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1. Introduction

The notion of weakly symmetric Riemannian manifold has been introduced by
Tamdssy and Binh [23]. Thereafter, it becomes focus of interest for many geome-
ters. For details, we refer to [6], [9], [10], [12], [17], [19-21], [2] and the references
there in.

In the spirit of [23], a non flat Riemannian manifold (M",g)(n > 2), is said
to be weakly symmetric manifold, if its curvature tensor R of type (0,4) is not
identically zero and satisfies the identity
(VxR)(Y,U,V, W) = AX)R(Y.U,V, W)
+B(Y)R(X,U,V, W)+ B(U)R(Y,X,V, W) (1)
+D(V)R(Y,U, X, W)+ D(W)R(Y,U,V, X)
where A, B & D are non-zero one-forms defined by A(X ) = g(X,01), B(X) =
g(X,m)and D(X) = g(X,01),forall X and R(Y,U,V, W) = g(R(Y,U)V, W),
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V being the operator of the covariant differentiation with respect to the metric ten-
sor g. Such an n-dimensional Riemannian manifold is abbreviated hereafter by
(WS)p.

Keeping in tune with Dubey [7], recently the first author[1] introduced a new type
of manifold called generalized weakly symmetric manifold which is abbreviated
by (GWS),, and defined as follows.

A non-flat n-dimensional Riemannian manifold (M",g) (n > 2), is termed as
generalized weakly symmetric manifold, if its Riemannian curvature tensor R of
type (0; 4) is not identically zero and admits the identity

(VxR)(Y,U,V, W) = AX)R(Y,U,V, W)+ B(Y)R(X,U,V, W)
B(U)XR(Y,X,V, W)+ D(V)R(Y,U, X, W)

+DW)R(Y,U,V,X )+ a(X)G(Y,U,V, W) (2
+8(Y)G(X,U,V, W)+ p(U) G(Y,X,V, W)
+y(V) GY,U, X, W)+~(W) G(Y,U,V,X)

where

GY,U,V, W) = [g(U, V)g(Y, W) — g(Y, V)g(U, W)] 3)

and A, B, D, a, 5 & -y are non-zero one-forms which are defined as A(X) =

9(X,01),B(X) = g(X,¢1), D(X) = g(X,m), a(X) = g(X,62),8(X) =

9(X, ¢2) and 7(X) = g(X, m3).

Keeping in tune with Shaikh and Patra [22], we shall call a Riemannian manifold

of dimension n, hyper generalized weakly symmetric (which will be abbreviated
hereafter as H(GW S),,) if it admits the equation

(VxR)(Y,U,V, W)= A(X)R(Y,U,V, W)+ B(Y)R(X,U,V, W)
+B(U)R(Y,X,V, W)+ D(V)R(Y,U, X, W)
+D(W)R(Y,U,V, X) +a(X)(g AS)(Y,U V., W) (4
+B(Y) (g AS) (X, U, V,W) + B(U) (9 AS)(Y, X, V,W)
+y(V) (gAY, U X, W) + (W) (g ASHY,U,V, X)
where

(gAS)Y, U VW) = g(Y,W)SU, V) +g(U,V)S(Y,W)
_Q(K V)S(U7 W) - g(U7 W)S(Y7 V)

and A, B, D, a, 5 & - are non-zero one-forms which are defined as A(X) =

g(X791)7B(X) = g(X7¢1)a D(X) = g(Xaﬂ-l)a Oé(X) = g(XaGQ)vﬁ(X) =
9(X, ¢2) and v(X) = g(X, m2). The beauty of such H(GW S),,-manifold is that
it has the flavour of

i) locally symmetric space [3] for A= B=D=a=§=~v=0)
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i) recurrent space [26] (for A#0,B=D=a=8=v=0)
iii) hyper recurrent space [22] (A # 0,a #0and B=D ==~y =0)
iv) pseudo symmetric space [4] (forA=B =D =) #0anda=0=~v=0)
v) semi-pseudo symmetric space [25] (for B=Dand A=a ==~ =0)
vi) hyper semi-pseudo symmetric space (for A = 0 = «,B = D # 0 and
B=v#0)
vii) hyper pseudo symmetric space for A= B=D=a=§=+v#0)
viii) almost pseudo symmetric space [5] for A= B+ H, H =B =D # 0
anda=8=v=0)
ix) almost hyper pseudo symmetric space (for A= B+ H, H =B =D # 0,
a=M,5=7v=p+#0))and
x) weakly symmetric space[23] (fora = § = v = 0).
Our work is structured as follows. Section 2 is concerned with some results on
H(GWS),,. Among others it is proved that every weakly conharmonically sym-
metric space which is Ricci symmetric is necessarily a H(GW S),,. In Section 3,
we have investigated conformally flat H(GW S),, and obtained some interesting
results. Finally, the existence of H(GW S), is ensured by a non-trivial example.

More general types of recurrency can be found in [8, 13-16].

2. Some Results on (HGWS),,

In this section, we consider a Riemann manifold (M™, g) n > 2 which is hyper
generalized weakly symmetric. Now, making use of (5) in (4) we find

(VxR)(Y,U,V, W)
= A(X)R(Y,U,V, W) + B(Y)R(X,U,V, W)
+B(U)R(Y,X,V, W)+ D(V)R(Y,U,X, W)
+D(W)R(Y,U,V, X) + a(X)[g(Y,W)S(U,V) + g(U,V)S(Y, W)
—g(Y,V)S(U, W) = g(U,W)S(Y, V)] + B(Y)[g(X, W)S(U, V)

+9(U, V)S(X, W) = g(X, V)S(U, W) — g(U, W)S(X, V)]

+8(U) [g(Y, W)S(X, V) + g(X, V)S(Y, W) — g(Y,V)S(X, W)

—g(X, W)SY, V)] +~(V) [9(Y, W)S(U, X) + g(U, X)S(Y, W)

—g(Y, X)S(U, W) — g(U,W)S(Y, X)| + y(W)[g(Y, X)S(U, V)
(Y,

+9(U,V)S(Y, X) — g(Y,V)S(U, X) — g(U, X)S(Y, V).

Note that for an Einstein space, H(GW S),, reduces to (GWS),,. This leads to the
following:

Theorem 1. Every H(GWS),, is (GW.S),, provided that the space is an Einstein.
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Next, contracting (6) we have
(Vx5)(U,V)
= AX)S(U,V)+ B(U)S(X,V)+ D(V)S(U,X)+ B(R(X,U)V)
+D(R(X,V)U) + a(X)[(n —2)S(U, V) +rg(U, V)]
+(U) [(n =2)S(X, V) +rg(X, V)] + (V) [(n = 2)S(U, X) (]
+rg(U, X)] + B(X)S(U,V) + B(X)g(U, V) = BU)g(X, V)
—BU)S(X, V) +4(X)SU, V) +3(X)g(U,V)S(Y,)
—(V)S(U, X) =74(V)g(U, X)
which yields after further contraction
dr(X) = A(X)r +2B(X) 4+ 2D(X) + 2(n — 1)ra(X)
+2r[B(X) + (X)) +2(n - 2)[F(X) +B(X)] ®)
where B(X) = S(X,¢1), D(X) = S(X,m) B(X) = S(X, ¢9) and 7(X) =
S(X, o) for all X.

Next, if we suppose that the scalar curvature of a H(GWS),, is non-zero constant,
then (8) becomes

r[A(X) +2(n — 1)a(X) +28(X) +2
= —2[B(X)

V(X))
+ D(X)] = 2(n = 2)[%(X) +B(X)]. ()
This leads to

Theorem 2. Let (M™, g)(n > 2) be a Riemannian manifold with non-zero con-
stant scalar curvature. Then the one-forms are related by the relation (9).

Claim 3. There does not exist a hyper recurrent Riemannian manifold (M", g)(n >
2) whose clear curvature is non-zero constant and the one-forms are co-linear.

In analogous to the definition of (W.5),,, we can define the following

Definition 4. A non flat Riemannian manifold (M™,g)(n > 2), is said to be
weakly conharmonically symmetric manifold, if its nonharmonic curvature tensor

_ _ 1
K=R-——(gAS)YUV,W) (10)
of type (0,4) is not identically zero and satisfies the identity
(VxE)(Y,U,V, W) = AX)K(Y,U,V, W)
+B(Y)K(X,U,V, W) + B(U)K(Y,X,V, W) (11)
+D(V)K(Y,U,X, W)+ DW)K(Y,U,V, X)
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where A, B and D are non-zero one-forms defined by the Jormulas AX ) =
9(X,01), B(X) = g(X,m)and D(X) = g(X,01),forall X and K(Y,U,V, W)
=g(K(Y,U)V, W).

From the above definition, it is follows that

Theorem 5. A weakly conharmonically symmetric space which is Ricci symmetry
is necessarily a H({GW S),,.

However, the converse of the above Theorem may not be true.

3. Conformally Flat H(GWYS5),

In this section, we shall study conformally flat H(GW S),,. Next, in a H(GWS),,

the relation (7) holds which is equivalent to

Siji = A1Sij + B"Ryijn + BiSij + D;jSiy + D"Rpiji + ar{(n — 2)Sij + gijr}
+81Sij + Bi{(n —3)Sy; + gijr} + 8"(9iSin — 91Sin) (12)
+i{(n = 3)Si + rgu}t + nSij + 7" (9:5Sm — giSh;)-

Let as assume that our manifold is conformally flat. Thus we have

1

Sz’j,l - Sil,j = m

(Gijrs —garsj )- (13)

Multiplying (12) by g%, we find
ra={ A+2(n—1)a;+26;+2v }r+28, { B"+ D"+ (n—2) "+ (n—2)7"}. (14)
Comparing (12) with the equations (13) and (14), we obtain
AlSij +Bth¢jh + DjSZ'l + Dthijl + al{(n — 2)51‘]‘ + gijr} + /BISij
+9i;8" S + 1Sij +vi{(n — 3)Su + gijr} +7"(9iSm — 9iShy)
~A;Sy — B"Rjup — Dy Sij — D" Ryaj — aj{(n — 2)Sy + gar}
—B;Su — guB"Sin — 7jSu — n{(n — 3)Si; + gijr}
—"(gitShj — 9ijSh1)
1

+(n — Q)Bh + (n— 2)'yh} — gi{A; +2(n — 1oy + 26 + 27, }r
2948 {B" + D" + (n — 2)g" + (n — 2)y"}].

15)
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Multiplying (15) by g, it can found that
1
{541 = Di+ (n = 2)aq = 2(n = 2)m}r
= {A" —2D" + (n — 2)a" — 2(n — 2)7"}S;.  (16)
From (16), we get
1
— §Alr + Dir +{A; — 2D+ (n — 2)ag — 2(n — 2)y}r
= {A" —2D" + (n — 2)a" — 2(n — 2)4"}S;.  (17)
Assuming that \j = 4; — 2D; + (n — 2)oy — 2(n — 2)y;

1
[’I”Dl — 2Al7“:| + \ir = A\pSin. (18)

If r is an eigenvalue of the Ricci tensor S corresponding to the eigenvector p we
have(r # 0)

9(X, p) = A(X) = 2D(X) + (n = 2)a(X) = 2(n — 2)7(X)

then we get
D, =2A4;. (19)
In this case, by putting(19) in (17), it can be easily seen that (since n > 3)
(cu = 2v)r = (o — 29)Sin (20)
and
A= (n—2)(a — 2m). (21

Hence, we have the following theorem

Theorem 6. If a hyper generalized weakly symmetric manifold is also conformally
flat then r is an eigenvalue of the Ricci tensor S corresponding to the eigenvector
p, where

9(X, p) = a(X) = 27(X) = A(X).
Now, rearranging the equation (16)

T

{A; — 2Dy + (n — 2)ay — 2(n — 2)71}2 +[(n— 2)ar — 2(n — 2]
= {A" —2D" + (n — 2)a" — 2(n — 2"} Si.  (22)

By taking \; = A; — 2D; + (n — 2)ag — 2(n — 2)y

r r
Nig + (0= 2)[or = 25 = XS, (23)
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If 5 is an eigenvalue of the Ricci tensor S corresponding to the eigenvector 1 we
have(r # 0)

9(X, p) = A(X) = 2D(X) + (n = 2)a(X) = 2(n = 2)7(X) = A(X)

then we get
o = 2. (24)
In this case, by putting (24) in (23), we find
T
(A; — 21),)5 = (A" —2DM) sy, N = A4; —2Dy. (25)

Theorem 7. If a hyper generalized weakly symmetric manifold is also conformally
flat then 5 is an eigenvalue of the Ricci tensor S corresponding to the eigenvector
W, where

9(X, 1) = A(X) = 2D(X) = A(X).

4. Existence of Hyper Generalized Weakly Symmetric Space

Example 8. Consider a four-dimensional space (M*, g) with the metric g defined
by

ds? = (dz?)? 4 2¢%" [dz'da® + da’da?] (26)
where x> > 0. From the above one can calculate and list the non-vanishing com-
ponents of Christoffel symbols, as well as of Ryijk, Sij , Chiji and V., Ryiji as
follows

2 1 1
F%2——e -, §F§2:F§3—Fz4— F34—5
1 1
Razoq = —e”, Sog = — 3
2
Ro3o4,0=— §ez , S99,0=1.

Making use of the relation, we can easily bring out
(gAY, UV, W) = g(Y,W)S(U,V) +g(U,V)S(Y,W)

2

1
(g A S)2z2a = S230g24 + G23524 — S22934 — 349220 = ——€
(27
(g A S)2224 = S22024 + g22524 — S22924 — S24922 = 0

(g A\ S)2a24 = S24924 + g24524 — 522944 — Saag22 = 0
(g A S)a2z22 = Sa23g22 + 923522 — S22932 — S32922 = 0

For the following choice of the one-forms
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1
A; = -2, fori= 2 o = Ze$2’ fori = 2
= 0, otherwise = 0, otherwise
1 1
B, = ——exz, fori= 2 Gi = —exz, fori = 2
3 4
= 0, otherwise = 0, otherwise
1 1
-Di — —emQ’ forz = 2 Yi = —*6‘12, fori = 2
3 2
= 0, otherwise = 0, otherwise

one can easily conclude that
Rasoa,k = AgRao3aa + BaRy3o4 + B3 Rokos + D2 Rosga + DyRagor
+ag (g A S)2s2a + B2(g A S)ks2a + B3(g A S)ak2a
+72(9 A S)23ka + 7a(g A S)232k

where, k = 1,2, 3,4. As a consequence of the above one can state

Theorem 9. There exists a (R*, g) which is a hyper generalized weakly symmetric
space with non-zero and non-constant scalar curvature for the above mentioned
choice of the i-forms.
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