more, if A is a zero matrix, then the star product is nothing but a usual
commutative product.

Then similarly as before we see easily

Theorem 2. For an arbitrary A, the star product *, is well-defined on polynomials,
and associative.

3.3. Star Product Representation of the Weyl Algebra

In this section, we fix the antisymmetric part of A in order to represent the Weyl
algebra.

We assume the dimension is even, n = 2m. Let K be an arbitrary 2m X 2m
complex symmetric matrix. We put a complete matrix

A=J+K
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where J is a fixed matrix such that

0 -1
- (00).
Since A is determined by the complex symmetric matrix K, we denote the star
product by * . instead of *, .
We consider polynomials of variables (w1, - -+, wam) = (U1, -+, Um, V1, 5 Um)-

By an easy calculation one obtains for an arbitrary K

Proposition 2. i) For a product * ., the generators (1, ..., Unm, V1, .., Vm)
satisfy the canonical commutation relations

[ukvvl]* - _ih5klu [ukuul]* == [Ukavl]* == 07 k>l - 1)25 cee, M.

ii) Then the algebra (C[u, v], %, ) is isomorphic to the Weyl algebra, and the
algebra is regarded as a polynomial representation of the Weyl algebra.

Equivalence. As in the case of typical star products, we have algebra isomor-
phisms as follows.

Proposition 3. For arbitrary star productalgebras (Clu, v], . ) and (Clu, v], )
we have an algebra isomorphism I;gf t (Clu, v, %, ) = (Clu, v], %, ) given by
the power series of the differential operator 0,,( K2 — K7)0,, such that

in
Iﬁf (f) =exp <43w(K2 - K1)3w> (f)
where 0y, (Ko — K1)0w = Y1 (K2 — K1) 310w, Ow, -
Remark 3. 1. By the previous proposition we see the algebras (Clu, v], *,.)

are mutually isomorphic and isomorphic to the Weyl algebra. Hence we
have a family of star product algebras {(C[u, v], * . )} , where each element
is regarded as a polynomial representation of the Weyl algebra.

2. The above equivalences are also possible to make for star products *, for
arbitrary A’s with a common skew symmetric part.

By a direct calculation we have
Theorem 3. Then isomorphisms satisfy the following chain rule

L I 8 T2 = 1d.
-1
2 (1%) =18
3.4. Star Exponentials

Using polynomial expressions, we can consider exponential elements in the Weyl
algebra.
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Idea of Definition. Now we are considering general star product .

For a polynomial H, of the Weyl algebra, we want to define a star exponential
e . n .

e, . However, the expansion 3, & (£)", where (£)" is an n-th power of £

with respect to the star product *,, is not convergent in general. Then we define a

star exponential by means of the differential equation.

Hx

ih

Definition 2. The star exponential e,'" is given as a solution of the following

differential equation

d H,
—F, = — x5 Fj Fy=1.
dt t ih *A Lt 0

Examples. We are interested in the star exponentials of linear, and quadratic poly-
nomials. For these, we can solve the differential equation explicitly. For sim-
plicity, we consider 2m x 2m complex matrices A with the skew symmetric part
J = (1) _3 ) We write A = J + K where K is a complex symmetric matrix.
For these polynomials, for example we have the following explicit solutions for
k= kg

Linear case. We denote by a linear polynomial by [ = 2]2;”1 ajw;. We see
Proposition 4. Forl =}, a;jw; = (a, w)

t(l/ih 2 i i
e*(A/l ) —¢f aKa/41het(l/1h)‘

Quadratic Case.

Proposition 5. For a quadratic polynomial @, = (wA, w), where A isa 2m x2m
complex symmetric matrix, we have

(Q«/ih) _
A Vdet(I — k + e 2(] + k))
where k = KJand o = AJ.

m 1

1 ([—e—2t
eih<wl—n+e72t0‘(1+n) (I e Q)J7w>

t
€x

3.5. Star Functions

By the same way as in the ordinary exponential functions, we can obtain several
non-commutative or commutative functions using star exponentials. For more ex-
amples, see OMMY [11]

There are many applications of star exponential. Here we show examples using
star exponentials of linear polynomials.
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In what follows, we consider the star product for the simplest case where n x n

matrix is of the form
_(r O
A—<00n1>, peC.

Since A is symmetric, the star product is commutative and explicitly given by
—
f*,9= fexp <mp ? 811,1) g. This means that the algebra is essentially reduced

to space of functions of one variable u;. Thus, we consider functions f(w), g(w) of
one variable w € C and we consider a commutative star product *_ with complex
parameter 7 such that

9.3
f(w) *, g(w) = f(w)ez 7 g(w).
A direct calculation gives that the star exponential of i tw with respect to *; is
Proposition 6.

exp, itw =exp(itw — (T/4)t%).

3.5.1. Star Hermite Function
Recall the identity

1 o t”
2 _
exp (\@tw - it > = ngo H"(w)n!

where H,,(w) is an Hermite polynomial.

By the explicit formula exp, itw = exp(i tw — (7/4)t?), we see

1
exp <\[2tw — 2t2) = exp*T(\/itw)T:,l.

Since exp, (v2tw) = 300 ((v2w)™ L7 we see the function H,(w) is the n-th

n!
power of w with respect to the star product

Hy(w) = (V2W)T, |1
We define *-Hermite function by
Hn(w,T):(\@w):fT, n=20,1,2,...

with respect to *, product. Remark that when we set 7 = —1 we have the usual
Hermite functions. Then we have

exp,_( \ftw ZH w,T)
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Identities. Trivial identity . exp, (vV2tw) = 2w, exp, (V2tw) yields the
identity
T H (w,7) + V2wH, (0, 7) = Hy1 (w, 7), n=0,1,2,...

V2

for every 7 € C. The exponential law
exp, (\/isw*) * eXP, (\/itw*) = exp,_ (\@(s + twy)
yields the identity
|
S Hi(w,7) s Hyw, 7) = Hy(w,7).

k!
k+l=n

3.5.2. Star Theta Function

We can express the Jacobi’s theta functions by using star exponentials.

Recall the formula
exp, itw = expitw — (/4)t%).
Hence for Re 7 > 0, the star exponential exp, ni w = exp(niw — (7/ 4)n?) is

rapidly decreasing with respect to integer n and then we can consider summations
for 7 such that Re 7 > 0

o0

oo
Z eXp*TQniw: Z exp(2niw—7-n Z q" n? 2mw g=e "

n=-—o00 n=—o00 n=-—o00

This is convergent and gives Jacobi’s theta function 65(w, 7) . Then we have ex-
pressions of theta functions as

[e.e] [e.e]
1+ (w) = % Z (=" exp, (2n+1l)iw, 6o (w) = Z exp, (2n+1)iw
n=—00 n=—00
oo
O3+ ( Z exp, 2niw, Oss_(w) = Z (—1)"exp,_2niw.
n=—00 n=-00

Remark that 6, _(w) is the Jacobi’s theta function 0 (w, 7), k = 1,2, 3, 4 respec-
tively. We have trivial identities because of the exponential law

exp, 21wk, Ops (W) = Ops_(w), k=2,3
exp, 21wk, Ops (W) = —Ops_(w), k=14

Then using exp, 2iw = e~ Te?  and the product formula directly we have
AT (w+iT) = O (w), k=23
e T Okx (W H1T) = O _(w), k=1,4.
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3.5.3. x-Delta Functions
Since the *,-exponential exp, _(itw) = exp(itw — 5t?) is rapidly decreasing with
respect to ¢ when Re 7 > 0. Then the integral of *,-exponential
o0 o0 T
/ exp, (it(w —a),)dt = / exp(it(w — a) — —t?)dt
o oo 4
converges for any a € C. We put a star -function
(o9}
O(w —a) = / exp, (it(w — a).)dt
—0o0
which has a meaning at 7 with Re 7 > 0. It is easy to see for any element p,(w) €

(Clw], #7)
Px(w)*r 0 (w — a) = p(a)du(w — a), w*; 6 (w) = 0.

Using the Fourier transform we have

Proposition 7.

e}

O (w) = ;nz_:oo(—mé*(w + 3 + )
2. () = ;ém(l)ww t )

s (w) = n:ioo 6. (w + )

Ogs(w) = ;n:f:w dy(w + g + nm).

Now, we consider the 7 satisfying the condition Re 7 > 0. Then we calculate the
integral and obtain 0, (w — a) = % exp (—1(w — a)?). Then we have

O3(w, T) :% Z de(w+nm) = Z \/fieXp <—7l_(w+n7r)2>

n=—o00 n=-—00

1\ — 1 1
= \\/}zexp <—T> Z exp <—2n7_w — Tn27'2>

n=—oo

We also have similar identities for other *-theta functions by the similar way.
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4. Appendix: MIC-Kepler Problem

Background. McIntosh and Cisneros [7] studied the dynamical system describing
the motion of a charged particle under the influence of Dirac’s monopole field be-
sides the Coulomb’s potential. Iwai-Uwano [2] give the Hamiltonian description
for the MIC-Kepler problem and Mladenov-Tsanov [8] have quantized geometri-
cally this system.

Point. Iwai-Uwano showed that the classical system of MIC-Kepler problem is
obtained by the S'-reduction, or Marsden-Weinstein reduction method for sym-
plectic manifolds. Star product is using classical system with deformed product.
Then by using star product calculation which consists of classical system with star
product, we can expect to deal with the quantized system of MIC-Kepler problem
by means of Marsden-Weinstein reduction method in natural way. We discuss this
in this subsection.

MIC-Kepler problem. Now the MIC-Kepler problem is given in the following
way. We consider a closed two form on R?® = R? — {0} such that
Q= (q1dg2 Adgs + g2dgz Adgr + gzdgr Adgz)/r®

where r = \/q% + q% + q%. We consider the cotangent bundle T*R3 and a sym-
plectic form

o, =dp1 Adqr + dpa Adgz + dpz Adgs +Q,

where (q,p) = (q1,q2, 3, p1, P2, p3) € T*R3 and the two-form Q, = pu < stands
for Dirac’s monopole field of strength 4o € R. Then the MIC-Kepler problem is
given as the triple ( T*R3, o, Hy, ) where H, is the Hamiltonian function such
that )
L 9 2 2 H k

Hy(g,p) =5 (PL+pa+05) + 55—
and k is a positive constant. When p = 0 the system is just the Kepler problem.
Sl-action. The MIC-Kepler problem is obtained by the S'-reduction from the con-

formal Kepler problem on T*R* (Iwai-Uwano [2]).

We denote the points by y € R* and (y,n) € T*R* We identify the point of
T*R4 = (y17 Y2,Y3,Y4,M1,72, 13, 774) by

T*RY > (y1, 2, Y3, Ya, M, 12,03, 1) > (21,22, C1, (o) € T*C? = C*
where
21 = Y1 +iye, z2 = Y3 + 1ya, G =m +ing, G2 =3 +ina.
The canonical one form @ on T*R* is written as

0(z,¢) = Re (¢ - d2).
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Now we define an S! action on R* = R* — {0} = C? by z ~ '’z which induces
the action on the cotangent bundle 7*R*

e (2,¢) = (€2,€%C).
The induced action ¢, preserves the canonical one form 6 and then is an exact
symplectic action.

The induced vector field v(z, ¢) on T*R* of the action is

v(z,¢) = (iz,1()
and B
P(z,¢) =wb(z,()=Im (- 2= (- 2—(-2)/2i
is a moment map ¢ of the action.
S!-Reduction. Following the Marsden-Weinstein reduction theory, we consider
a level set of the moment map ¢~ !(u) for 4 € R. Then the S'-bundle 7, :
¢~ () — 1 (1)/S" has the symplectic structure wy, such that .,df = 75w,
hence we have a reduced symplectic manifold (v~ (1) /S*, w,,), where
N () = TR
is the inclusion map. Then one can show

Proposition 8. The reduced phase space is diffeomorphic to the symplectic mani-
fold of the MIC-Kepler problem

(W (1)/S" o) = (T*R?, 0,).
Conformal Kepler Problem on T*R*. Now we consider a harmonic oscillator on
T*R* . .
Ho(z,¢) =5 <1* + 5002 Bl

Iwai-Uwano [2] introduces the conformal Kepler problem with the Hamiltonian

1
Her(z,0) =
4l
The MIC-Kepler problem is the reduced hamiltonian system of the conformal Ke-
pler problem, i.e.,

2
(Ho(2,¢) — 4k)_§w Hzm |Z|2

* %
WHHM = LHHCF.

The conformal Kepler problem is related to the harmonic oscillator on T*R* as

4’2’2 (HCF(Z, C) + ;w2) = H()(Z, C) —4k.

Hence the energy surfaces in 7*R* coincide, i.e.,

1
Hop = —ng < Hy = —4k.
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Star Product Calculation of the Eigenvalues. On 8-dimensional phase space T*R4,
we have the canonical Poisson bracket and then by the same way as the previous
section, we have the star product * .

We consider functions

(¢ =3 (Via+t=a), =) =bi(z0)
(%0 =3(Vintm0), =) =b(()
b3(2,0) =5 (Via+gmG). (=0 =b(2()
| (=0 =3 (Via+tge). i =h(])

We see that the commutators of these functions are
[ijbk]* = [b;7b£]* :07 [b]J)L]* = Ojk;, jak: 1727374’
We set

N = bl %, by + bh %, by + bl %, by + bl %, ba.

>kO
Then we see
Hy = hw (N +2)

and the moment map (2, {) is written in terms of b;, b; as

h
W(z0) =3 (=Bl 5, by — bb %, by + b %, bs + bl %, by).

We put forj =1,2,3,4
1 _optp, 1
fi0(50) = —e™ 0, fia(2.0) = 15 (0D %6 fio %0 (b)Y
We consider

fﬁ = fl,m *o f2,nz *o f37n3 *o f47n47 ﬁ = (n17n27n3an4)'
Parallel to Iwai-Uwano [3], we can calculate the eigenvalues of the MIC-Kepler
problem as follows.
Similarly as before we easily see

Ho*, f72 = hw(N +2) x,, fi = hw(ng +n2 +n3 +n4 +2) f

and
h

Y*, fr = 5(—n1 —ng +n3 +n4) 7.

Hence the energy levels are
1
Hep = —§w2 < Hy=—-4k and Y =p
is read as
—4k = hw(n1+n2+n3+n4+2)
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and

W= 5(—n1 —ng + n3 + ny).

Thus the quantized energy level of Hcr is —%wQ = 2k

" h2(n1+n2tnztnat2)
the strength of magnetic monopole is quantized as y = g( —n1 —ng + n3 + nyg).

> and

Thus we have

Theorem 4. The eigenvalues of the MIC-Kepler problem with the strength of mag-
netic monopole h % are
2k?

h2(n + 2)?’

The multiplicity of the eigenvalue F,, is

(n+m+2)(n—m+2)
4

E, = n>|m|, and n+m=0 mod 2.
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