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Abstract. Discussed are certain strange properties of the Galilei group, con-
nected first of all with the property of mechanical energy-momentum covec-
tor to be an affine object, rather than the linear one. Its affine transforma-
tion rule is interesting in itself and dependent on the particle mass. On the
quantum level this means obviously that we deal with the projective unitary
representation of the group rather than with the usual representation. The
status of mass is completely different than in relativistic theory, where it is
a continuous eigenvalue of the Casimir invariant. In Galilei framework it is
a parameter characterizing the factor of the projective representation, in the
sense of V. Bargmann. This “pathology” from the relativistic point of view is
nevertheless very interesting and it underlies the Weyl-Wigner-Moyal-Ville
approach to quantum mechanics.

1. Introduction to the Galilei Group

It was shown that when some natural postulates are accepted, then there are only
two natural flat space-time structures: Galilean and Minkowskian. And, respec-
tively, there are two alternative symmetry groups: Galilei and Poincare groups.
The peculiarity of Minkowski-Poincare structure is the existence of some fixed
universal physical constant-velocity of light c. In a sense the traditional Galilei
structure is obtained in the limit transition ¢ — co. And in fact there are nu-
merous formulae in which this limit is smoothly achieved. But as usual when it is
a “true” limit transition to some singular value, certain discontinuities in the limit
appear and the resulting theory changes drastically. The asymptotic form of the
theory is not its merely special case and important qualitative discontinuities
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appear. The same, and even more catastrophically, happens in the i~ — 0 asymp-
totics of quantum mechanics. Classical mechanics asymptotically corresponds to
quantum-mechanical results, but nevertheless it is a qualitatively different theory.
In the space-time theory the main peculiarity of the limit transition ¢ — oo is the
catastrophic change of the structure of the four-momentum obtained on the basis of
the four-dimensional Legendre transformation. In this sense the relativistic theory
is simpler, its four-momentum is the usual covector. In Galilean framework, it be-
comes an affine geometric object rather than linear one, if its transformation rule is
to be compatible with its physical interpretation of energy-momentum. From this
point of view the linear covector rule is drastically false.

Let us begin with some formalism. The Galilean space is an affine manifold en-
dowed with some additional structures: (X,V,—,S,g,d). Here X denotes the
point set of the manifold, V' is the linear space of translations in X, — is the
operation of the vector between a pair of points, S C V is a linear subspace of
co-dimension one, and g € S* ® S*, § € (V/S)* ® (V/S)* are twice covari-
ant symmetric tensors in S and V/S. As always in affine geometry the operation
—: X x X — V is assumed to satisfy the following axioms

@+y?+ﬁ::0 for any z,Y,z2 € X (1)

and for any x € X the mapping
Xoy—zjeV )

is a bijection of X onto V. In affine spaces over the field of reals R this implies
that

) =—yi, TE=0 3)

for any x,y € X. It is important that the metric g is defined merely on S. The
pairs of points translated by elements of S are said to be simultaneous and it is
important that the metric tensor g defines the distances and scalar products only
for simultaneous pairs of points and for vectors in S. There is no concept of dis-
tance between non-simultaneous events. Physically X is four-dimensional and S
is three-dimensional, nevertheless in many general statements this does not matter.

Obviously, the operation — establishes the action of V' as an Abelian additive
transformation group on X. Those translations, t[v] : X — X act as follows

tzg] (z) =y (4)

for any z,y € X. Therefore, being a subgroup S C V, the space S acts non-
transitively as the transformation group, and the quotient

T = X/t[S] (5)
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is a one-dimensional affine space with the naturally induced affine structure. The
natural projection of X onto 7" and the induced one of V" onto V/.S will be denoted
by

II: X —1T, m:V —=V/S. (6)

The one-dimensional linear space of translations in 7 is canonically identical with
V/S, if necessary we shall denote it by

Z=V/S. (7)

Let us stress that the Galilean space-time is a fibre structure over the time axis
T, however, unlike the structure called sometimes the Aristotle space-time it is
not a Cartesian product of time and space. There are “spatial”, i.e., “along t[S]"-
directions, but there is no well-defined concept of position, so there is no space.
And spatial distances are defined only for simultaneous, i.e., t[S]-related events

ds(ey) = \Jo @, 7) = \Joiy (v —a0) (@ — ) i T(x) =TI(y). (®)

And similarly, the absolute time distance of two arbitrary events is

dr(ay) = \/3 (v (@) .7 (7). ©)

This structure is simultaneously too weak and too strong, depending on analyzed
problems. Too weak because no orientation is fixed, in particular no spatial orien-
tation and no arrow of time. If necessary, they should be defined, fixed in 7', S or
justin X. But at the same time it is too strong, namely, when fixing spatial metric.
Let us remind the ideas by Hehl, Ne’emann, Sijacki and our own ones to formulate
the affinely-invariant mechanics and physics. Those ideas are still compatible with
the main fibre-bundle structure of the Galilei space. Namely, just removing the
objects g, J, i.e., metric tensors, we obtain the amorphous, affine-Galilei structure.

This description was more or less complete. We presented it in details just to
show you that unlike the everyday opinions the non-relativistic Galilean space-time
is geometrically incomparatively more complicated than the relativistic Poincare-
Minkowski space-time. But if motion is relative, and if, as we know from exper-
iment, the inertial, i.e., uniform rectilinear motion is physically indistinguishable
from the rest state and depends only on the choice of the reference frame, then
really it must be so. Let us now fix the reference frame and present the analytical
description. When the origin of the reference frame and some rest-state standard
are fixed, and so are physical units, then X becomes identified with the Cartesian
product of time and space, e.g.

X=RxS. (10)
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In other words, the space-time events are represented by the Aristotle-Newton
pairs: instancy of the time-position vector. There is nothing bad in this identifi-
cation if we remember it is merely something like the choice of coordinates.

Galilei transformations are defined as the automorphisms of the Galilean space-
time. In the mentioned identification they are given by

t t+¢
[:C]H[Rx—i-ut—i-a] an

Here [e,@]” is the space-time translation vector, ¥ is the spatial vector of boost,
and R € O (n — 1,R) is the spatial rotation. So, analytically we write (11) as

t t+e
[m] ~ [Rijxj-l—l/it—i-o/]' (12)

Here the summation convention is meant under spatial indices j = 1, (n — 1). The
time dimension is in analogy to relativity denoted as zeroth or simply by the index
t. The matrix R is orthogonal, so

5ij R R = Sy (13)

or less correctly RT R = I. As mentioned, in physics n = 4, nevertheless it is
more convenient to write certain formulae for the “general” n.

The Galilei transformation (11), (12) will be denoted by G [R, 7; ¢, @|. The struc-
ture of the Galilei group is rather complicated and even its homogeneous part fails
to be semisimple. Let us denote this group shortly by Gal(X;g,0) or just by
Gal(X') when there is no danger of misunderstanding.

One can show that the composition rule for the Galilei transformations (11), (12)
may be written down as follows

G [R1,71;e1, 1) G [Ro,Uo;62,02] = G [R, ¢, . (14)
Here
R=RiRy, V=V1+ Ry, e=¢€14¢e2, a=ua1;+ Rias+7vies. (15)
The inverse mapping is given by
GIR7:e,al =G [PL,%; i&} . (16)
Here
R=R'! ©U=-R'Yw, e=-  a=-R'Ya-we). (7

We see that in fact the composition rule is rather complicated and contains a few
floors of semi-direct rules even in the homogeneous part.
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Obviously, in n-dimensional Galilean space we have

n(n+ 1) (n—1)(n—2)
2 2
Therefore in four dimensions the Galilei group is 10-dimensional and the group of
spatial rotations is three-dimensional.

dim Gal(X) = dim O(n, R) = (18)

It is clear that Galilean transformations (11) acting on the straight-line of the uni-
form rectilinear motion with velocity v, transform it into one with the new velocity

v =Ro+7. (19)
If R = Id,,, this is simply the Galilean boost
v =047 (20)

As mentioned, Galilean space-time is not the Cartesian product of time and space,
our description above is a merely parametrization. Because of this the three-
dimensional velocity is not a true three-dimensional vector. The space of velocities
is not linear, it is an affine space. But the fact that two uniform rectilinear motions
differ by 7 in velocity is objective. It has to do with that the (n — 1)-dimensional
(physically three-dimensional) group of boosts is a normal subgroup of the full
Galilei group.

Let us make now a digression concerning the amorphous Galilei group. It con-
sists of transformations G|\, A, 7; ¢, @ of Gal(X) given by

T A+
G[A,A,y;e,a][x}:[Ax+ytia]. Q1)

Here A € R\{0}, A € GL(n — 1,R), and ¢, 7, @ have the same meaning as
in the usual, i.e., “metrical”, Galilei group. Here A is the temporal dilatational
factor and A is a spatial linear transformation. And again the problem appears
of admitting the reversal of time, A < 0 and the change of spatial orientation,
det A < 0.

The general structure of the amorphous Galilei group is similar to that of the “met-
rical” group. The complicated hierarchy of semi-direct products is just analogous
to what were seeing there.

2. Analytical Description and Infinitesimal Rules

To understand correctly what we have called “the strange features of the Galilei
group”, its infinitesimal transformations and the difference between it and Poincare
group, it is convenient to use the matrix representation of the group elements and
of the basic generators of the Lie algebra. To take inhomogeneous transformations
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into account, it is convenient to use (n + 1) X (n + 1) matricesi.e., in the physically
interesting case one has 5 x 5 matrix.

Obviously, the linear representation of affine Galilean mappings

10 ¢ A O ¢
7 R al, 7 L @ (22)
00 1 00 1

respectively for the metrical and amorphous groups. Here 7, @, O denote the
column matrices; R and L denote respectively the (n — 1) x (n — 1) orthogonal
and general non-singular matrices.

In four dimensions infinitesimal generators of the homogeneous transformations
are given respectively by

000 0 00 00 00 0 0
000 0 00 01 00 —10
Mi=tgo00-1|"M=|g000| ™M=|0100|
001 0 0-100 00 0 0
for rotations, and
0000 0000 0000
1000 0000 0000
M=1g000]|" Na=11000]" Ns=1o000| @
0000 0000 1000
for boosts.

Obviously, M, generate rotations about the a-th axis, i.e., in the (b, ¢)-plane where
a # b # ¢ # a. So, in dimensions of space-time higher than four one should have

used rather the symbol M. = — M, for them. The matrices N, generate boost
along the a-th axis. The commutation rules are given by
[Mw Mb] = 5abCMC7 [Maa Nb] = 5abCN07 [Nau Nb] =0. (25)

Let us stress that unlike the situation one is faced with in relativistic theory, this
Lie algebra is not semisimple. It is isomorphic with the Lie algebra of Euclidean
group in (n — 1) dimensions where the boots are playing the role of translations.
For the one-parameter subgroups generated by M,, N,

exp (en*M,), exp (vn®N,), n-n=1 (26)

the first-kind canonical parameters ¢, v are playing respectively the role of the
angle of rotation and velocity.
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In the four space-time dimensions the 5 x 5 matrices of the Galilean generators are
given by the following ten matrices

000 0 O] 00 000
000 0 O 00010
M; = |000—-10]/, My=|0 0 000 (27)
001 0 0 0-1000
(000 0 0] (00 000
[00 0 007 [00000]
00-100 10000
Ms = {010 00|/, Ny={00000 (28)
00 0 00 00000
(00 0 00| (00000
(000007 (000007
00000 00000
No=1{10000], N3=]00000 (29)
00000 10000
(00000 | (00000 |
(0000 0] 00000
00001 00000
P, =1]00000], P,=|00001 (30)
00000 00000
(00000 | 00000
[00000] 00001
00000 00000
P; = 00000/, P,=]00000|=T (31)
00001 00000
(00000 00000

Their commutation relations have the form
[Mm Mb] = EabcMa [Mm Nb] - Eacha [Mm ]P)b] = Eabc]P)c (32)
[No, Np] = 0, [Na, Py] =0, [Pg, ] =0 (33)
[M,, T] = 0, [Ng, T] = Py, [Py, T] = 0. (34)
Later on, when looking at similar expressions for the Poincare group, we shall con-

clude how the “small” modification of Lie-algebraic rules changes catastrophically
the group structure.
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Let us review in addition certain important finite commutation rules for the Galilei
group, more precisely those concerning its normal subgroups:

G[R,7;e, @G [I,0;7,€| G[R,Tie,@) " = G[I,0;7, RE + 7] (35)
G[R,7;e,@|G [I,0;0,€| G[R,Te,a) " = G[I,0;0, RE] (36)
g [R,P,a,a]g [I,@;T,@ Q[R,?;a,@]_l =G [I O;, Tﬁ] (37)
G[R,7;e,a]G [I,7;0,€] G [R,w;e,a] " = G [I, RE; 0, RE] (38)
G[R,7;e,a)G [I,57.€] G R, 7; a]*l = G[I,Rm; 7, RE+ 70 — =Rp] (39)
G[R,7;e,a]G [I,1;0,0] G[R,7;¢,8) "' = G[I,R;0,0]. (40)

Let us comment briefly those rules. The equation (35) tells us that the space-time
translations form a normal subgroup. Moreover, it follows from (36) that also the
group of spatial translations is normal. But unlike this, (37) means that the time
translations fail to be normal group. And this was expected: spatial translations,
i.e., t[S]-translations are objectively defined, whereas the time translations need
defining a reference frame to be defined in Galilei space. An important feature
is (38). It tells us that the Newton translations, i.e., ones in positions and veloci-
ties form a normal subgroup. This fact is very important physically. The Abelian
group of newton translations acts freely and transitively in the 2(n—1)-dimensional
phase space of initial conditions. Let us mention that among other features, this
is essential for the formulating the phase-space approach to quantum mechanics.
Let us mention also that being 2(n — 1)-dimensional it is too large to admit a true
Hamiltonian representation. On the quantum level this means that the theory is not
based on the unitary representations, but on the projective (ray) representation of
the Newton group. The mass parameter does not occur as a Casimir invariant, as
it does in relativistic theory, but as a parameter which labels the projective rule of
composition. (39) means that the (2n — 1)-dimensional group of Newton transla-
tions and time translations is a normal subgroup. And from (40) it follows that so
is the Abelian group of boosts.

Let us consider a mechanical system with f degrees of freedom and generalized

coordinates ¢!, ..., q7. Its dynamics is encoded in the Lagrangian L (t, q, %{),

where ¢¢, dq’/dt is an abbreviation for the dependence on all coordinates and
generalized velocities. Obviously, the variable ¢ denotes the absolute time. The
action functional for problems with fixed boundary condition is given by

tfin ) dqz
I|q —/ L(t,ql,> dt 41)
-/ v
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and the resulting equations of motion have the form

oI 9L DL
5qi(t)  Oq¢t  Dtog

(42)

Now let us go to the homogeneous formalism [11, 12]. It is interesting in itself, it
enables one to go smoothly to the relativistic theory, and it simply very convenient
if not necessary when discussing time dependent dynamical problems. And it is
just fundamental for our understanding of the problems with Galilei group. So, let
us include the time variable ¢, together with ¢°, on equal footing into space-time
coordinates. To describe motion we introduce a new independent variable 7 —
an arbitrary parameter, in general quite “non-physical” one. Let us transform our
variational principle to this new description

/x <t’qi(’f)’i§<t>) ar=[1 <t (7.0 (). 5L [jﬁ]l) ir
= /A<t (1), (r),dt(T),(CifTi(r)> dr. (43)

Let us now introduce the parametric “generalized velocities”:

;i _d¢tdt

_ i it i_ s
u —E, u —EE—'UU, v —E, Z—l,...,f. (44)
Therefore
it 3 i Ui(7> t
A(t,q,u,u)—L<t<7),q <T>,ut(7)>u (7). (45)

This is the new homogeneous Lagrangian. A is really homogeneous of degree one
in “7-parametric velocities”:

A (t, qi,aut,aui) =al (t, qi,ut,ui) , a>0. (46)

From now on we can forget about its origin and just to reconstruct the whole sys-
tem of analytical mechanics. First of all we introduce a homogeneous Legendre
transformation:

OA OA )
L: ptfﬁa plfﬁ7 Zila"wf‘ (47)

This transformation is homogeneous of degree zero in 7-velocities.

Let us only mention that there is some historical ambiguity, namely how to refer to

ut: u0 or u/t1? But it is not very essential for us.
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Then one can show that

o 0L o
Pt = L (tv qla UZ) - Ul g’l)i (t7 qjvvj) - _E (48)
L
b= 05 (1ghF). (49)
ot
Therefore ‘ '
pedt + pdgt = —Edt + p;dg". (50)

Here FE is physically interpreted as energy and we have the following conjugation
scheme

(—E.pi) ~ (t,q) - (51)
In the (2f + 2)-dimensional QTPH-space in the sense of Synge [5,11,12] parame-
trized by coordinates (¢, ", p¢, p; ) as canonical variables the above Legendre trans-
formation induces the constraints of dimension (2f + 1) given by the following
equations

Q=pe+H(tq' pi) =0 (52)
Here ‘ ‘
H (t7q27pi) =F (ta ql7pi) (53)
and oL oH
e = 54
Pi =55 q O (54)
Hamiltonian equations of motion reduce then to the following well-known systems
dﬁ_@@_@H dp; 0@ 0OH (55)
dr  Op;  Opi’ dr  9¢¢  0g
dt 90 d OH
== P 2= (56)
dr  Op; dr ot

But it is interesting to investigate the relationship between the usual and homoge-
neous Lagrange formalism.

Let us write down the system of homogeneous Lagrange equations

DOA oA _  DOA 9N _

el —_——— — = 57
D7t out 0Ot ’ D7 out  9¢ 57)
This is evidently a dependent system. The first subsystem is simply equivalent to
DE oL
- . 58
Dt ot (58)

This is simply the energy conservation law. The second subsystem of (57) implies

that
DOL 9oL  dtd*r oL

Dtdvi  d¢ dr di? dvi

(59)
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It is clear that if ¢ = 7, or at least when 7 is linear in ¢ (¢ is linear in 7), then (59)
reduces to the usual system of Euler-Lagrange equations
D oL oL
Dtovt  dq¢t

(60)

3. Elements of the Relativistic Description, Momentum Four-Vector

Now, for comparison let us consider the relativistic homogeneous formalism. Tra-
ditional Lagrangian looks a bit artificial

/ v?2 (3) dxt daxd

Here (g) is the three-dimensional part of the four-dimensional Minkowskian metric

(9w
The corresponding homogeneous Lagrangian, the only physically justified in this
kind of problems, is given by

[ dxtdav
A=—mc g’“”@@. (62)

Therefore, the action functional is given by

I= /AdG. (63)

Here
A = —me \/guuru’ (64)
and 6 is an arbitrary parameter.
Let us now perform the formal Legendre transformation
A oA me dz¥

— — - _ y— 65
P = Bin = our [ dn e M d0 (0>
9op g "o
Obviously,
pulau) = pyu(u) (66)

and this is independent on the parametrization as well. One obtains in the 8-
dimensional manifold labelled by (z*,p,,) the 7-dimensional constraints, “energy
surface” in the language by Synge, given by the equations

Q= g"pup, — m2c® = 0. (67)

The corresponding Lorentz transformation rules for the four-velocities and four-
momenta have the following form

"W = LMY, "Dp =0 LY, (68)
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Here L is a Lorentz-homogeneous transformation.

When the electromagnetic field is present, the relativistic Lagrangian is given by

dzt dav da#
A= mme\[guwggqg T QMg ©9)

Here again 6 is an arbitrary parameter and g,,,, is the Minkowskian, or generally-
relativistic, metric tensor of the space-time. Let us remind that in specially-relati-
vistic theory the space-time is a pseudo-Euclidean space (X, V,—;¢g). Just like
in the non-relativistic physics (X, V,—) is a four-dimensional affine space and
g € V*® V* is the symmetric pseudo-Euclidean metric tensor of the signature
(+ — — —). Q is the coupling constant, i.e., electric charge in appropriate units.
The homogeneous velocity is given by

dz#

b= — 70
u 0 (70)

and the interval and usual velocities are respectively

dat dz¥*  wt
v ds’ v dr c 7
Here the arc element is expressed as follows

ds? = gudatdz” = Adr2. (72)

Obviously, the Lagrangian (69) is homogeneous of degree one and the correspond-
ing Legendre transformation is four dimensions

oA
Pu= Hun (73)
is homogeneous of degree zero
Alau) = alA(u), pulau) = pu(u), a > 0. (74)

The resulting phase-space constraints, i.e., energy equation is given by
Q= g" (p — QAL) (py — QA,) —m?c = 0. (75)

The four-velocity in any version of the equations (70) or (71) transforms under
Lorentz transformations of (V, g) just as it should

"ut = LM u”, 'z, = LFav. (76)

And the conjugate four-momentum p,, in (73) transforms under the contragradient
rule

/pu = pl/L_lyua /p,u,u“ = puu”. (77)
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4. Non-Relativistic, Galilean Four-Vector of Momentum

What concerns Galilean three-velocities and three-momenta, they transform just
so under spatial isometries. The problem appears in four dimensions on the level
of boosts.

First of all, let us note that according to the formulae (52), (53), (54) energy equals
the minus canonical momentum conjugate to the time variable in homogeneous
formalism

It is interesting that up to the c-multiplier the same is true relativistically, i.e., in
the sense of (69), (75)

E mc

2 Qg i g
- _ — St = —qgiviod . 79
Po c 1= 1)2/627 v iU v gijv'v (79)
Indeed, we have the rules
2
0 me
z- = poct = —FBt = ——n——— (80)
Po Po . 02/02
purt = —Et+p-T, pudat = —Edt +p - dz. 81)

As mentioned, the Galilean four-velocity is correctly transformed by the Galilei

boosts . .
e YO e s jro iy, (82)
x v 13 x v v Ig v
The corresponding dual covector rule reads
or
—v I3

It is written for n = 4, but obviously, the analogous rule holds for the general n.

(73 P15 P2, p3] > [ p1, P2, 3] [ = [r—v'pi;p1,p2.p3] . (83)

But this rule is evidently false! It would mean that the boost transforms [—E, gj
into

2m

S e

But physics tell us that for any pair of reference frames

2 2 12 /2
mu p mu b
E="" -t = E = == f=m (85
5 Gy p=my, > Y p=my (85)
and the 7-boost transition acts as follows
v =147, B/ZQ—I—mg:;gﬂ—g (86)
L \2 9 —2

poo MOV m sy M (87)

2 2 2
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Finally we have the following affine transformation rule for the energy-momentum
four-covector

—2 2
I 2]/7mV:| = [_/Evllj + |:_7T77T:| . (88)

_E ) = [—'E. _m
-] = B + | e
Let us remind, that here [—’ E,’ gj is the linear-covector part

R e R B G T} N B

The second term in (88), i.e., the additive correction, has a very interesting struc-
ture. Namely, it is built of the boost velocity (or momentum) just according to the
prescription for the velocity (momentum) dependence of the energy-momentum
covector. One can suspect that this rule has something to do with the projective
geometry of the Galilei space-time.

5. Relativistic Theory

Let us now remind certain peculiarities of the Poincare group, just to review differ-
ences in its commutation rules in comparison with the Galilei group and to discuss
physical consequences of those differences. As said above, the Minkowskian space
(X,V,—;g) has the incomparatively simpler structure than that of the Galilei
space. Even literally speaking, its homogeneous-Lorentz part is a simple Lie
group!

Let again z**, u = 0, 1, 2, 3, be some orthonormal Minkowskian coordinates, shuch
that 20 = ct, where ¢ is a time variable, ¢ is the velocity of light, and 2t i=1,2,3,
are the usual spatial coordinates. Therefore

(9] = diag (1,1, -1, 1) (90)
and the arc element is given by
ds? = (da:o)2 — (dx1)2 — (dx2)2 — (dx3)2 = 2dt? — da? — dy? — dz2. 91)

Let us mention that in usual physical problems the two conventions (+ — — —)
and (— + + + ) are equivalent and each of them has some advantages.

Poincare transformations are ones preserving this structure, so they are linear
'gh = P, 2¥ + at. (92)
Here L is the Lorentz transformation

G = GapL® LP . (93)
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In the Galilei space-time there is no absolute space, but there is the absolute time.
In Poincare geometry nothing but (90), (91) is absolute and there is a mutual mix-
ing of the space and time variables. Let us illustrate this in the two-dimensional
Minkowski space. Lorentz transformations are given by

| e [ e (|9 o ]) [ 2] o

It is clear that y

thy = = Lxi]Lx2] = Lx1+ x| (95)
So x is a canonical coordinate, y € (—o00,0), and the Lorentz boost v has the
range (—c¢, ¢).
One cannot resist the temptation to quote the explicit historical formula

| 4

\/1—V2/62t + \/1—1/2/021‘

Obviously, in natural coordinates, when ¢ = 1, the transformation matrix is sym-
metric. Similarly, it is difficult not to quote here the composition rule for velocities,
i.e., the v-version of (95) is

1 ¢ I//62
Howw[t] = | Ve T (96)
e x 1

. V1 + o .

14 (v1/e) (r2/c)
In a fixed reference frame every Lorentz transformation splits into the product of
spatial rotation and boost

L(v1)L(v2) = L(v), v 97)

- 1 0
L=R(k)A(x) = — | AX). 98
(MAK) = | 5 RF) (x) (98)
Here
— _ k(k _ .k
R(k)z = cosk:x—k(l—cosk)E 7T +smk:E><x (99)
0 chy 29 +shy (X -z
A(X)[xx]: X ;0 (X ) X(X.3 (100)
shy ¥a° +Z + (chx — 1) (§x>
and

k=lkl, x=Ixl.
In spite of certain similarities, a big structural difference is seen just here: rotations
R form a subgroup of SO(1, 3), but the boost — do not do! They may be used
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as canonical labels of the quotient SO(1,3)/SO(3,R). This is nicely seen on the
level of infinitesimal commutation rules in the Lie algebra. Namely, let us take
infinitesimal operators

000 0O 00 00
000 O 00 01

My= 1400 -1 My=14 0 00 aon)
(001 0 | (0 -100
[00 0 O] 0100
00 —10 1000

My =101 0 0 M=10000 (102)
(00 0 0] (0000
(0010 0001
0000 0000

M= 11000/ Ns=10g000 (103)
(0000 1000

respectively for rotations and boosts. The difference in comparison with (24) is
obvious. In relativistic rules there appear right-upper units. Because of this, boosts
do not form a subgroup. The commutation rules of (101)—(103) have the form

My, M) = eap“ M., [My, Np| = €aqp“Ne, [Na, Np| = —€aqp“M.. (104)

The total Poincare group may be described infinitesimally by the following system
of 5 x b matrices

000 0 0 00 000
000 0 O 00 010

M; =000 —-10]1, My=|0 0 000 (105)
001 0 0 0-1000
(000 0 0] (0 0 000
[00 0 007 (01000
00-100 10000

Ms =010 00/, Ny={00000 (106)
00 0 00 00000
(00 0 00| (00000
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00100 00010
00000 00000
No = (10000, Ng=]100000 (107)
00000 10000
10000 0| 00000
0000 0] 0000 0]
00001 00000
PL = {00000/, P,=]100001 (108)
00000 00000
100000 | 10000 0|
[00000] 0000 1]
00000 00000
P33 = (00000, Phb=100000]|=T. (109)
00001 00000
100000 | 100000 |
Their commutation rules have the form [1,2]
Mg, M| = €ap°Me, My, Np| = €apNe,  [My, Py] = 0pPe - (110)
[N(M Nb} = _5abcMC7 [Naa ]P)b] = 5abT7 [Pav ]Pb] =0 (111)
Mg, T] =0, [Ng, T] = Pg, [Pg, T] = 0. (112)

It is seen that the difference between the equations (32)—(34) and (110)—(112), is
apparently small, is crucial for the drastic distinction between Galilei and relativis-
tic Poincare models.

Let us now review the drastic difference between Poincare and Galilei classical and
quantum physics. First, we repeat the basic formulae

i

_E me o mu (113)
Po c V1—02/c b V1—v2/c?
pudzt = —Edt + p-dZ = pocdt + p - d7. (114)

The Hamilton-Jacobi equation, obtained by substituting 9S/0z* instead of p,, in
the energy equation, has the following form

oS oS 9 9
gt (W—eAH) (W_eAV) —m~c” = 0. (115)
It is invariant under the second-kind gauge transformations

of

S—S+ef, AMHAM"‘@‘

(116)
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Without electromagnetism, when only first-kind gauge transformations are admit-
ted, we obtain

o 05 0
OxH Oxv

This leads to the “heuristic quantization”, from the eikonal to the wave equation

—m2 =0, f— f+ const. (117)

.., 0 ., 0 L
pu = py, = lh@, E— lha, B — —lhv (118)
The resulting wave equation is just the Klein-Gordon equation
9" Pupy¥ = —h*g" 0,0,¥ = m* V. (119)

This is the Casimir eigenequation for the field situations with the fixed mass value.
When the electromagnetic field is present, the standard procedure consists in re-
placing

Oy — D, = 0y, +ieA,. (120)

This is compatible with the second-kind gauge invariance

of

oz

Let us now try to express (119) in terms of the “(3+ 1)-apparently non-relativistic”
way of writing

U explief)¥, A, — A, + (121)

_R2 827@

ot?

It turns out, and to be more precise, it follows from the Noether theorem, that the
following “continuity equation” holds

- <—h2c2?2 + m204> U =0 (122)

0o+ V-j5=0. (123)
Here
lh — - - h T X7 \Ir
0= — (V¥ — (V) V), j= - (IV—(VE)T). (124)

The probabilistic interpretation fails here, because o is not positively definite.
Schrédinger who invented this equation rejected it, but Pauli and Weisskopf ac-
cepted it in field the theory where it was derived from the Lagrangian

ov o m2c? —
L=g"— V09| — A . 125
It is invariant under the first kind gauge symmetry ¥ — exp(ix)W. Localizing it,

i.e., taking x to be a function of the space-time point, we include interaction with
the electromagnetic field and replace (125) by

_ mQCzi
L= gHVDM\I’DV\I]\/ ‘g‘ — ?\qu\/ ’g’ (126)
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Here the covariant derivative D, is given by (120). The Noether four-current for
(125) is given by (124), i.e., in the consequent four-dimensional language by

" =ieg" (V0,0 — (0,7) ) v/|g| (127)
or in the gauge-invariant version by
j* = ieg" (D, ¥ — (D, V) ¥) /|g]. (128)
This leads to the charge functional
(U, %) = Q¥, X]. (129)

Here ¥ is a spatial surface extended to spatial infinity, e.g., t = const and Q[¥, X]
is given by the integral over X

Q¥ = /j“(\I/,é?\I/)dau. (130)

On the basis of the continuity equation
Ougt = (131)

following from the field equations, () does not depend on ¥ (on time). This is the
charge conservation
0Q[v]
ot
The expression Q[¥] is a quadratic form of the field ¥. One can perform its polar-
ization procedure which leads from the quadratic form u +— Q[u] to the sesquilin-
ear one (u, v) — Q[u,v] according to the rule

=0. (132)

9

4Q[u,v] = Qu + v] — Q[u — v] — iQ[u + iv] + iQ[u — iv]. (133)
The resulting expression is just the Klein-Gordon scalar product of fields

(W,p) = i / Aot ()T ()9, ()

> (134)

= / do*(z) (F(2)due() — (8,F) (2)p(a))

by

which does not depend on ¥ (on time). Using the positive-frequency expression

V2

¥o) = s [ dkesn (<ik,e) 5 (=) O (k) X () (139



Some Strange Features of the Galilei Group 169

where 6 is the Heaviside function, i.e.,

U(z) = /duln (E) X (E) exp (—i (w (E) t—k- f)) (136)

.
w (F) = ko = VI +m2, (M““:wdi (137)

we express (135) as

(01192) = [l (5% () xa (). (138)
The operation U (A, a) given by
(U (A,a) V) (z) =¥ (A (z — a)) (139)
is unitary with respect to (135), (138)
(U (A, a) \I/1|U (A, a) \112) = (\I/1|\Ifg) (140)

if U1, Uy satisfy the same field equation. The representation space is characterized
by the same fixed value m? of the Casimir invariant g’ P, P,. Obviously, the

operation (139) may be easily expressed in terms of the field profile x (k) defined
on the mass shell g, kHk" = m? (in the natural units, when we put /i = 1)

(U (A, a) W) (2) = / i (k) (U {A, a} x) (k) exp (—ikpa®) (141

namely
(U{A,a} x) (k) = exp (ia"k,) x (kyA™,) . (142)

6. Non-Relativistic Strange Features, Projective Representation

Let us now go back to the Galilei group framework, more precisely to the free, i.e.,
potential-independent, Schrédinger equation

ov  h?
" 4 Aw =0, 143
ih—. + o 0 (143)
Obviously, its solution may be Fourier-represented, just like (135)
v (t7) = [ 2w (i(Et )) (144)
)= | ——= exp | —= —p-T) ).
(2rn) T WP Ty k

But obviously, the Galilei transformation cannot act on them according to the
pointwise rule like in the relativistic Klein-Gordon and other equations

UG 9) (t,T) # ¥ (G (t, 7)) (145)

just because of the covector failure of boosts.
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But the Fourier representation, slightly similar to (141), (142), although different in
important details, may be used. Indeed, taking the true physical transformation of
the energy-momentum, we can transform the wave amplitudes of definite energy-
momentum values as follows
V(g p) = exp <—;1(Et —p- x)) = U (p ) = exp (—;(E’t —p 3:))
(146)

Here
2 2
p p
E== Er==—. 147
Gy 5 (147)
Therefore, on the eigenfuncitons (146) the boost mappings act as follows: ¥ — ¥’,
where

: )
U'(t,7) = exp (—;im <V2t—v-x>> U(t, T — vt). (148)
And for the general space-time wave functions we have

i

(U{7}¥)(t,T) = exp (—hm (V;t —U- x)) U (t, T — vt). (149)

Therefore, the proper action involves both the action on the space-time argument,
but also the multiplication of the wave function by some local, (¢, T)-dependent
term. The same is true for the general wave functions, not only those satisfying
the potential-free Schrédinger equation. The other, non-boost transformations act
in the usual argument-wise actions.

When dealing on free evolutions, we can use the pointwise action on the wave
profiles. Namely, without the ¢-variable

1 i
V(%) = d3 —p-T 150
(T) (@)’ / p »(p) exp <ﬁp x) (150)
we define the action of the Newton translations as follows

Ula|¥(z) = ¥ (7 — @). (151)

So, the usual argument action of the spatial translations. However, the boost oper-
ations act pointwisely on the wave profiles

V@ = s [ S VPG ew (o) a5

and
(V{v}e)(p) = ¢(p — mv). (153)
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Therefore,
(V[P 9) () = exp (;_lmu : x) U(T) = exp (;wx) U(7). (154)
The Weyl operators of the Newton translations act as
Wia, 7] = Ula]V[v]. (155)
However it is more convenient to use the modified Weyl operators
Wia,v] = exp <21hmy - a> Wia, 7). (156)
Their advantage is the nice expression for inverses
Wia,v| = W|—a, —7] (157)
and the nice symplectic composition form
im
Wlay, v1)W g, 72] = exp <%(V1 “hp — Uy -al) Wlai+ae,v1+v2] (158)
i.e.,
W[ﬂl]W[ﬁg] = exp (;hmI‘g(ul,ug)> W[ﬂl +ﬁ2]. (159)
Here the matrix of I is the usual symplectic two-form
_ On _In
ry= [ I O, } . (160)

This is the projective representation of the Newton group, in canonical Bargmann
form based on the skew-symmetric matrices in the factor [3,6-10]. Let us stress
a very important point which witnesses about the essential discontinuity of the
non-relativistic limit. In relativistic theory the square of mass is the value of the
projector operator. But in non-relativistic theory it is something completely else.
Namely, it is a parameter which labels the projective factors of ray representation.

Let us quote some infinitesimal rules. So, we introduce generators of translations
and boosts

) i hoo

— ~ kY — k- 7
Ul ~ d-afmr=ld—af P, Pi=75y (161)
Vil = Id—i—ul‘%mxkzld—i—yk%Bk :I—i—ul‘%ka. (162)

Obviously, the generators are simply operators of momentum and position, and

1
E[Qa7 Py = 6%. (163)
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Let us introduce the corresponding adjoint transformations

1
Adpe = UlloUla]™',  adpo= = [Pe: ] (164)
1
Adygie = VPV ™, adgre = £[Q"% o). (165)

Let us notice that those adjoint operators mutually commute
AdU[E] Adv[y} = Adv[g] AdU[E]a [ako, adpl] =0. (166)

The non-commutativity of position and momentum has geometric reasons: it is
impossible with m degrees of freedom to have more than the m-members systems
of functionally independent generators. This is the reason that the Galilei group
for massive particles admits only projective unitary representations. This peculiar-
ity underlies the Weyl-Wigner-Moyal-Ville phase space formulation of quantum
mechanics.

Namely, let us take a kind of the group-algebraic linear shells of (156) [4,5,13, 14]
37
(2wh)3

A = /X(a,w)W[a,w]d?’a

d37

= /A\(a, ) exp <7li (T Q* + a“Pa)> d3a(2wh)3- (167)

Here 7 = mv and A is the Fourier transform of a classical phase space function A

(7,p) = (@, T) exp 7 (max® + a%py) a(277h)3'

(168)

Obviously, the value m = 3 of degrees of freedom is here quite accidental, it may
be any m.

The operators A, B represent the classical functions A, B. Similarly

1
{A,B}qprB = E[A’B] (169)
are in terms of the phase space functions represented by
A *Weyl Ba {Aa B}WeylfMoyal- (170)

Let us quote a few explicit expressions, like the group commutators
_ - i _
W @] W [ao) W @] ' W [a@e] ! = exp (hmrg (u1, u2)> Id (171

WENIWEIW{Z ) Wz} ! = exp (;Lmr (z1,22)> Id. (172
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The first expression, based on the (@, 77) representation is in a sense more natural
than that based on (@, x).

The Weyl product may be expressed as follows

2i

(Ax B)(3) = 22 / ZETG-152) 4 (2) B (3,) dp (1) dp (B2) . (173)

Here
1

dp (z) = du (g,p) = (@rh)"

The relationship between phase-space functions and operators may be expressed
in a suggestive way by using the kernels of operators

Alg.q'] = (dlAld),  (AT)(q) = /A 0,41V (¢)d™q.  (175)
Namely, one can show that
n— L Lo d”p
Alg,d] = /eXp <hp (7 q)) A (2 (@+7) ,p> i)™ (176)
and conversely

A(g,p) = /exp <—;p.a> A [q+ g,q— (ﬂ d"a. (177)

dgt...dg™dpy ... dpm. (174)

All those formulas are affinely-invariant. And everything follows from the struc-
ture of Galilei group and the boost failure.

7. Final Remarks

Let us finish with some related remarks concerning Hamilton generators. Let us
denote the Hamiltonian vector fields

Xp = .72]};7...;...7_68)27... (178)
Let us consider a Lie algebra of such vectorfields, in the sense of Lie brackets
(X4, X5] =CPapXp. (179)
Here
(X, Y] = XY, - YPX,. (180)
There is a natural question: do exist such functions F'4 that the following holds
Xa=X(Fa), {Fa,Fp}=CPapFP. (181)

The answer is no! And this is the case with generators of the Newton group. For
semisimple group the answer is always affirmative, but for non-semisimple with
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all both embarrassing but also interesting consequences. In general instead (181)
we have only

{Fa,Fg} = CPApFp +wap,  wap= —wpa. (182)

And in the non-semisimple group it may happen (although need not) that no change
of basis may eliminate the coefficients wap.
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