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Abstract. We develop the Fourier transform interpretation of the inverse 
scattering method for nonlinear integrable evolution equations associated 
with a Z3 reduced Zakharov-Shabat system for the Lie algebra sl(3, C).
A simple representative of this integrable hierarchy is the well-known Kaup- 
Kupershmidt equation. Our results admit a natural extention for nonlinear 
equations connected to a deeply reduced Zakharov-Shabat system related to 
an arbitrary simple Lie algebra.

1. Introduction

The Kaup-Kupershmidt equation (KKE) is a 1 +  1 nonlinear evolution equation

8,1 =  S ) , /  +  10/ s J /  +  25 +  20 (1)

where /  e  C*00/®2). It is integrable by means of the inverse scattering method: it 
is related to a third order spectral problem [11]

(d'^s + 2  J dx + dxJ)y  =  A 3t/

for some smooth function y ( x , t, A). It can be easily transformed into a first order 
one [5] but related to the algebra sl(3, C)

( n 0 0 \  /O  1 0 \
0 0  0 , « 7 =1  0 0 1 I

o o - « /  v l o o /

with some additional symmetries imposed and for an appropriately chosen new 
dependent variable u. Thus a system of the Caudrey-Beals-Coifman (CBC) type 
occurs. This is a typical situation when transforming a scalar differential operator

‘Reprinted from JGSP 19 (2010) 73-86.
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200 Tihomir Valchev

of order n  to a n  x n  matrix one, see [4], The spectral theory, the direct and 
inverse scattering transform for such systems have been worked out [1-3,7] and 
more recently [9],
This report is to contribute to the above mentioned results on CBC systems: its 
main goal is to demonstrate how the generalized Fourier interpretation of the in
verse scattering method (ISM) for the equations of the Kaup-Kupershmidt hier
archy can be achieved. This is a particular case of the more general problem to 
work out the generalized Fourier formalism for CBC systems associated with an 
arbitrary simple Lie algebra. In realizing our goal we are applying purely alge
braic and analytic methods: “squared solutions” and recursion operator A to CBC 
system. The “squared solutions” form a complete set and thus they generalise 
usual exponential functions in the Fourier analysis. The derivative operator idx to 
whom exponents represent eigenfunctions is to be replaced then by the A-operator. 
The integrable hierarchy of KKE can be conveniently described in terms of the 
A-operator.

2. Som e Facts From the Theory o f Solitons

We are going to briefly outline some basic concepts and results from the theory of 
integrable systems and introduce notation to be used further on in the text. For a 
more detailed introduction we refer to [13,15] (see also [6]). The nonlinear evo
lution equations (NEE) under investigation represent the compatibility condition 
of two linear differential operators (Lax operators)

L{A) =  idx +  U (x , t, A) =  idx +  q(x , t) -  A J  (2)
N

M { A) =  idt +  V(x ,  t, A) =  idt + Y ,  Vfc(*, t )xk  0 )
k= 0

which holds true identically with the spectral parameter A. The functions q and 14 
take values in a complex simple Lie algebra q while J  is chosen a real constant 
element of its Cartan subalgebra f) c 0 (for more detailed explanations on the 
theory of Lie algebras we refer the reader to the book [10]). We require also that 
the potential q fulfills a zero boundary condition

lim \x\lq(x, t )  = 0, for all l > 0. (4)
x —>±oo

The interpretation of the inverse scattering method as a spectral transform is real
ized in several steps. The first step consists in associating to a NEE the spectral 
problem L(X)ip =  0 which in our case (see (2)) is called generalized Zakharov- 
Shabat system. Its fundamental sets of solutions1 ip take values in the group G 
corresponding to the algebra 0. Due to the requirements imposed on J  and q the

^For simplicity we are going to refer them just fundamental solutions.
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continuous spectrum of L  coincides with R in the complex A-plane. A special type 
of fundamental solutions are the so-called Jost solutions

lim ip±(x,t ,  X)elXJx = 11 (5)
x —>±oo

defined only for A G 1 . The transition matrix between the Jost solutions is called 
scattering matrix

ip^(x, t, A) =  ip+(x, t, A)T(t ,  A), A g R.

The quantity
f(A) =  lim V( x , t ,  A)

x —>±oo

bears the name dispersion law and determines the evolution of the scattering data 

idtT  +  [f(A), T \ =  0 =* T ( t , A) =  eif(A)*T(0, A)e-if^ .

This information underlies ISM which allows solving the Cauchy problem for a 
NEE. From now on we shall skip the time dependence in all quantities in order to 
simplify our notation.
In order to construct a generalization of the usual Fourier transform one needs fun
damental solutions to possess analytic properties beyond the continuous spectrum 
of L,  i.e., the real axis. These can be constructed starting from the Jost solutions 
by using the Gauss decomposition of the scattering matrix

x*(* ,A ) =  *-(* ,A )S ±(A ) =  4’+ { x A ) T = ( \ ) n = (  A) (6)

where
T{  A) =  T - ( X ) D +(X)S+(X) = T +(X)D-(X)S- (X) .

Hence x + and x -  are solutions to a local Riemann-Hilbert problem2

X + ( x ,  A) =  X~(x,  A)G(A), A g i . (7)

NEEs whose Lax operators are obtained from generic ones after imposing certain 
algebraic consraints are of primary interest in the theory of solitons due to their 
potential physical applications. Formally speaking the presence of algebraic con
straints can be viewed as an action of some finite group G r  called reduction group 
on the set of fundamental solutions {ip(x, A)} as given below [12]

%[ip(x,K,( A))] =  tp(x,X).

% stands for a group automorphism and k : C —> C is a conformal mapping. The 
requirement of G^-invariance of the linear problem Lip =  0 yields to certain sym
metry conditions on U (and therefore on V). Let us illustrate this in the following 
example.

Strictly speaking solutions to a local Riemann-Hilbert problem are the auxiliary functions 
^  (x,  À) =  (x i A)elÀJæ since they satisfy the normalization condition liniA->.oo ^  (x i A) =  1 .
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Example 1. Coxeter type reduction for sl(r +  1, C).
Impose the Z r+ i reduction condition

C[tp(x, «(A))]C_1 =  tß(x, A)

where
2î r -,

k, : A —¥ cüA, cü =  e r+1, C  =  d iag(l, to . . . ,  ujr~ , ü/ ) .

Thus the symmetry conditions for U and V  read

CU( x , ujX)C ^1 =  U(x,X)  =* =  g(a;), ujC J C ^ 1 =  J  (8)

C,F(s,ajA )C '"'1 =  F (a;, A) ^  =  u ~ kVk{x). (9)

Consequently g(a;) and J  have the form
T

Q 'y Qk^ki J  y  E q,
fc=l a£.A

where if* for k = 1 , . . .  , r  and E a for any root a  are the Cartan-Weyl generators 
for sl(r +  1, C) while A  stands for the set of all admissible roots, i.e., all simple 
roots and the minimal one. Thus we see that unlike the nonreduced case J  is not 
a Cart an element. In order to apply the general theory one should diagonalize the 
matrix J .  Its eigenvalues are complex numbers and this in turn makes the theory 
of CBC systems quite more complicated. □

3. NEE o f the K aup-K upershm idt Type

As mentioned above we are studying NEEs which belong to the integrable hierar
chy of the Kaup-Kupershmidt equation. This means that they have a Lax operator 
L  in the form

L(X)  =  idx +  q(x, t) -  X J  (10)

where q and J  belong to the algebra sl(3, C)

( u  0 0 \  /  0 1 0 \
0 0  0 , J =  0 0 1 .

o o - « /  \ i o o yIt proves to be more convenient to work with a diagonal matrix J ,  i.e., with J  being 
a Cart an element. This is why we are going to use from now on the representation 
(gauge) given below

J  =
1 0  0 \
0 uj 0 I , 

0 0 w2 /
Q =

0 cu c*u
c*u 0 cu
cu c*u 0

UJ — 1
C =

3 ( 11)
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The matrix C  involved in the Coxeter reduction (see Example 1) is presented in 
the new basis as follows

0 0 1 \
C =  I 1 0  0 . (12)

0 1 0 /
The other Lax operator is a polynomial in the spectral parameter A

N

M(X)  = idt + J 2 v k(x , t )Xk, N ^ 3 l ,  l > 0. (13)
k=0

All coefficients 14 take values in sl(3, C) and the degree N  of the polynomial char
acterises each NEE. As it was demonstrated in the example above such a Lax pair 
is obtained from the generic one by imposing Z 3 Coxeter type reduction conditions 
in the form (8)-(9) with r  =  2. In particular, the Kaup-Kupershmidt equation cor
responds to the choice N  = 5. The imaginery function u  is related to the function 
/  in (1) by the following Miura transformation

/  =  - i  dxu  +  ^ u 2.

In order to ensure so that u  is imaginery it is necessary to impose another reduction

K U H x . X ^ K - 1 =  U(x, X) ©

R V \ x ,  X*)R~1 =  V(x,X)  =. 

where

K q ^ R - 1 =  q, K ß R - 1 = J  

R V ^ ( x ) R - 1 = Vk(x)

1 0  0 
R  = I 0 0 w2

0 où 0
Our further considerations will remain unaffected by this Z2 reduction.
Any finite order automorphism acting in a Lie algebra g introduces a grading in it. 
Thus due to the action of the Coxeter automorphism sl(3, C) becomes a Z3-graded 
Lie algebra following the rule

sl(3, C) = 0° © 01 © 02, gk = { X e  sl(3) ; C X C - 1 = ujkX } .

From (8) and (9) one can convince himself that

q e  0°, J e  02, 14 G 03“ fe

hold true.
Since J  is a complex matrix (see (11)) the spectral properties of the Z3-reduced 
operator L  differ significantly from those of the nonreduced one [1-3, 7]. The 
continuous spectrum consists of six rays la (a = 1 , . . . ,  6) as shown on Fig.l 
determined by the condition below

AAa( J )  =  0.



204 Tihomir Valchev

Figure 1. The continuous spectrum of L.

With each ray la is connected a couple of roots 5a =  {± a}  to fulfill the require
ment

4  =  { « e A ;  ^sXa(J)  =  0, for all A € la}, a =  1 , . . . ,  6. (14)

For J  chosen in the form (11) this correspondence is shown in the following table

The continuous spectrum splits the A-plane into six sectors Qa. In each sector can 
be introduced an ordering of the root space by specifying which roots are positive 
(denoted by A +) and which — negative (resp. denoted by A “ ) as follows

A f  =  {a  g A ; 3(A a(J) )  ^  0, for all A <E Oa} . (15)

As a result each sector has its own fundamental analytic solution x a(x i A). The 
fundamental analytic solutions of adjacent sectors are solutions to a generalised 
Riemann-Hilbert problem

Xa(x , A) =  x <1̂ 1(x j A)Ga(A), A E la- (16)

The sewing functions Ga( A) can be expressed by the analogs of the Gauss factors 
(compare with (6))

G“( A) =  5-(A)S„+ (A) =  D ; ( X ) T - ( X ) T - ( X ) D : ( \ ) . (17)
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It can be proven [7] that the Gauss factors read

5 j(A )  =  exp  ( Y  s t ß E ±ß ) i 
V3£A+

D i  =  exp ( Y
J =1

(18)

Ta ( A) =  exp  ( Y  l %ßE ±ß
V/9ÉA+

\

/
D a =  exp ( Y da,jWo(H j)  )• (19)

J =1

4. G eneralized Fourier Transform for K aup-K upershm idt Type 
Equations

The role of the usual exponents in the formalism we are describing is played by 
the so-called squared solutions. One can construct them by using the fundamental 
analytic solutions of the generalised Zakharov-Shabat system

elS \ x , \ )  = -K [*“ (;>;, A)Ba (x“ (.x, A ))-1]

Ä'“, (.x,A) =  7r[x“ (.x,A)H;,(xa (.x,A))-1]

where tt : sl(3) —»• s l(3 )/k e r(ad j) . Next theorem holds true [14].

Theorem 1. The squared solutions form a complete system with the following 
completeness relations

6
&(x -  J/)n =  T £ ( _ 1)°+1 f  dA[4 “>(.x,A)

W a= 1 Jla

f a )
^-ßa (y ,A)

a=1 na

(20)
O

-  (x, A) <g> (y, A) - ' ^ Y Y l  G (a)(x ,y ,X )
J _ À—Xr,

where XUa G Oa are discrete eigenvalues o f L  and

G (a)(x,y, A) =  Y  e£a)(a:,A) <g> I l  =  Y-(a){y,  A), u  =  X ^ E ß a A E  ßa

a£At a=l ßa{J)

Due to the existence of grading in sl(3) the squared solutions and the Weyl basis 
have the representation

ea =  ea,0 +  ea,l +  ea, 2, E a =  E a p  +  E a \̂ +  E ap.

All projections above can be obtained by using “averaging” procedure with Cox- 
eter automorphism like in the following example

i  3
Ea.k =

1=1

k = 0 , 1, 2 .
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Thus one is able to write down single completeness relations also for the compo
nents of the “squared solutions”

â ( z - ÿ) n t = 2 - £ ( _ i ) * * i  f  AX
71 a =  1

e- L  ,3- k (y ^x )

e% S (x >A) ® et J - k ( y > A) - î Gk } v>A)
(a —1) (a).

a= 1 na X=Xr,

where

y , X ) = E  $ ( * ,  A)® e % _ k(y, A), IU = £  A E~ ^
a = 1 ß a { J )

As a result any function X  E Qk can be expanded over the squared solutions, 
namely

*  =  f  AX
a= 1 Jla

- i E E E  ( x ^ „ ^ “L , w + x w „ 4 “L (
a=l na a£A+

(21)

x

The components of X  are given respectively by the expressions

4 ?  (A) = X g i  = p (_a’,3_fc,„„(ÿ),X(ÿ)]]

x % ! ] (A) = [[<&-*(». A) > -Y(ÿ)], XL% = [[e% -k,n, (y), -Y(j/)]].

We have introduced above the following auxiliary notation

(a)p v *a,k,na

.(a)P ' a,k,na

(x) =  lim ( A -  Xna) e ^ h x , X )
A^A

(®) =  I™  9x ( X -  Xna)eGl ( x , X ) .
À —¥Àn

The bracket

/DO

dx(X,  \J,Y})
-DO

is the so-called skew-skalar product and {.,.) stands for the Cartan-Killing form.
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Example 2. The following expansion holds true

a d j 1[J" ’ï, =  2lÆ (~ 1)(“’ 1)'3<‘(J 'T) /  dA +  V f t Ä a - * )
“=1 “ (22)6

- i W  V  (n(a) e(a) + > )  é(a) 1/ > / y / y I V-a,na , l —a  a , n a ' w,«« a,fla,l- a  J  
a = l  n a a € A +

where a  =  1,2 the coefficients are given by

é<ÿna =  q{a]na =
Since all indices are taken modulo 3, Le., the expression 1 — a  equals either to 0 or 
2. The expansion coefficients are derived from the Wronskian relation

/ DO

A x r  [j °, «]v
-DO

which leads immediately to

( W W  -  j n \ ^ , E . a) =
Taking into account the construction of x a{x -> A) (see formulae (16), (17)) and the 
parametrization of the Gauss factors (18) one obtains

[[eLai(aJ ,A ),ad 7 1[J<T,g]]] =  i a ( J a)s+a

l ^ ) ( x , X ) , a d j 1[Ja,q]]] =  - i a ( J a )S- a .

By analogy, the variation of q can be expanded in the following manner

ad j 1Sq(x) = /  dA A) -  8s~ßae{̂ \ { x ,  A)) .
a=  1

The latter is obtained starting from another Wronskian relation
a r^aiDo d x x aSqxa.

□

Let us introduce the quantities

4 a) = x aE a x a =  4 °  +  4 L
to satisfy the equations

= x af f , x a h f  + f f

i a y i a) +  [ g - A j , 4 “)] =  o 

i8, J É f °  + [ q -  XJ, ■%’i a)] = 0.
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For the sake of simplicity we are going to skip the upper index a since all further 
considerations do not depend on its choice. After splitting the diagonal and off
diagonal part of the above equations we get

idxea +  w[q, ea] +  w[q, da] =  Xw[J, ea] (23)

idxda +  ( I  -  ir)[q,ea] = 0. (24)

By analogy with the very “squared” solution the diagonal parts of Sa admit an 
expansion to be compatible with the grading

da = A i J 2 +  d l J .

Substituting it into (24) one immediately gets
* Ç X

idxàua + -  tr  ([g, ea,o-\Ja) =  0 ^  C  =  ^ /  dy tr  ([q, ea] J a ) , a  =  1, 2.

On the other hand one can rewrite (23) by “components” as follows

iÖx€aß © tt[ç, Êajo] A7t[«/, e^i]

i f x
idxea,a +  -n[q,  J 3- ]  / dytY([q,ea,(T}Ja ) + ^[q,ea,a-] =

4  J ± o o

As a result we obtain

Ao^a,0 =  ACq;,1) X-aCa^a =  XCa^a+l

where

A0 =  ad j 1 (idx +  7i[q, .])

A<j =  ad J 1 j id *  +  ([g, J 3_ct]) dytr([g,  .]Ja ) +  7r[g,

Therefore we have

Aea =  A3ea , A =  A2A1A0 © A0A2A1 © A1A0A2

where each term in A acts in a different subspace (from g° to g2).
It can be verified that the integrable hierarchy of Kaup-Kupershmidt equation in 
terms of A operator reads

n  n

iad Ÿ dtq =  Y ]  C31-1 A1-1 ApA2ad j 1 [g, J 2} -  ^ e 3i_2Al_1A0g, N  = 3n -  1
1=1 1=1
n —1 n

iad ^ d tq  =  Y 2  c3i - iA 1-1 A0A2ad J 1 [g, J 2] -  ^  c3i_ 2Ai~1 A0g,
1=1 1=1

N  = 3 n - 2
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where
n

f(A) = Y ,  (C3m-lA3'”- 1 J2 + C3ra_2A3m- 2J) , C3 m  = 0.
m= 1

In particular, for the Kaup-Kupershmidt equation itself we have f(A) =  —9A5J 2 
and therefore

iad Ÿ®tq  +  9AA0A2ad j 1 [q, J 2] =  0.

After substituting the expansions of q and its variation one obtains 

ie< d & T 9 A 5;?a ( J 2) ^ A = 0  =s- SJ & (t) =  s±A (0 )ex p ( T 9ißa( J 2)A5t ) .

In the general case we have

s i ß ß ) = exp ± i ßJ J 2) Y  C3I-1 Al+1 +  ßa{J) Y  ^ -S A 1 t s t PM -

These are linearized versions of the NEE with dispersion laws f  (A).

5. Conclusion

We have realized the generalized Fourier transform interpretation of the ISM in 
the case of Kaup-Kupershmidt type equations in terms of “squared solutions” and 
recursion operators. The presence of a Z 3 symmetry leads to a Z3-grading in 
sl(3, C). As a result the completeness property of the “squared solutions” holds 
true also for their components. Due to compatibility requirements with the Z 3- 
grading the A-operator obtains a certain factorization. Thus one can describe the 
integrable hierarchy of the KKE by using the A-operator and its factors. More
over, by using expansions over the “squared solutions” one is able to obtain lin
earized versions of the corresponding NEE in terms of minimal sets of scattering 
data. Apart from describing the hierarchy of integrable NEE the A-operators gen
erate an infinite hierarchy of symplectic forms and Hamiltonians associated with 
these equations. Discussed results can be generalized for Lax operators related to 
sl(r +  1) and even related to an arbitrary simple Lie algebra. For example, the 
“squared solutions” admit the following expansion

h-1
A) — ^  A), ea^fg(xjX) G 0

k= 0

where h is the Coxeter number of the Lie algebra q. The corresponding recursion 
operator can be represented

A =  A ^ A h - 2  • • • A0 +  cycl.
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A kj =  ad  j 1 (fidx +  n [ q , .} +  m[q,  Ej] d y { [ q , .], Ej)J

if gki intersects the centralizer of J  and

A kj =  ad  j 1 (idx +  w[q,.])

otherwise. The elements E j  E  g kj and E m  E  g lm form a basis in the centralizer of 
J  and they are normalized as follows

& r n ) —  $ jr n -

In the case of sl(r +  1) these are simply certain powers of J.  Another possible 
generalization is to consider NEEs with constant boundary conditions. This class 
of NEEs currently is a subject of increasing interest, see [8].
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