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ABSTRACT. A key result in describing the asymptotic behaviour of
bounded solutions of differential equations is the classical result of
Bohl-Bohr: If ¢ : R — C is almost periodic and P¢(t) = fg ¢(s) ds
is bounded then P¢ is almost periodic too. In this paper we re-
veal a new property of almost periodic functions: If 1) (t) =tV ¢(t)
where ¢ is almost periodic and P (¢)/(1 + [¢|)V is bounded then
P¢ is bounded and hence almost periodic. As a consequence of
this result and a theorem of Kadets, we obtain results on the al-
most periodicity of the primitive of Banach space valued almost
periodic functions. This allows us to resolve the asymptotic be-
haviour of unbounded solutions of differential equations of the form
dito bjul(t) = tNp(t). The results are new even for scalar val-
ued functions. The techniques include the use of reduced Beurling
spectra and ergodicity for functions of polynomial growth.
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1. INTRODUCTION, NOTATION AND PRELIMINARIES

A problem arising naturally from a theorem of Bohl-Bohr-Kadets
[21], (see also [4], [9, Sections 5, 6] and references therein) is to in-
vestigate the almost periodicity of the primitive Py when ¢ = V¢,
where ¢ : R — X is almost periodic, X is a Banach space, and N
is a non-negative integer. More generally we describe the asymptotic
behaviour of solutions u : R — X of differential equations of the form
> im0 bjul) (t) = tN¢(t) where b; € X and m € N,

We begin by introducing some notation. The function w(t) = wy(t)
= (1 + [t))Y is a weight on R, satisfying in particular w(s + ¢) <
w(s)w(t). By J we will mean R, R, or R_. A function ¢ : J — X is
called w-bounded if ¢/w is bounded and BC,,(J, X) is the space of all
continuous w-bounded functions, a Banach space with norm ||@||w.0o =

suptGRHZ((?)”. Following Reiter [28, p. 142], ¢ is w-uniformly continuous

if [Andllyo — 0ash — 0in J. Here Ayg denotes the difference
17
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of ¢ by h defined by Apo(t) = ¢(h +t) — ¢(t). The closed sub-
space of BC,,(J, X) consisting of all w-uniformly continuous functions
is denoted BUC,,(J, X). It is not hard to show that ¢ is w-uniformly
continuous if and only if ¢/w is uniformly continuous. Furthermore,

[Gern = Gilluy oo < w(E) l$n = @l 0 and so

if p € BUC,,(J, X) then the function

(1.1) . .
t — ¢ J — BUC,(J, X) is continuous.

When N = 0 or equivalently w = 1 we will drop the subscript w
from the names of various spaces.

As an example, note that for A\, N # 0, the function ¢(t) = tNe* is
not bounded or uniformly continuous. However, ¢ is both w-bounded
and w-uniformly continuous and so ¢ € BUC,, (R, X).

We define TP,(R,X) = span{t/e*: 0 < j < N XA € R} and
AP,(R, X) to be the closure in BUC,(R, X) of TP, (R, X).

These are natural generalizations of the spaces TP(R, X) of X-
valued trigonometric polynomials and AP(R, X) of almost periodic
functions which correspond to the case N = 0.

Suppose now that v’ = 1 where u € BUC,,(R, X), ¢ € AP, (R, X)

and X 2 ¢y, that is X does not contain a subspace isomorphically
isometric to ¢y. Kadets proved that necessarily v € AP, (R, X) when
N = 0. However, the following example shows that this is not the case
for general N. Indeed, we will show below that the general case is more
delicate.
Example 1.1. Take X =C, N=1, w(t)=1+[t|, ¥ (t) = 5 coslog w(t)
and u(t) = w(t)coslogw(t) + sw(t)sinlogw(t) — sinlogw(t) — 1.
Then uw € BUC,(R,X), v € AP,(R,C) and u' = . However,
ué¢ AP,(R,C).

The proof of this assertion requires some further theory and will be
given in Remark 4.4.

2. SOME FUNCTION SPACES.

In [12] a function ¢ : J — X is called Maak-ergodic with mean
M¢ = x € X (see also [25], [19], [20], [11]) if for each ¢ > O there is
a finite subset F' C J with ||Rp¢ — )| < € where Rp¢ = ﬁ Y er Ot
Moreover E(J, X) is the closed subspace of BC(J, X) consisting of
Maak-ergodic functions and Ey(J, X) = {¢ € E(J,X) : M¢ = 0}. If
M : E(J,X) — X is the function ¢ — M¢, it follows that M is linear
and continuous and E(J, X) = Ey(J, X) & X.
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In [12] we also defined a notion of ergodicity that applies to un-
bounded functions. This ergodicity differs from both that of Maak and
that of Basit-Giinzler [9]. Indeed, the space of w-ergodic functions is
defined by E,(J,X) = { ¢ € BC,(J,X) : ¢/w € E(J,X)}. Both
E,(J,X) and Eyo(J, X) ={¢ € E,(J, X) : M(¢/w) = 0} are closed
subspaces of BC,,(J, X). It is convenient to introduce an even larger
class. For this we need P, (J, X) the closed subspace of BC,,(J, X) con-
sisting of polynomials on J with coefficients in X. We shall say a func-
tion ¢ : J — X is w -polynomially ergodic with w-mean p € P,(J, X)
if (¢ —p)/w € Ey(J, X). The space of all such ¢ is denoted PE,,(J, X)
and satisfies PE,,(J, X) = Eyo(J, X)+P,(J, X). For N # 0 a w-mean
is not unique and this last sum is not direct.

Of course P, (J, C) is finite dimensional and so PE,,(J,C) is a closed
subspace of BC,,(.J, C). Moreover, we can choose a subspace PY(.J, C)
of P,(J,C) such that PE,(J,C) = E,o(J,C)® PM(J,C). The (con-
tinuous) projection map M, : PE,(J,C) — PM(J,C) then provides a
unique w-polynomial mean M, (¢) for each ¢ € PE,(J,C). Now set
PM(J,X) = PM(J,C) ® X and define M, : PE,(J,X) — PM(J, X)
by M, (¢) = Z?Zl M, (p;)®z; where ¢ € PE,,(J, X) has w-polynomial
mean p = Z?lej ®@xz; € Py(J,C) ® X.

Proposition 2.1. The map M, : PE,(J,X) — PM(J, X) is well-
defined and continuous. Moreover, for each ¢ € PE,(J, X), My(®)
1s a w-polynomial mean for ¢ and for each of its translates. Finally,
PE,(J, X) is a closed translation invariant subspace of BCy(J, X) and
PE,(J,X) = Euo(J,X) @ PM(J, X).

Proof. Let ¢ € PE,(J,X) have means p = Z?lej ® z; and ¢ =
> 14 ®@y;. Then p —q € Eyo(J, X) and so 2% o (p — q) € Eyo(J,C)
for all z* € X*. Hence M, (z*o(p—¢q)) =0 = x*o(Zle M, (p;)®@x;—
S My(q;) ® y;) which gives 325 My (pj) @ 25 = 320 Mu(q) @y
showing M, is well-defined. Also, p; — M, (p;) € Eyuo(J,C) and so
by Lemma 2.2(a) below p — M,(p) € E,o(J,X). Hence M,(¢) is

a mean for ¢. Moreover, [|z* 0 My(9)|l, = [Mu(z0 )|, <

cllz”odlly o = csupey llz” o o) fw(t) < cllz*[||[4ll, - Hence,
" 0%y, 00

MO < € 8lune where 91l = supprex- Zoem for

P,(J,X). By Lemma 2.2(b) below, M, is continuous. If (¢,) is
a sequence in PE,(J, X) converging to ¢ in BCy(J, X), let p, =
M,(¢n). Then (p,) converges to some p € PM(J, X) and so (22-E»)
converges to % in BC(J,X). By the continuity of the Maak mean
function, M(22) = 0 and so PE,(J, X) is closed. That PE,(J, X) =
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Euo(J,X) + PM(J,X) is clear and that the sum is direct follows
from the Hahn-Banach theorem. Finally, for each t € J we have
¢* A*¢ + ¢ P and so, by Lemma 2.2(c) below, p is a w-polynomial
mean of gzﬁt and PE,(J,X) is translation invariant. O

Lemma 2.2.
(a) If p € Py(J,X) and xz* op € E,o(J,C) for each z* € X* then
p € Eyo(J, X).

(b) On Py,(J, X) the norms ||8],, o, and |[|¢]|] = supy.cx- 120 w00

‘ (|1l
are equivalent.

(c) If € BCW(J, X) then Avp € Eyo(J, X) for allt € J.

(d) If p € PE,(R, X) has w-mean p, then ¢|; € PE,(J, X) and ¢|;
has w-mean p|;.

() Pu(J, X) C BUC,(J, X).

(f) Let ¢ € BUC, (R, X), f € LL(R) and suppose ¢|; is w-polyno-
mially ergodic with w-mean p|; where p € P,(R, X). Then (¢ x f)|; is
w-polynomially ergodic with w-mean (p * f)|; .

Proof. (a) We can choose qi, ..., gm € P,(J,C) and linearly independent
unit vectors xy, ..., x,, € X such that p = 27:1 ¢; ® ;. Also choose
unit vectors xj € X* such that <x;‘,x,> = 0;;. Given ¢ > 0 there
are finite subsets Fj of J such that ||Rp;(z} o p/w)|| < e/m. Setting
F=F+..+F, we find

|Rr(p/w)l| ZRF gi/w) @ x;

< D lIRr(g/w)]
J:

= Z | Rr( 5 op/w)|| < Z HRF](SL’; op/w)|| <e.

This proves that p € Ey, o(J, X)
(b) Let {p1,...,px} be a basis of P,(J,C) consisting of unit vec-
tors for the norm ||pll, . If p = 25:1 cjpj, where ¢; € C then

1Pl 00 ~ Zle llcjll, ~ denoting equivalence of norms. Every ¢ €
P,(J, X) has a unique representation ¢ = Zle p; ® xj, where z; €
X, and by the closed graph theorem, |9, ., ~ 2521 |z;||. Hence,
lolll = sup | S5y ps )| /el < Sy sl ~ 16l Con-

versely, choose jo such that ||z;|| < |zj,|| for each j. Then choose
z* € X* such that (z*, z;,) = ||z, and ||z*|| = 1. Hence,
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(c) We have 22 = A,(2) + (2),22% where Ay(2) € Ey(J, X) by [11,
Proposition 3.2] and (£),2: € (J, X).
(d) We prove the case J = R+ Given € > 0 there is a finite subset

F={t, ..t Ly (R) (¢ 4 1) H <ecforallt € R,

choose u;,v; € R+ such that ¢; = u; —v;. Let v = v; + ... + v, and set

sj=1t;+v. Sos; € Ry and H% Z;n:l(%)(sj + t)H <ceforallt e Ry.

(e) Given p € P™(J,X) we may choose p; € P*(J,X) and ¢; €
P"(J,C) with ¢;(0) = 0 such that Aup(t) = Y5 p;(t)q;(h) for all
hyt € J. Hence || App(t)|| < cw(t) Y27, |a;(h), where ¢ = sup; [[p;]],, o
and so p € BUC,(R, X).

(f) If x is the characteristic function of a compact set K C R then
(¢ —p)* x(s) = [_j (& —p)u(s)dt for each s € R. But for each ¢ € R,
(¢ —p)e = A(¢d —p) + (¢ — p) and so by (c), (¢ —p)ils € Ewo(J, X).
Also, by (e), ¢ —p € BUC,(R, X). By (1.1), the function t — (¢ —
p)els : R — Eyo(J, X) is continuous and hence weakly measurable and
separably-valued on —K. The integral [ (¢ — p)¢|sdt is therefore a
convergent Haar-Bochner integral and so belongs to Ey,o(J, X). As
evaluation at s € J is continuous on £, o(J, X)) we conclude that ((¢ —
p)* X)|s € Eywo(J, X). Hence also ((¢ —p) *x0)|; € Eyo(J, X) for any
step function o : R — C By [28, p. 83] the step functions are dense in
LI (R) and so ((¢ — p) * f)|s € Ewo(J, X) for any f € LL(R). O

?vl»—l

The difference theorem below, included here in order to characterize
E,(J,X) will also be used later. We use the notation C,o(J, X) =
{wg : £ € Cy(J, X)}, clearly a closed subspace of BUC,,(J, X).

Theorem 2.3. Let F be any translation invariant closed subspace of
BC,(J,X). If ¢ € PE,(J,X) has w-mean p and Ny € F for each
ted, then —peF + Cuo(J, X). If alsow =1, then ¢ —p € F.

Proof. For any finite subset F' C J P _Rp(£P) = —ﬁ S er Au(£2)

and so ¢ —p = wRp(%F) — T Lter Db + 1 Yorer(TE)eAvw +
\Tll > ier Ap. The first term on the right may be made arbitrarily
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small in norm by suitable choice of F. The second term is in F by
assumption, the third and fourth terms are in Cy,o(J, X) since Asp,
Aww € Cyppo(J,X) for t € J. If w = 1 then Ayw = Ayp = 0 which
shows ¢ —p € F. O

We are now able to characterize w-polynomially ergodic functions.
Denote by D,, o(J, X) the closed span of {A;¢ : t € J, ¢ € BC,,(J, X)}U
Cuwo(J, X) and by D, (J, X) the closed span of {Ay¢p : t € J, ¢ €
BCu(J, X)}.

Corollary 2.4. E,,o(J, X) = Dyo(J, X). Ifw =1, then D, o(J, X) =
Dw(JaX) = EO(JaX)

Proof. Since Cyyo(J, X) C Eyo(J, X), by Lemma 2.2 (¢) and the closed-
ness of Ey,o(J, X), we have D, o(J, X) C Eyo(J, X). Conversely, let
¢ € Eyo(J,X). Then Ay € D, (J, X) for all t € J and by Theorem
2.3, ¢ € Dyo(J, X). If w=1, then for any ¢ € Cy(J, X) and any
finite subset F of J, we have ¢ = —|—}m| Y orer A+ Rpt. As [|[Rpl|,, o
may be made arbitrarily small, we conclude that v € D, (J, X) and
hence Dy, o(J, X) = Dy(J, X). O

We conclude this section with a characterization of AP, (R, X).
Theorem 2.5. If N > 1, then AP,(R, X) = tVAP(R, X)®C,, o(R, X).

Proof. Note firstly that the sum on the right is direct. For suppose
Ny + & = tNhg + & for ¢; € AP(R,X) and & € Cypo(R, X). Set
g(t) = 1+ 1)V =tV and J = Ry. Then (1 — )]s = 4 (& — & —
qa + q)|s € Co(J, X). This is impossible unless ¢y = 1, (see [31]
or [5, Proposition 2.1.6). The sum is also topological. For suppose
bn = tNih, + &, where ¥, € AP(R,X) and &, € C,o(R, X) and
(¢n) converges to ¢ in BC,(R, X). Then 22|, = o, |; + 222 |; €
AP(R, X)|; & Co(J, X). But this last sum is a topological direct sum
(see [5, 31]) and so (¢,|s) converges to v|; for some 1) € AP(R, X).
Hence (¢,,) converges to ¢ in AP(R, X) and (tN wn) converges to tN
in AP, (R, X). It follows that (§,) converges to some £ in Cy (R, X)
and that ¢ = tV¢ + £

Next, given ¢ € AP,(R,X) we may choose a sequence (m,) C
TP,(R, X) converging to ¢ in AP,(R, X). But m, = tN, + &, where
Y, € TP(R, X) and §, € Cyuo(R, X). It follows from the previous para-
graph that ¢ = V1) + & for some 1 € AP(R, X) and £ € C,0(R, X).

Conversely, let ¢ = tN¢ + £ for some p € AP(R,X) and ¢ €
Cuwo(R, X). We may choose o, € TP(R, X) such that ||¢(t) — a,,(2)]| <
L (see[1, (1.2), p. 15] or [23]). Moreover, & € Co(R, X) and [|£(s)]| <
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[€]]o0..o (s) for all s. Hence we may choose t, > 0 such that [|£(1)]| <
Law(t) for all |t| > t,. Then choose ¢, > t, such that ||¢]|_ , w(t,) <
Lw(t,). It follows that [|£(¢)]] < Zw(t) and [|€(s)] < 1w( n) for
all |[t| > t, and all |s| < ¢,. Since € is continuous we may choose
Bn € TP(R, X) such that ||£(s) — Bu(s)|| < % and ||G,(t)]| < %w(tn)%—%
for all |s| < t, and all t. Thus [|£(s) — Ba(s)|| < 2w(s) for all s. Set
7, = tNa, + 3, € TP,(R, X). Then (m,) converges to ¢ in BC,,(R, X)
and so ¢ € AP,(R, X). O O

Corollary 2.6. AP,(R, X) C PE,(R, X).

Proof. Let ¢ =tV + & where v € AP(R, X) and £ € C,,o(R, X). Set
= tN My and hy = 1) — M. Then &2 = ¢y — 22 4+ £ on R, and
L = —1y —I— Y+ £ on R_. Hence £2|; € Ey(J, X) for J = Ry or
R_ and thus 22 ¢ EO(]R X) O

o3

d

3. SPECTRAL ANALYSIS

Throughout this section we will assume that F is a BUC),-invariant
closed subspace of BC,,(J, X). A subspace F of BC,(J, X) is called
BUC,,-invariant (see [12]) if ¢|; € F whenever ¢ € BUC,(R, X),
¢|; € F and t € R. Numerous examples are provided in [12].

The dual group of R is denoted R = {, : s(t) = €' for s, t € R}
and the Fourier transform of f € L'(R) by f Vs) f f(t)ys(—t)dt

Let ¢ € BC,(R,X). The set I,(¢) = {f € LL(R ) ¢*f = O}
is a closed ideal of L!(R) and the Beurling spectrum of ¢ is defined
to be spu(¢) = cosp(ly(¢)) = {y € R : f = 0 for all v € I,(¢)}.
More generally, following [5, Section 4], the set Ir(¢) = {f € LL(R) :
(¢ * f)|; € F}is a closed translation invariant subspace of L} (R) and
therefore an ideal. We define the spectrum of ¢ relative to F, or the
reduced Beurling spectrum, to be spz(¢) = cosp (I£(¢)).

The following proposition contains some basic properties of these
spectra. The proofs are the same as for the Beurling spectrum. See for
example [17, p. 988] or [29] also [6], [15], [27].

Proposition 3.1. Let ¢,¢ € BC,(R, X).

(a) spr(dr) = spr(¢) for allt € R.

b) spr(¢ f) C spr(o) Nsupp(f) for all f € Ly, (R).
(¢ + ) C spr(d) Uspr().
(

v¢) = vspr(@), provided F is invariant under multiplication
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(e) If f € LL(R) and f =1 on a neighbourhood of spr(¢), then
spr(o % f— ) = 0.

The following theorem is proved in [12](see also [10], [11]). It gives
our motivation for introducing spz(¢).

Theorem 3.2. Let ¢ € BUC,(R, X).
(a) If f € Ly,(G) and ¢|; € F, then (¢ f)|; € F.

(b) spr(¢) =0 if and only if ¢|; € F.
(c) If AF¢l; € F for allt € R and some k € N, then spr(¢) C {1}.
)

(d) spr(¢) € {m, ;W) if and only if ¢ = + 377 m;y; for some
¥, n; € BUC,(R, X) with ¢|; € F and Am;ly; € F for each t € RN

4. PRIMITIVES AND DERIVATIVES

Throughout this section we assume that F is a translation invariant
closed subspace of BUC,,(J, X ). Examples of such classes are

P,(J,X), Cuo(J.X), AP,(R,X), E,o(J.X) N BUC,(J,X) and
PE,(J,X)NBUC,(J, X).

We define the primitive P¢ of a function ¢ € BC,, (R, X) by Po(t) =
f(f o(s)ds
Theorem 4.1.

(a) [f fw denotes any Of B w(']7X)7 C’w,O(‘]vX)? Ew,O(va)u
P,(J,X), PE,(J,X) or AP,(R,X) then P maps F, continuously

mnto  Fuw, -
(b) If ¢ € Eyo(J, X) then Pp € Cyu, o(J, X).
(¢) If € AP,(J, X) has w-mean p. Then P(¢p—p) € Cypu, o(R, X).

Proof. Take J = R, the other cases being proved similarly. If ¢ €
BCy(J,X) and t € J then ||Po(t)|] < t.||¢]|wocw(t). Hence P maps
BC,(J, X) continuously into BCyy, (J, X). If also ¢ € Cyo(J, X) then
given € > 0 there exists tp > 0 such that ||¢(t)|| < ew(t) whenever t >
to. For these t we have ||P¢(t)|| < foto l|6(s)|| ds + ew(t)(t —to) and so
P maps Cyo(J, X) into Cyu, o(J, X). Next, P(A;p) = Ay(Pp)— Pop(t)
and since P is continuous it follows from Corollary 2.4 that P maps
Eyo(J, X) into Eyy, o(J, X). The result for P,(J, X) is clear and so
therefore is the result for PE,(J, X). For (b) note that ||A; Po(s)|| <
tw(t)w(s) ||¢]|we for all s € J. Hence Ay(P¢p) € Cyuyo(J, X). If
¢ € Eyuo(J,X), we can apply Theorem 2.3 to P¢ to obtain P¢ €
Cuwuwr 0(J, X). Finally, (c) follows from (b) using Corollary 2.6, and then
(a) with F,, = AP, (R, X) follows from (c) using Theorem 2.5. O
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Proposition 4.2.
(a) If € BCW(R, X) and sp,,(¢) is compact, then ¢ € BUC,(R, X)
for all j > 0.

(b) If € F and ¢’ is w-uniformly continuous, then ¢' € F.

(c) If € BC(J,X) and ¢ is w -uniformly continuous, then ¢’ €
Buol(J, X) 0 BUC,(J, X).
)

(d) If $,¢' € BCW(R, X) then spu(¢') C spu(9) C spu(d') U{1}.
(e) If g, ¢ € BCy(J, X) then ¢ € BUC,(J, X).

Proof. (a) Choose f € S(R), the Schwartz space of rapidly decreasing
functions, such that f has compact support and is 1 on a neighbourhood
of spu(¢). Then fU) € LL(R) for all j > 0. Moreover, ¢ = ¢ * f and
so ) = ¢ x fU) for all j > 0. Hence ¢) € BUC,(R, X).

(b) If 1, = nAy/n¢ then ¢, € F. Moreover, by the w-uniform
continuity of ¢, given € > 0 there exists n. such that

< ew(t)

1/n
[ (t) = &' ()] = n/o (¢'(t+s) — ¢'(t))ds

for all t € J and n > n.. Hence ¢' € F.

(c) With the notation used in the proof of (b), ¢, € Ey,o(J, X) N
BUC,(J,X) by Lemma 2.2(c). Hence, so does ¢'.

(d) For any f € L! (R) we have ((b*f) @'+ f and so I,,(¢ ) I,(¢ )
Hence, sp,(¢’) C spw(¢). For the second inclusion, let g(t) = exp(—t?)
so that g,¢' € L. (R) and g is never zero. Now take v € R ( w(@) U
{1}). So 7(t) = €' for some s # 0 and there exists f € L. (R)
such that ¢ « f = 0 but f(7) # 0. Let h = fx¢ € LL(R). Then
pxh=0¢xf*xg =¢ * fxg=0 whereas ﬁ(y) :isf(y)g(v) # 0. So
7 & spw(¢) showing spy(¢) C spu(¢) U {1}.

(e) For any h,t € J we have ||Apo(t)| = H thzﬁ'( Yds|| < |h| -
[¢/[] 4,00 w(R)w(t) from which it follows that ¢ is w-uniformly continu-
ous. O

Proposition 4.3. Let ¢ € F and assume that F is BUC\,-invariant.

(a) If P¢ is w-polynomially ergodic with w-mean p, then Py —p €
F+Cuo(J, X).

(b) If F = AP, (R, X) and Pé € PE,(R, X), then Pp € AP, (R, X).
) If F = AP,(R, X) and Pp € BUC,(R, X), then spr(P¢) C {1}.

(c
(d) If F = Co(R,, X) and P¢ is ergodic with mean ¢, then Pp—c €
CO(R-H )
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Proof. (a) Take J = R, the other cases being proved similarly. Ex-
tend ¢ to an even function ¢ € BUC,(R, X). For t > 0 set x; =

X[-t,0] S0 that AyP¢ = (5* Xt) = s <$_S> |yxi(s)ds. Since ¢ €
BUC, (R, X) the integral converges as a Lebesgue-Bochner integral.
Since F is BUC,,-invariant ((E,S) |; € F and therefore A;P¢ € F.

The result follows from Theorem 2.3.

(b) In view of Theorem 2.5, this follows from (a).

(c) Let s,t € R With x; as in the previous proof, (AsP¢); = ¢y * X
and by Proposition 3.2 (a), (AsP¢); € F. By Proposition 3.2(c),
spr(Po) € {1}.

(d) This is a special case of part (a). O

Remark 4.4. Recall u(t) = jw(t)coslogw(t) + sw(t)sinlogw(t) —
sinlogw(t) — & from Ezample 1.1.  So u/(t) = ﬁcos logw(t) and
therefore v’ € Cyo(R,C) C AP,(R,C) C PE,(R,C). However, u ¢
PE,(R,C). Indeed, if u € PE,(R,C) then for t € Ry set {(t) =
w(t) coslogw(t) + w(t)sinlogw(t). So & € PE,(R.,C) and for some
polynomial p(t) = at + b we have (§ —p)/w € FEy(Ry,C). Thus n =
¢/we E(R;,C). Butn'(t) = [—sinlogw(t) +coslogw(t)]/w(t) and so
n' € Co(R,C). By Proposition 4.3(d) we conclude n € Co(Ry,C) 4+ C
which is false.

Lemma 4.5. For natural numbers m, N and non-negative integers j, k

set a(m,j) = (—1) (];7) (" H]) 7'

(a) Pm(tNg) = YN ga(m, j)tNT P for any ¢ € Liy (J, X).

N a(m, ) (" ) k)! if m<k
b)z(,Jr’;)': 0 if k+1<m<k+N.
= ' (=)~ ("% 1)(N]i!k)! if m>k+N

(c) ;V:O a(m,j) tN=IPitly = PZ;V:Oa(m — 1, )N Pir for any
re Pm_Q(J,X).

Proof. (a) For N = 1 the claim is readily proved by induction on m.
The general case is then proved by induction on N.
(b) For m > k + 1 we have

st =20 () () o

Jj=0
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_1.2 '(3) Cw

=0

.

N
N

|Z < )Dmkltm+j 1|_1

=0

J=0

<.

1
— —Dm—k—l tm—l(l . t)N|t:1.

(m—1)!

For m —k —1 < N this last expression is 0 and for m —k—1 > N it is

B 1 m—k—1\(m—1)! N
_(m—l)!< N )(N+k)!(_1) a

as claimed. For m < k the claim follows readily by substituting ¢(t) =
th=m in (a).
(c) Tt follows readily from (b) that Z;V:o “((Z’.tkl)’!]) =(N+k+1)x

Z;V:o (]f:(fsjl))! if 0 <k <m—2. Sosetting r(t) = 317 cxt* we find

Y alm. ) N9 P

j=0

= = a(m,y)
_ ol R Z )
] |
— = (j+k+1)!
m—2 N .
1 a(m—1,7)
k:ok N+k+1z (j+ k)!
m—2 1
PN ey M=l

]+k

k=0 7=0

N
a(m —1,7) t" 77 P’r(t). 0

]
~
vl

Our main result is the following:

Theorem 4.6. Assume ¢ € AP(R, X) and that Z;‘V:o b tN I Pitlg e
BUCy, (R, X) for some b; € C, by # 0.
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(a) Pp € BUC(R, X) andzfzj 07 ]H - # 0 then M¢ = 0.
(b) If X 2 ¢o then P(¢p — M¢) € AP(R, X).

Proof. Let a = M¢ and ¢ = Y2 b, tN‘ij+1gz5 Then we have ¢ =
N i .

>i=o btV J.PJ'+1(¢ a) +tNtla ZJ o (]H) By Theorem 4.1(c), ¢ —
Z;Y:o b tN TPt (¢ — a) € Cyuy,,0(R,X) and so either a = 0 or
Z;V:o ﬁ = 0. To prove the rest of the theorem, we may assume
a = 0. By Theorem 4.1(c), P/¢(t)/w;(t) — 0 as t — oo. Since ¢
is almost periodic we may choose (t,) C R such that ¢, — oo and
¢r, — ¢ uniformly on R. Moreover, as M¢ = 0, by Theorem 4.1(c),
Pig(s+t,)/w;(s+t,) — 0 uniformly on R for j > 0. Given z* € X*| it
follows that x*o P¢, — x*oP¢ locally uniformly. Moreover, by passing
to a subsequence if necessary, we may assume z* o ¥(t,)/wy(t,) — b
for some b € C. By Theorem 4.1(c) again, we obtain

Ot +t,) Zb (t+t,)N" J/ Pig(s +t,)ds + P o(t,)]

= ¢( )+ btN Po(t + t,) + o(t)).

Therefore z* o Y(t + t,,) /wn(t +t,) — b+ boz™ o Pp(t) for each t € R.
Hence, since ¥ /wy is bounded, so too is x* o P¢. Since z* is arbitrary,
P¢ is weakly bounded and therefore bounded. From Proposition 4.2(e)
it follows that P¢ € BUC(R,X). If also X 2 ¢y then by Kadet’s
theorem [21] (see also [4]), P¢ is almost periodic. O

Corollary 4.7. Assume ¢ € AP(R, X) and P(tN¢) € BUC,, (R, X).
(a) Pp € BUC(R, X) and M¢ = 0.
(b) If X 2 ¢ then P¢p € AP(R, X).

Proof. Since P™(tN¢) = Z;V:o a(m, j)tN "I P™ ¢ the result follows

from Theorem 4.6 and Lemma 4.5. U
Theorem 4.8. Assume ¢ € AP(R,X), X 2 cy, P"(tV¢) +p €
BUC,, (R, X) for natural numbers m, N and some p € P,_1(R, X).
Then P (tN¢) +p™=) € AP, (R, X) for 1 < j < m. Moreover, there
is a polynomial ¢ € Pn,_1(R, X) such that P¢ + ¢ ¢ AP(R, X)
for 1< j<m and, if p(t) = 31 bpt* then Zj.vzoa(m,j) tN=ipig =
m—1
k=N+1 byt*.
Proof. The proof is by induction on m. If m = 1 then, by Lemma

N ally N N
45 2o (j(-il-lj))! = 53 and P(t"¢) = X7 a(l,)tN TPt <
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BUC,, (R, X). Therefore, by Theorem 4.6, M¢ = 0 and P¢ €
AP(R, X). Moreover, by Lemma 4.5(b),

N

a(1,§)tN TP (MPg) = (MPg)tY Y

|:0.
=0 7’

M-

Il
o

j
Hence P(tN¢) = ZN a(1,7)tN"IPI(Pp — MP¢) and by Theorem
4.1(c), P(tN¢) € AP, (R, X). For m > 1, Theorem 5.2 below shows
PI(tNg) +p'm=9) € BUC,, (R, X) for 1 < j < m. Hence, as induction
hypothesis we may assume there is a polynomial r € P, 5(R, X) such
that for 1 < j < m—1we have PIg+rm~1=9) ¢ AP(R, X), P/(tV¢)+
pm) € AP, (R, X) and Zﬁi pa(m—1,5)tN "I Pir = S0 kbythL
In particular, n = P™ 1¢ +r + c € AP(R, X) where the constant c is
to be chosen Moreover, by Lemma 4.5(d), Z;V:O a(m, j) tN "I Pitly =

k: N+2 byt*.

Now set ¢ = P(r + ¢ — M¢) so that P™¢ + q = P(n — M¢). By
Theorem 4.6, to show P"¢ + q¢ € AP(R, X), it suffices to show that
S ¥ oa(m, )N~ Pitly € BUC,, (R, X). By Lemma 4.5(a),

N
Pr(tNg) = Y a(m, j) " P" g

Jj=0

N
Za m,j) tN TP (p —r —¢).
7=0
Since P™(tN¢)+p € BUC’w (R, X), it suffices to show Z;V:o {a(m, j)x

tNTIPIt (4 )} = S N1 Dith
It N > m — 2 we choose ¢ = 0 as then both sides are 0. Other-
wise N < m — 2 and by Lemma 4.5(c) we may choose ¢ such that

Z;V:O a(m,j) tNIPte = by otV that is CZ;-V:O ‘ZJ(TIJ)? = byg1.

In this case also we have by Theorem 4.6, Mn = 0. In either case
Z;'V:o a(m, j) NI Plqg = Z;'V:O a(m, j) tNT P (r +¢) = km;1\1/+1 bit*
and Y a(m, j) NI PI+My = 0. Finally,

N
P (tNg) + :Zam] ) NPT (i —r —c— M¢) +p
=0

=

N N
Zamj ) NI PP + q) +Zbktk
Jj=0 k=0

and by Theorem 4.1, P"(t"V¢) + p € AP, (R, X). O



30 BOLIS BASIT AND A. J. PRYDE

Remark 4.9. (a) In Theorem 4.6(a) the space AP(R, X) may be re-
placed by the class of Poisson stable functions. These are functions
¢ € C(R, X) for which there exist sequences (t,) C R such that t,, — oo
and &, — & locally uniformly on R. In part (b), AP(R,X) may be
replaced by any class for which Kadet’s theorem remains valid. These
include Poisson stable functions, almost automorphic functions and re-
current functions (see [4 ]).

(b) If p =20 in Theorem 4.8 then Zj.vzo a(m, j)tN"IPiq =0, which
reduces to ¢q*)(0) =0 for0 <k <m — N — 1.

(c) Assume ¢ € AP(R,X) where X 2 co. By Theorem 4.8, if
P (tN¢) + p € BUC,, (R, X) for some p then P"¢ + q € AP(R, X)
for some q.

The converse is also true. Indeed, P™(t"¢) = Zjvzl {a(m, 7)x
tN*ijHgb} +tN P and the result follows from Theorem 4.1(c).

(d) These results are dependent on the Poisson stability property of
¢. Indeed, consider the function ¢ € Cy(R,C) given by ¢(t) = ﬁ
Then P(tp) = |t| — In(1 + |t|) and P¢p = sgn(t)In(l + |t|). Hence
P(tp) € BUC,,(R,C) whereas P ¢ BC(R,C).

(e) A well-known example to show that the condition X 2 ¢y may
not be omitted from Theorem 4.6 is as follows. Let X = ¢o and ¢(t) =
(LsinL)ee, so that Po(t) = (2sin® £)52,. Then ¢ € AP(R,co) and
P¢p € BUC(R,cy). However, Pp does not have relatively compact
range so it is not almost periodic.

5. ESCLANGON-LANDAU THEOREM

In this section we use the abbreviations
(5.2) Bu = Z b;u)
j=0

and assume b, = 1,0, € C, u:J — X.
We prove a theorem of Esclangon-Landau type ([18], [22], [14], [7],
[16] and references therein).

Lemma 5.1. If Bu = 1 where u,vp € BCy,(J,X) then ul)(t) =
O™ for1 < j < m.

Proof. Since u(™ = ¢ — ZT__OI bjul), taking P™~* we obtain

m—1

m—k
u® =N " P O (0)) 4+ PRy = > b PR,
J=1 7=0
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Setting k = 1 we conclude that «/(t) = O(|t["*™"). In general
u(k)<t) — O(|t|N+mfl) N Z;ﬁ:;i_k_‘rlbjpm—ku(j)(t) _ O(|t|N+mfl) +

Zk LO( (Jul)(t)]) from which the result follows by induction. O

Theorem 5.2. If Bu = 1 where u,vb € BCy,(J,X) then ul) €
BCyy(J,X) for 1 <j <m.

Proof. Take J = R,, the other cases being proved similarly. The
proof is by induction on m. First, if m = 1 the equation becomes
u' + bou = 1 showing v’ € BC,,(J, X). For the general case we use
the functions f and @ defined by f(t) = exp(—t) for t > 0, f(t) =
0 for t < 0, a(t) = u(—t) for —t € J and a(t) = 0 for —t ¢ J.
It follows that e’ [~ e *u(s)ds = [~ e u(s + t)ds = @ * f(—t) and
ux* f € BCy, (R, X). Moreover, using repeated integration by parts
and Lemma 5.1, we find €’ [ e *u®(s)ds = —Z D(t) + @ * f
(—t). Hence the equation B¢ = 1 may be transformed to the equation
S b S uO(t) = (g by f (—t) — % f (—t). This is an
equation of order m — 1 and so by the inductlon hypothesis u) €
BCyy(J,X) for 1 < j < m — 1. Hence u(™ = ¢ — Zmlbu])e
BCy (J, X) which finishes the proof. O

6. APPLICATION

Again we use the abbreviation Bu = 37" bjut) and assume b, =
1. By pp we denote the characteristic polynomial of the differential
operator B. Thus pp(s) = 37" b;(is)’ and for smooth f we have

é}“(’ys) = p5(s)f(7s). The set of complex zeros of pg is denoted Z(B).

Lemma 6.1. Assume u € BC,, (R, X) and F is a BUC,,, -invariant
closed subspace of BCy,(J, X). If Bu = ¢ where ¢ € BUC,,, (R, X)
and |y € F then spr(u) C {vs:s € Z(B) NR}.

Proof. Take s € R with pg(s) # 0. Choose f € S(R) with f(7,) # 0
and set g = Bf. Then uxg = ¥ * f and by Theorem 3.2(a), (¢ * f) | €

F. Hence g € Ir(u) whereas §(v.) = ps(s)f(7:) # 0. So 7. ¢ spr(u)
and the proof is completed. O

Theorem 6.2. Suppose Bu = 1 where u € BC,,, (R, X) and ¢ €
AP, (R, X).

(a) If Z(B) NR = @ then u9) € AP, (R, X) for 0 < j <m.

(b) If Z(B)NR # @, but X 2 ¢y and ¢ = tN¢ where ¢ € AP(R, X)
then u9) € AP, (R, X) for 0 < j < m.
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Proof. (a) Let F = AP, (R, X). By Lemma 6.1, spr(u) C Z(B)NR =
@. Hence, by Theorem 3.2(b), u € F. The Esclangon-Landau Theorem
5.2 shows u,u/,...,u™ € BC,, (R, X) and then Proposition 4.2(e)
shows u,u/,...,u™ Y € BUC,,(R,X). From Proposition 4.2(b) we
conclude o/, ...,u™Y € F. Rearranging the differential equation, we
obtain u(™ € F.

(b) The proof is by induction on m. Note first that by Theorem
5.2, u¥) € BCy, (R, X) for 0 < j < m. Let A € Z(B) N R and make
the substitution 1(t) = exp(—iAt)u(t) so that n) € BC,, (R, X) for
0 <j<m If m =1 the equation v — iAu = tV¢ reduces to ' =
exp(—iM)tV¢. From Theorem 4.8 we conclude n € F. Hence u,u’ €
F as claimed. For general m, the equation Bu = t"¥¢ reduces to
an equation of the form 7" cn¥ = exp(—iAt)tN¢ where ¢, = 1.
This is a differential equation in " of order m — 1. By the induction
hypothesis, or by part (a) if the characteristic polynomial has no real
zeros, nU) € F for 1 < j < m — 1. It remains to show n € F. For
this, let & = min{j : ¢; # 0}. From 77, cn¥) = exp(—iAt)tN ¢ we
obtain YT, cn=k) = Pk(exp(—iAt)tN ¢) +p for some polynomial p of
degree at most k — 1. But n) € BC,, (R, X) for 0 < j < m and so by
Theorem 4.8 again we conclude P¥(exp(—iAt)t"V¢) € F. Since ¢, # 0
we can rearrange the differential equation and obtain n € F. U

Remark 6.3. The asymptotic behaviour of bounded solutions of equa-
tions more general than (5.1) are investigated by numerous authors (see
[2], [3], [6], [8], [13], [26], [27], [30]). In particular, it follows from
[12, Theorem 4.7] that if ¢ € BUC,(J, X), spap,(¢) is countable and
v 1o € Ey(J,X) for all v € spap,(¢), then ¢ € AP, (R, X). In this
paper for solutions of (5.1) we have replaced the ergodicity condition by
X 2 co. This is satisfied, in particular, if X is finite dimensional or
reflexive or weakly sequentially complete. So, the results of Theorems
4.6, 6.2 are new even for X =R or C.
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