
Eleventh International Conference on 
Geometry, Integrability and Quantization 
June 5-10, 2009, Varna, Bulgaria 
Ivario M. Mladenov, Gaetano Vilasi 
and Akira Yoshioka, Editors 
Avangard Prima, Sofia 2010, pp 222-231

THE GEOM ETRY OF PARTIAL DIFFERENTIAL  
HAM ILTONIAN SYSTEM S

LUCA VITAGLIANO

Dipartimento di Matematica e Informatica, Univers if à degli Studi di Salerno 
and Istituto Nazionale di Fisica Nude are, GC Salerno 
Via Fonte Don Melillo, 84084 Fisciano, Italy

Abstract. Partial differential Hamiltonian systems have been recently intro
duced by the author in arXiv:0903.4528. They are field theoretic analogues of 
Hamiltonian systems on abstract symplectic manifolds. We will present here 
their main geometry, consisting of partial differential Hamilton equations, 
partial differential Noether theorem, partial differential Poisson bracket, etc..

1. Introduction

Lagrangian mechanics can be naturally generalized to first order Lagrangian field 
theory. Moreover, the latter can be presented in a very elegant and precise algebro- 
geometric fashion [12]. On the other hand, it seems to be a bit harder to under
stand what the most “reasonable, unambiguous, field theoretic generalization” of 
Hamiltonian mechanics on abstract symplectic manifolds is. Actually, there exists 
an universally accepted field theoretic version of Hamiltonian mechanics on the 
cotangent bundle T*Q  of a configuration manifold Q, i.e., multisymplectic field 
theory on the multimomentum bundle of a configuration bundle. However, T*Q  
is just a very special example of (pre)symplectic manifold. Hamiltonian mechan
ics can (and should, in some cases [8]) be formulated on abstract (pre)symplectic 
manifolds. Similarly, it is natural to wonder if there exists the concept of ab
stract multi(pre)symplectic manifolds in such a way that Hamiltonian field theory 
could be reasonably formulated on them. In the literature there can be found some 
proposals of should be abstract multi(pre)symplectic manifolds (see, for instance, 
[1,3]). Recently, the author presented his own proposal about what should be an 
abstract, first order, Hamiltonian field theory, and called it the theory of partial
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The Geometry of PD hamiltonian Systems 223

differential (PD in the following) Hamiltonian systems [14]. Unlike most mul- 
tisymplectic field theories, a PD Hamiltonian system encodes both the kinematics 
and the dynamics which appear as just different components of one single geomet
ric object. Notice that this idea is already present in literature [10]. However, our 
formalism differs from the one in [10] in that it is adapted to the fibered structure of 
the “manifold of field variables”. In this paper we present the main geometry un
derlying the theory of PD Hamiltonian systems. We will omit the proofs referring 
to [14] for them.
Let P  be a smooth manifold, . . . ,  x l , . . . ,  y a, . . .  coordinates on it, X  a vector 
field and F  : P\ — > P  a smooth map of manifolds. In the following we put 
. . . ,  di := J L , . . . ,  da :=  __ The graded algebra of differential forms on P
is denoted by A (P) =  0 fe A k(P ), A k{P) being its k-th homogeneous component, 
i.e., the space of differential fc-forms on P. We denote by d (respectively %x, L x)  
the exterior differential (respectively the insertion of X  into, the Lie derivative 
along X  of differential forms). Moreover, we denote by F* : A (P) — > A (Pi) 
the pull-back. If F  is a vector space, we denote by A* F  =  0 fe AkV  its exterior 
algebra, AkV  being the k-th exterior power of V. We put in square bracket skew- 
symmetrized indexes, for instance Â aB b̂ means ^(AaB b — A bB a). Finally, we 
will always understand the sum over upper-lower pairs of repeated indexes.

2. Affine Form s on Fiber Bundles

In this sections we define what we call affine forms on fiber bundles. The intro
duction of affine forms can be motivated as follows. In Hamiltonian mechanics 
motions are curves on a manifold and velocities are tangent vectors. In their turn, 
tangent vectors can be inserted into differential forms and, in particular, a symplec- 
tic one, and the Hamilton equations can be written in terms of such an insertion. On 
the other hand, in field theory motions are sections of a fiber bundle a  : P  — > M  
and velocities are points in the first jet space J xa  of a. In their turn, points of J 1a  
can be inserted into affine forms and, in particular, a PD Hamiltonian system, and 
PD Hamilton equations can be written in terms of such an insertion (see Section 
3). Recall now that the natural projection J xa  — > P  is an affine bundle whose 
sections are naturally interpreted as (Ehresmann) connections in a. Thus, connec
tions and affine geometry play a prominent role in the theory of PD Hamiltonian 
systems.
Let a  : P  — > M  be a fiber bundle, A the algebra of smooth, real valued functions 
on P ^ 1, . . .  ,x n coordinates on M , dim M  =  n, and y 1, . . . ,  yrn fiber coordinates 
on P , dim P  =  n +  m. Denote by Ai =  0 fe Af the (graded) differential ideal 
in A(P) made of differential forms vanishing when pulled-back to fibers of the 
projection a. For all k, Af is made of differential fc-forms w on P  that are locally
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of the form

ÙÜ =  Y u ai...ak_l_lil ...il+1dya' À • • • A d y ^ - 1- 1 A dx11 A • • • A dx%l+1 
i> o

with uia i bei ng some local functions on P , a±,. . . ,  i run over 
l , . . . , m a n d i i , . . . , i j + i =  1 , . . .  ,n.
Denote by VA =  0 fe VAfe the quotient (graded) differential algebra A (P )/A i, 
dv  : VA — > VA its differential. An element p in VAfe is locally of the form

P =  pai-a kdVyai A ••• A dvyak

with pai—ak being local functions on P  and dvp is locally given by

dVpV =  d[apai...ak]dvya A dvyai A ••• A dvy ak.

Denote by A =  0 fe Ak := 0 fe A | the A-subalgebra of A (P) generated by Aj. An 
element oj E A* is locally of the form

to =  oJp—ij.dx11 A • • • A dxlk

with ojp-if. being local functions on P . Now, let V be a connection in a. It is 
well-known that V determines a splitting E y  : VA1 — > A1 (F ) of the short exact 
sequence 0 - —> A1 — > A1(P ) — > VA1 — > 0, locally given by E y (d V|/a) =  
c\V ya ciyd _  y a  being the symbols of V. Accordingly, for any p, there
is an obvious projection py : A (P) — > VA ®a Ap, locally given by

P v M  =  A ••• A d vyaq ® dx11 A ••• A dxlp
Q

if

ÜJ =  y^ü ;q 1,...,aa,i1,...,ydyj/fll A • • • A d y  2/“" A dx11 A • • • A dxlp' E A (P).
q,p>

Now, let Q(P, a )  (or, simply, O, if this does not lead to confusion) be the (n — l)th  
exterior power of Ai in A(P ), i.e.,

O := { ail A • • • A Lüfi-i ! ^ i)  • • • ; 1 6 Ai} C A.

Denote by Oq(P, o) (or, simply, Q9) the (q +  n — l)th  homogeneous component 
of Q. Then, Q =  0  Q9 and any element uj E O9 is locally of the form

w =  dÿ“‘ A • • • A dÿ“» A d ^ X i  -  A ■■ -dÿ“»-1 A d"x

where dnx  :=  dx1 • • • dxn, dn~l Xi := ipi dnx, i =  1 , . . .  ,n , andw *^^ , 0Jai...aq̂ 1 
are local functions on P. Elements in Q are conventionally called by the author
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affine forms. Such convention can be motivated as follows. Let uj G O and V be 
a connection in a .  We define the insertion i^juj o /V  into uj as

iyuj := pv(cü) G FA  ® An. (1)

Now, recall that the set of all connections in a  is an affine space. It can be proved 
that, for any uj G Q, i^uj is affine in the argument V. For instance, if uj G O2 is 
locally given by

uj =  ujlabàya A dy b À dn~ 1x,i — Lüaà y a A d nx  (2)

then isjijj is locally given by the formula

isjuJ =  (2cü*6V| -  cüa)dyya ® dna;

which is manifestly affine in the V f’s. As a consequence, the operation defined 
in (1) is actually point-wise. Namely, let y  G P , x  =  a(|/) G M  and II C TyP  
be an n-dimensional subspace transversal to the fiber Fx := a ^ { x )  of a  through 
x. Then, it can be defined in an analogous way as in (1) the insertion ijiujy of II 
into the form uj at the point y, and ijjUJy G A mT*Fx ®R AnT*M . Finally, let a  : 
M  — > F  be a (local) section of a. For any x  G M , à(x) :=  Ta^  i m a C  Ta(xyP 
is precisely an n-dimensional subspace transversal to Fx. Denote by iàuj\a the map 
M  G a; I— > iHx)wa(x) G A*T*(x)Fx ®R AnT*M .
We conclude this section remarking that if uj G O then 1) àuj G O, 2) iyoj G O for 
any vertical vector field on P , 3) L xoj G O for any vector field X  on P  that can be 
projected to M  via a, 4) F*(uj) G Q (P i,a i)  for any bundle oi\ : P\ —  ̂ M  and 
any bundle morphism F  : P\ — > P. In particular, the exterior differential can be 
restricted to affine forms. We denote by 5 the restricted differential. Thus

Q ^  Q° Q1 -------- > Qq Qq+1 •••

is a subcomplex of the de Rham complex of P.

Theorem 1 (Affine Poincaré Lemma). Let q >  0 and uj g O9 be 5 -closed, i.e., 
ÔUJ =  0. Then, 1) if q =  0, uj is locally of the form a*  (rj) for some rj G A n -1 (M), 
2 ) i f q  >  0, then uj is locally 5 -exact, i.e., uj is locally of the form 56, 6 being a 
local element in O'7-1.

3. PD H am iltonian System s

In this section we introduce what we think should be understood as the partial 
differential, i.e., field theoretic, analogue of a Hamiltonian system on an abstract 
(pre)symplectic manifold.
Let a  : P  —  ̂ M  be as in the previous section.

Definition 1. A PD Hamiltonian system on the fiber bundle a  : P  — > M  is a 
5 -closed element uj G 0 2(P, a).
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Let 0 e  O1 be locally given by 9 =  9ladya A dn xxi — H d nx, 9la , H  being local 
functions on P. Tlien 59 is locally given by

59 =  d[a9ydya A dyb A dn~1x i -  (daH  +  di9la)dya A dnx.

Similarly, let u  e  O2 be locally given by (2), then 5lu is locally given by

5üJ = d [au lc]dya A dyb A dyc A dn_1a?i +  {diUlab -  d [au b])dya A dyb A dna;

so that LO is a PD Hamiltonian system iff

d[a l̂c] =  0, diUlab =  d[au b] (3)

or, which is the same (see Theorem 1)

“4  =  V I ] ,  Ua =  daH  +  Ô &  (4)

for some 0*, H  local functions on P.
Let U) be a PD Hamiltonian system on a. We can search for some (local) sections 
a  : M  — > P  oî a  such that

—  0. (5)

Definition 2. Equations (5) are called the PD Hamilton equations (determined by 
the PD Hamiltonian system to).

If eu is locally given by (2), then it determines PD Hamilton equations which are 
locally given by

2 u lbdiyb = u)a. (6)
Conversely, a system of PDEs in the form (6) is a system of PD Hamilton equa
tions for some PD Hamiltonian system iff the coefficients ujlab, uja satisfy (3) (or, 
which is the same, (4)). Notice that, in view of (6), a general PD Hamiltonian 
system lu encodes both “kinematical information”, which can be identified with 
the coefficients and “dynamical information”, which can be identified with the 
coefficients u a. However, the two cannot be disentangled since “they mix under 
a general change of coordinates”. Notice also that, when n =  1 and the 0*’s are 
zero, then Equations (6) reduce to Hamilton equations of a Hamiltonian system 
with Hamiltonian H  on a suitable (pre)symplectic manifold.
Searching for solutions of PD Hamilton equations of a PD Hamiltonian system cu 
on a , we could proceed in two steps

1. search for a connection V in o  such that iycc =  0
2. search for flat sections with respect to V.

However, the first problem needs no to possess solutions. Therefore, in general, we 
are led to weaken it and search for connections V i in a subbundle P\ c  P  such that 
isj1uj\p1 =  0 (here uj\p1 denotes the restriction of uj to Pi). As shown in the next 
theorem, there is always an “algorithmic” way to find a maximal subbundle a' :
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P' — y M o f a  such that the equation i^/cu\p/ =  0 admits at least one solution. 
We refer to the above mentioned “algorithm” as the PD constraint algorithm 
(see also [4,8]), since it is the PD version of the standard constraint algorithm in 
Hamiltonian mechanics.

Theorem 2 (Existence of a PD Constraint Algorithm). Let u  be a PD Hamiltonian 
system on a. For s > 0 define recursively (if possible)

P(s+i) •= {y  G P(s) ; inwy =  0 for some n-dimensional subspace n  C TyPs 
transversal to Fa (y)} C P

a(s+1) :=  a|P(s+1) : Ps+1 — y M

where P ^  := P, :=  a. Then there exist a subbundle a' : P' — y M  of a 
and an so such that P ^  =  P' for all s  >  so- Moreover, a' is a maximal subbundle 
such that is7'to\p/ =  0 for some connection V  in a

Notice that P' as in the above theorem can be empty and, in this case, PD Hamilton 
equations do not possess solutions. Moreover, the image of any solution of the PD 
Hamilton equations is contained into P ' . The converse is, a priori, only true for 
n  =  1. Namely, we may wonder if for any y  e  P ' there is a solution a  of the 
PD Hamilton equations such that y  G im a. We know that there is a connection 
V  in P' which is “a solution of PD Hamilton equations up to first order”, i.e., 
i^jiuj\pi =  0. Flat sections with respect to V ' are clearly images of solutions of 
the PD Hamilton equations. If n =  1, V ' is trivially flat and Frobenius theorem 
guarantees that for any y E P ' there is some flat section (with respect to V ') 
“through y”. The same is a priori untrue for n  >  2.

4. PD Noether Sym m etries and Currents

The multisymplectic analogues of Hamiltonian vector fields and Poisson bracket 
in symplectic geometry have been longly investigated (see, for instance, [5,9,11]). 
We here present the natural definitions for general PD Hamiltonian systems. Notice 
that our definitions have actually got a dynamical content, not only a kinematical 
one, so that, for instance, we can prove a PD version of (Hamiltonian) Noether 
theorem.
Let ùj be a PD Hamiltonian system on the bundle a  : P  —  ̂ M . In the following 
we assume a  to have connected fibers.

Definition 3. Let Y  be a vertical vector field on P  and f  G 0°. I f iy u  =  Sf, then 
Y  and f  are said to be a PD Noether symmetry and a PD Noether current of uj 
(relative to each other), respectively.
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Denote by <S(cü) and C(w) the sets of PD Noether symmetries and PD Noether 
currents of uj, respectively. A PD Noether symmetry Y  (relative to a PD Noether 
current / )  is a symmetry of cu in the sense that

Ly-jJ =  iySüJ +  SiyOJ =  ôôf =  0.

The next theorem clarifies in which sense a PD Noether current is a conserved 
current for u.

Theorem 3 (PD Noether). Let f  G C(lu), a be a solution of the PD Hamilton 
equations, and E C M  an hypersurface. Then a*{f)  is a conserved charge, 
i.e., it is independent of the choice of Y in a homology class.

We are now in the position to introduce a Lie bracket among PD Noether currents.

Theorem 4. Let ¥ ± ,¥ 2  G <S(cu) be PD Noether symmetries relative to the PD 
Noether currents / 1 , /2  G C(lü), respectively. Then we have [Yi, I 2] G <S(cu), /  := 
Ly1f 2 £ C(lü), and they are relative to each other. Moreover, f  is independent 
of the choice of Y\ among the PD Noether symmetries relative to the PD Noether 
current f y  Finally, the ^-bilinear map

C(u) x C(u) 3 ( / i , / 2) i— ► { / 1 . / 2} := w , h  e  H(u)

is a well-defined Lie bracket.

We call PD Poisson bracket the Lie bracket among PD Noether currents.
PD Noether symmetries and PD Noether currents of a PD Hamiltonian system 
constitute, in general, very small Lie subalgebras of the Lie algebras of higher 
symmetries and conservation laws of PD Hamilton equations, for which there have 
been given fully satisfactory definitions and have been developed many infinite jet 
based computational techniques [2], Nevertheless, it is worthy to give Definition 3 
and to carefully analyse it, independently on infinite jets, in view of the possibility 
of developing a “(multi)symplectic theory” of higher symmetries and conservation 
laws (see, for instance, [13]).
Let us now focus on PD Noether symmetries relative to the trivial PD Noether 
current 0 G C(lu). We call such symmetries trivial. Indeed, from a physical point 
of view, they are infinitesimal gauge transformations and therefore should be quo- 
tiented out via a reduction of the system. Now on we assume, for the sake of sim
plicity, that uj is an unconstrained PD Hamiltonian system, i.e., there exists at least 
one connection V in a  such that i y u  =  0. As a further regularity condition, we 
assume that trivial PD Noether symmetries span a smooth (vertical) distribution G 
on P , whose leaves form a fiber bundle P  over M , with projection at : P  — > M , 
in such a way that the canonical projection p : P  —  ̂ P  is a smooth bundle itself. 
The last condition is always fulfilled at least locally.
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Theorem 5 (Gauge Reduction). There exists a unique PD Hamiltonian system to 
in a  such that 1) to doesn’t possess trivial PD Noether symmetries, 2) to =  p*(u5), 
3) a (local) section a of a  is a solution of the PD Hamilton equations determined 
by to iff p o a is a solution of the PD Hamilton equations determined by to.

5. Two Exam ples

Standard examples of PD Hamiltonian systems come from Lagrangian field theory. 
As a first instance, consider the PD Hamiltonian system

a; :=  T ^ 1(Sî  -  T _2u V )d u i  A (du A d -  Ujdnx)

where T  :=  \ / l  +  S^UiUj, d is the Kronecker symbol, i , j  =  1,2, and u1 =  
S^Uj,  on the bundle

(x 1, x 2, u , u 1, u 2) i— > ( x 1^ 2). (7)

The PD Hamilton equations read

{Sy — T ~2ului)djUi =  0, diU =  Ui 

which are equivalent to the minimal surface equation.

Theorem 6. A vertical vector field Y  with respect to projection (7) and f  G 0°  
are a PD Noether symmetry and a PD Noether currentfor to, relative to each other, 
respectively, iff

Y  =  U £ ,  f  =  U T ^ iu ^ d x 1 -  Uldx2) +  dB

where U =  const and B  =  B ( x 1, x2). Moreover, the PD Poisson bracket deter
mined by to is trivial.

Finally, we provide an example of gauge reduction of a PD Hamiltonian system. 
Let M be the Minkowski space. In particular, M is endowed with the metric g :=
gijdxld x f  i , j  =  1 , . . . ,  4, where

/  1 0 0 0 \
0 1 0  0 
0 0 1 0  ‘

\ 0  0 0 - l  )

In the following we will raise and lower indexes using g. Consider the cotangent 
bundle tt : T *M 3 A idxl \̂ xi ^  i— > (x1, . . . ,  x4) E M and let

a  := tti : (x1, . . . ,  x4, . . . ,  A i , . . . ,  A i j , . . . )  3 J lrK i— > (x1, . . . ,  xn) E M

be its first jet bundle. The differential form on J l %

to :=  d A^'^ A ( Ai j dnx — 2d Ai  A dn~4Xj)

\9 i j )



230 Luca Vitagliano et ai

is an unconstrained PD Hamiltonian system on a  whose PD Hamilton equations 
read

dkA ^  =  0 , d[jAi] = A ^ ,  i , j  =  1,  - - - ,  4 
which are equivalent to Maxwell equations for the vector potential. Notice that

G =  ( • • •>m -  +  8377’ •••) ‘
Moreover, leaves of G  are given by A ^  =  const. We conclude that the bundle 
J l Tt “reduces” via

p : J 4ti — ► T *M x m A2T*M ~  R 14

{x ..................... -A,;.........A i j , . . . )  I y ( x .........X , . . . ,  A i , . . . ,  Fij , . . . )

where Fij =  F[ÿ], p*(Fy ) := 2Ay^  and oj =  p*(tu), with

a) := l d F i j (Fjidnx  -  4dA d A
which is a PD Hamiltonian system without trivial PD Noether symmetries on the 
bundle

a  : R 14 3 (x1, . . . , x 4, . . . , A i , . . . ,  F ÿ , . . . )  i— > (x1, . . . ,  x4) E M 

whose PD Hamilton equations read

dkF'k =  0, öyA,., =  2 Fj, 

which are just Maxwell equations for the field strength.
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