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Abstract

We introduce a plus-space of Jacobi forms, which is a certain subspace of Jacobi forms of
half-integral weight of matrix index. This is an analogue to the Kohnen plus-space in the
framework of Jacobi forms. We shall show a linear isomorphism between the plus-space of Ja-
cobi forms and the space of Jacobi forms of integral weight of certain matrix index. Moreover,
we shall show that this linear isomorphism is compatible with the action of Hecke operators
of both spaces. This result is a kind of generalization of Eichler-Zagier-Ibukiyama correspon-
dence, which is an isomorphism between the generalized plus-space of Siegel modular forms
of general degree and Jacobi forms of index 1 of general degree.

1. Introduction

The Kohnen plus-space plays an important role in the theory of modular forms of half-
integral weight. In the present article we will introduce an analogue of Kohnen plus-space
for Jacobi forms of half-integral weight of certain matrix indices.

Let M, € L; be a half-integral symmetric matrix of size r and L € M,|(Z) be a column
vector of size r such that the matrix
el

r+1

M = (Ml %L)

1

5L 1

is positive-definite. We put
M:=4M,-L'LeL;.

Remark that 9t is positive-definite.

Let k£ and n be non-negative integers. Let J )

k—%.m

§3 for the definitinon) which is a certain subspace of J]E"), o where J/(:l)' - denotes the space
EE N

of Jacobi forms of weight k — % and index 9t on l"(()")(4), and where I“E)")(4) consists of matrix
(’é g) € I', := Sp(n,Z) such that C = 0, mod 4. Let J](("J)Vl be the space of Jacobi forms of

weight k and index M on I',,. We denote by stf’ ;’:H (resp. J, "1} ™) the subspace of Jacobi
1 :

(resp. J,E"J)w). The main result is

be the plus-space of Jacobi forms (see

S (R
cusp forms in Jk—%,‘m

Theorem 1.1. Let k be an even integer. We obtain linear isomorphisms

m+ o g
Jk—%,ﬂ)t - Jk,M
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and

cusp (n)+ ~ cusp (n)
Jk—%,‘))t - Jk,M

as Hecke algebra modules.

Remark that we can regard Jacobi forms as vector valued modular forms with certain
(projective) representations of I', := Sp(n,Z). Therefore, the above isomorphisms are cer-
tain isomorphisms between certain vector valued modular forms with respect to Mp(n, Z),
which is the metaplectic cover of [,.

In this paper we shall also give a necessary and sufficient condition of Jacobi cusp forms
with a bound of the absolute value of the Jacobi forms (Lemma 2.1). The half of the state-
ment of Lemma 2.1 has already been shown by Murase [4, Lemma 1.4].

We also remark that Theorem 1.1 gives a generalization of the result given by Ibukiyama
[3, Theorem 1] (it is the case » = 0). The most part of the proof of Theorem 1.1 is an
analogue to the one of [3, Theorem 1]. However, the calculations are more complicate,
because we have to treat the Jacobi group instead of the Siegel modular group.

The importance of the plus space of Jacobi forms will be recognized, when one considers
the Fourier-Jacobi expansion of Siegel modular forms of half-integral weight which belong
to the plus space of Siegel modular forms. In particular, a weak version of Theorem 1.1 has
been used in [2] to prove a certain lifting from pairs of two elliptic modular forms to Siegel
modular forms of half-integral weight of even degrees. Here a weak version means that we
have treated in [2] a certain subspace of J;_(’i) . (M € L3, r = 1), which is obtained through
the Fourier-Jacobi expansion of Siegel modtﬁar forms belonging to the plus space of Siegel
modular forms (see [2, Lemma 4.2] for the detail).

The paper is organized as follows. In Section 2 we give a notation and definitions what we
need later to state our result precisely, and we shall show a lemma which states a necessary
and sufficient condition of Jacobi cusp forms (Lemma 2.1). In Section 3 we shall introduce
the plus-space of Jacobi forms. In Section 4 we shall prove the bijection of the linear map
appeared in Theorem 1.1, while in Section 5 we shall prove the compatibility between this
linear map and the action of Hecke operators of both spaces.

2. Notation

We denote by R* the set of all positive real numbers. The symbol M, ,,(R) denotes the set
of n X m matrices with entries in a ring R, and we put M, (R) := M, ,(R). The letter Sym,,(R)
denotes the set of symmetric matrices of size n with entries in a ring R. We denote by L; the
set of all semi positive-definite, half-integral symmetric matrices of size n, and we denote
by L} all positive definite matrices in L. We write 'B for the transpose of a matrix B. For
two matrices A € M,(R) and B € M,,,,(R) we write A[B] :='BAB. The identity matrix (resp.
zero matrix) of size n is denoted by 1,, (resp. 0,). The symbol tr(S) denotes the trace of a
square matrix S and we put e(S) := 2VTUS) for o square matrix S. For square matrices

ap
ai, ..., a,, we write the diagonal matrix ( ) as diag(ay, ...,a,). For any odd prime p
dn

the symbol (%) denotes the Legendre symbol.
The symbol $, denotes the Siegel upper half space of degree n, and Sp(n, R) denotes
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the real symplectic group of size 2n. We put I', := Sp(n,Z). We denote by M, _ 1 (1“81)(4))
the vector space of Siegel modular forms of weight k — % of degree n. The plus-space of
M, (T1(4)) is denoted by M]:f_% (T"(4)), which is a certain subspace of M s (C(4)) and
it is a generalization of Kohnen plus-space for general degree (cf. Ibukiyama [3]). The
symbol § Z_ : (l"gl)(4)) denotes the vector space of all Siegel cusp forms in M]:“_ ! (Ff)”)(4)).

2.1. Jacobi group. We put

+ -
GSp™(n,R) := {M € GL(2n,R) 1, 0 1, 0

M(O 1")thy(O 1") withsomeyeR*}.

The number 7y in the above set depends on the choice of M and is called the similitude of M.
Forany M = (2 B) € GSp*(n,R) and for any 7 € $,,, the linear fractional transformation is
defined by M - 7 := (At + B)(Ct + D).

We set
Gy, = {(M.[(A,p).K]) M € GSp* (0, R), A, pu € My ,(R), k € Sym,(R)}.
By the embedding
A 0 B 0\, 0 O u
(AR R |
0 0 0 1)l0 O 1,

we can regard Gﬁ,r as a subgroup of GSp*(n + r,R), where y is the similitude of (£ 8). In
particular, G; , is viewed as a semi direct product: G, = GS p*(n,R) < H, ,(R), where

Hyy(R) :={[(A4, ), k]| A, p € My (R), k € Sym,(R)} .

For any M € GSp*(n,R), h = [(4, ), k], B’ = [(X', i), '] € H,,(R) the composition rule is
given by

hh'

M~'hM

[(A+ AV u+ ),k + K =" u—"ud],
[ ),y e+ ") = "),

*

A* pl
where (}‘ ) =y M (/J) and where v is the similitude of M. We call Gir the Jacobi group.

By abuse of language, for g = (2 8),[(1,1),«]) € G}, we call y the similitude of g, if y is
the similitude of (2 5). For the sake of simplicity, if there is no confusion, we write M for
(M, [(0,0),0]) € G,{’r and write [(A, w), k] for (15, [(A, w),k]) € G,{’,.

We set H, (Z) := {[(A, n), k]| A, u € M, (Z),k € Sym,(Z)}.

We define the action of G; . on $, X M, (C): forany g = (2 8),[(4,w).]) € G, and

for any (7, 2) € 9, X M,,,(C), we define
g-(.2) = (28) 7.7 (Cr+D) 'z +711+p)),

where y € R* is the similitude of (2 B).
Let S € Sym,(R) and let / € R. Forany g = ((25),[(Au).«]) € G,{’, and for any
(1,2) € Hp X M, ,(C) we set
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JZ,S (g’ (Te Z))
= det(Ct + D) e(yS ((CT + D) ' C)[z + 74 + ul)e(—yS (t[A] + 2 Az + 2" A + k),

where we take the principal branch —n < arg(det(Ct+ D)) < &, and where 7 is the similitude
of g.
If [ € Z, the factor J; 5 (x, *) satisfies the cocycle condition:

JZ,S (9192= (T7 Z)) = ‘]l,S (gl ’ gZ . (Tv Z))Jl,)/ls (g27 (T7 Z)),
J

nr

where g1, g» € G, and where y; € R" is the similitude of g;. We define

@Plisg)®2) = Jis(g,(1.2) " ¢(g - (1,2))
for a function ¢ on H, X M, ,(C) and for g € G/

2.2. Covering group. The group ® consists of (M, ¢), such that M = (2 5) € GSp™(n, R)
and ¢ is a holomorphic function on $, which satisfy the relation lo(T)? = det M -3 |det(Ct +
D)|. The group action of ® is defined by (M1, ¢1(7)) - (M3, 2(7)) := (M M7, 01(M; - T)a(T))
for (M;, ;) € ® (i =1,2).

We put 0(7) := 0,(7) = Xpem,, @) e(%f ptp) for T € H,. We denote by Fg')(4)* the subgroup
of ® which consists of (M, O(M - 7)6(t)"!) with M € Fg’)(4), where l"(()")(4) consists of matrix

4 B)eT, such that C =0, mod 4.

2.3. Jacobi forms of half-integral weight. For the definition of Jacobi forms of integral
weight, the reader is referred to Ziegler [6]. In this subsection we review a definition of
Jacobi forms of half-integral weight.

Letn, r € Z.p and k € Z. A holomorphic function ¢ : 9, X M, (C) — Cis called a
Jacobi form of weight k — % and index S € L' on Fg’)(4), if ¢ satisfies the following three
conditions:

(i) For any M* € T\"(4)",
Ple-isM" = ¢.
Here we defined
(Ph-1s(M0) (7.2) = @) e(=8'2(CT + D) CP(M - (1,2))

for (M, ) € & (M = (2 5)).
(i1) For any A, u € M, (Z),

e(AS' AT + 248 )p(r,z + 1A+ ) = ¢(1,2).

(iii) For any M € I',, the form ¢2|2k_1,25M has the Fourier expansion:
1
(D lr_12sM)(1,2) = Z Cu(N,R) €(ENT + R’z)
N.R

with a positive number /. Here, in the summation, N € L, and R € M, ,(Z) run over
all matrices such that 44~'N — R(2S)™"R > 0.
For n > 2, it is known that the condition (iii) follows from the other conditions by the
Koecher principle (cf. [6]). For a semi positive-definite matrix S € L7, the Jacobi forms of
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index S is defined likely as in the case of integral weight (cf. [6, Def. 1.3.]).
For any half-integer k — % and for any S € L; we denote by J]({"), P the vector space of
-1

Jacobi forms of weight k — % and index S on I“f)")(4). For any integer [/ and for any S € L
we denote by Jl(?

Let ¢ € J,(”;) be a Jacobi form for / € %Z. We call ¢ a Jacobi cusp form, if ¢ satisfies the
condition that for any M € I',, the Fourier coefficients Cy; (N, R) satisfy Cy(N, R) = 0 unless

4h~'N — R(2S)""R > 0.

the vector space of Jacobi forms of weight / and index S on ;.

Lemma 2.1. Let ! € %Z be an integer or a half-integer. Let ¢ be a Jacobi form of weight
lof index S € L; of degree n. Then ¢ is a Jacobi cusp form, if and only if

| det y!2o-21 tr(Y1S['BD) (1, 2)|
is bounded on the domain 9, %X M, (C). Here (7,2) € 9, XM, ,(C), Y = Im(t) and § = Im(2).

Proof. We shall show only the case S € L}, since the proof for § € L; is similar.

We put g(t,z) := det Y//2e=2x"Y"'SUBD 47, 7). When [ € Z it is shown in [4, Lemma 1.4]
that if |g(t, z)| is bounded on 9, X M, ,(C), then ¢ is a Jacobi cusp form. When / € %Z, #” has
weight 2/ € Z and index 2S . Thus, if |g(r, z)| is bounded, then |g(, z)|? is bounded and ¢ is a
Jacobi cusp form due to the definition. Hence, we only need to show the opposite direction.

We assume that ¢ is a Jacobi cusp form. We write Zy := (il,,0) € 9, X M, (C). We
remark that there exists a & € Gir such that & - Zy = (1, 2) for a fixed (7, 2) € H» X M,,,(C).
With this & we have

9(1.2) =|Jis (€.20)"| ¢(€ - Zo).

For any M € T', we put gy(7,2) := g(M - (7,2)) = g(ME - Zy). For any (A, u) € M, (Z) X
M, (Z), we have

2.1 lgm(T, 2+ TA + ) | g((M[(4, ), 018) - Zo) |
lg(([(V, 1), K 1ME) - Zo) |
= lgu(r 2|,
where [(A, 1), k'] = M[(A,p),0lM~" € H, ,(Z). Here we used the condition (ii) in the
definition of Jacobi forms. Let

1
(*luasM)(1,2) = Z Cu(N,R) e(ENT + R’z)

N.R

be the Fourier expansion of ¢2|21,25 M. Then we have

lg(M - (T, )" = |g(ME - Zo)|*

= | Juas(ME,Zo) ' p(ME - Zp)* |

| Joios (M, € - Zo) ™" Tps (€, Zo) ' §(ME - Zo)* |
| Ja1.25 (€, Z0) " (9% |05 M)(7,2) |

lgm(t, )

. 1
det Yle 2r Y™ 25)IBD Z Cu(N,R) e(er + R’z)
N.R

Thus,
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(2.2) lgm(t + hB,2)| = lgu(z, 2)|
for any B € Sym,(Z). For Y = Im(7) we put
1
P(Y) = {Yﬁ € M,,(R) ‘/l = (i) € My (R), 4] < 3 }

For a positive number ¢, we set

1 1
D, := {(T, 2) € Hu X M, 1 (C) |Ixi 4] < Eh, | j| < 3 Y= clu, B € P(Y)}’

where x; ; is the (i, j)-th component of X = Re(t) and «;; is the (i, j)-th component of
a = Re(2).

To show that |g(7, z)| is bounded on %, X M,, .(C), it is enough to show that for any M € I,
we have |gy(7,z)| — 0 for tr(Y) — +oo or for [B; ;| — +oco with a (7, j). Here j; ; denotes the
(i, j)-th component of 5. In particular, due to the identities (2.1) and (2.2), we can take such
limit in the domain D.. We have the fact that if (7,z) € D, and if |8; ;| — +oco with a (i, j),
then tr(Y) — +co. Therefore we only need to show |g (7, z)] — 0 for tr(Y) — +oco.

As for the Fourier expansion of ¢2|21’25M we remark that Cy;(N,R) = 0 unless %N -
TR(2S)™"R > 0. Thus, we assume the condition N — 1R(2S)™" ['R] > 0.

We write T = 2S5. We now have

—Y~'T[B] - %NY - %R 8] - %Y‘lﬂ 'R| Y

11 P Y T
- —(—N—ZRTl[R])Y—YlT (,8+5YRT 1)]

h

Hence

lgum (T, 2

11
Z Cyu(N,R) detY! exp [—27r tr{(zN - ZRT‘“R) Y+Y'T
N,R

o e} |

If tr(Y) — +oco, then tr{(%N — {RT7'[R]) Y} — +oo and

det Y'e 2r W{GN=3RT M RY+Y ' TI'(3+3YRT DI} _, (y

To show that g(t, z) converges uniformly on the domain D,, we write § = Y4 € P(Y)
with 1 € M, ,(R). Remark that the absolute value of any component of A is less than or
equals to % We have

(%N - %RT‘I [’R]) Y+YIT

! ! YRT™!
(ﬂ+ 2 )]

ot

= (%N = %T‘l 'R+ T

and
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{rzer )

lgu (T, 2)I*

11
Z Cu(N,R) detY! exp [ 2 tr{(—N —T'[R|+T
— ho4

fotor)

is positive definite. Since the set {1 = (1;;) € M, ,(R)[|4; ;| < %} is compact, there exists a
(iYy, iYoo) € H, X M, (C) and a constant ¢’ such that
‘(a4 Lrr1)||y
2

[z o]

for any (7,z) € D, and for any (V, R). Since gy (iYy, iYody) converges absolutely, we con-
clude that gy, (1, z) converges uniformaly on the domain D,,

Thus, if tr(Y) — +oo, then |g (7, z)] — 0. Hence we conclude that |g(t, z)| is bounded on
Dn X M, (C). m|

In particular, any

%N = iT‘l 'R+ T

1 1
1 -1t
detY exp[ 27Ttr{( N T [R]+T

11
’ 1 -1 |t
< ¢ detY} exp[—27ttr{(EN—ZT |'R|+T

3. Plus-space of Jacobi forms
For k, r € N we put
Pk o= {EIR €L M= (-D*'L'L mod 4S ym,(Z) with some L € M,,I(Z)}.

We remark that P¥ depends only on the choice of r and of the parity of k.
We shall define the plus-space of Jacobi forms Jl({")f o which is a subspace of Jl(:l)l o
L ~2
DeriniTioN 1 (Plus-space of Jacobi forms). Let M € PX. Let ¢ € J](:)l o Ve take the
Fourier expansion i

d(r,2) = Z C(M.S)e(Mt+5'z).
MGL,’;,S eM, (Z)
AM-SM 18>0

The subspace JI(C”)T o J,({"), . consists of all ¢ which satisfies the condition that C(M, S) = 0
-3 -39

M %S k
unless ( 1S m ) S S
J(")‘*'

PR the plus-space of Jacobi forms of weight k — % and index N
-1

In this article we call

on TV (4).

Remark:

(1) The plus-space of Jacobi forms is defined not for all matrix indices, but for matrix
indices in P*. For example, if » = 1, then the index M € N has to satisfy the
condition M = 0, (-1D**! mod 4.

2) If r = 0, we regard J](C”)T o 38 the generalized plus-space M]:“ l(l"g')(4)) which is
-3 -3
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introduced in [3].
(3) If (1, 2) € Jj(’?j o then it is not difficult to check that ¢(r, 0) belongs to M, T (4))
as a function o2f‘r € 9. ’

In this article we consider the case k € 27Z.
By the Fourier-Jacobi expansion we have the map

+ (n+r) (n)+
3.1) M (T @) = G

k=30t
MePk

On the other hand, by the Fourier-Jacobi expansion we have the map

(n+r) (n)
(3.2) y e R
MeLy,

where we put

M L
1
L

L, = {M €L, | M= ( ) with M, € LY, L € M,,I(Z)}.

Here the Fourier-Jacobi expansion of ¢(t,z) € J,(("f“ " means that if we take the expansion

prew) = D dm,DNeMw)

MEeL;

for (25)= (%5 ) 7€ S @ € 91,2 € Myer1(C), T € Hy, ' € $r41 and 7' € M1 (C),
then ¢ € J,(("J)Vl It means that ¢, is the M-th Fourier-Jacobi coeflicient of ¢.

If k € 27, due to the results given by Eichler-Zagier [1] (for n = 1) and by Ibukiyama [3]
(for n > 1) it is known that M;_% (Fg')(4)) and J,i”l) are isomorphic as Hecke algebra modules.

(n)+
Jk—%,ﬁm
the maps (3.1), (3.2) of Fourier-Jacobi expansions are surjective, hence the isomorphism

(n)+ (n) - :
between Jk—%,“))? and J jq 18 DOt obvious.

Therefore we can expect that and Jl(cnj)\/l are isomorphic. However we do not know that

4. Isomorphism map
Let M; € L} be a half-integral symmetric matrix and L € M, ;(Z) be a column vector
such that the matrix

el

r+1°

M = (Ml %L)

1
5L 1
is positive-definite. We recall M := 4 M — L'L € L;. In the following sections we use these
symbols M, M, L and M. We assume k € 27Z.

4.1. Definition of the map. Let y € J,(C”jw We take the Fourier expansion

W(t,z) = > AWN.Rye(NT+R?Z).
NGL;’REMA,HI (Z)
AN-RM™'R>0

For R, € M, 1(Z) and for (1,2') € H, X M, 1(C), we define
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1
ﬁZ,RQ(T7 Z/) = Z e(thTp + th/) .
PEM,, 1 (Z)
p=R> mod 2M,,(Z)

For 7 € $, and for z = (21,22) € My,,+1(C) (z1 € M,,,(C), z, € M, 1(C)), we define

1
Pop, 1 (T,21,22) = ﬂz,Rz(T, 521L + Zz) .
The following lemma plays an important role in this article.

Lemma 4.1 (Theta decomposition). For 7 € 9, z = (21,22) € M,,,+1(C) (z1 € M, ,(C), 2o
€ M, 1(C)), we have

V) = D fama)r(Ta,2),
R,€Z1|(2Z)"

where

fromz) = ) ANR,R)
NEL;,R] GMII.I‘(Z)

1 t 1 t t
X e(Z (4N - Ry'Ry) T + J4R = 2R,'L)'z ).
Here in the above summation N and Ry run over all matrices which satisfy
AN = Ry'Ry = W '['(2R) = RY'L)] 2 0.

Proof. For A € M, ;(Z) we put

N IR\ _ (N 3R\[(1, O

R om) T R MY L)
Here A’ = (0 /l) € M, ,+1(Z) (0 € M, (Z)). Due to the definition of Jacobi forms we have
A(N',R") = A(N,R). We write R = (R, Ry) € M,, ,(Z) X M, 1(Z). Since

A(N + LR, '] + %/I’Rz +a[A].R+ ('L 2)) = A(N',R) = A(N,R),

2
we obtain
W(r,z) = Z A(N,R) e(NT + th)
NeL;,ReM,,41(Z)
AN-RM™MR>0

= D DD ANRLR)
R, mod 2M,,1(Z) NEL, R\ M, (Z)

X e(}1 (4N - RZ’RZ) T+ i (4R1 - 2R2’L) le)

1 1
X Z (Rz + 2/1)t (R2 + 2/1) T+ (R2 + 2/1) d (EZIL + Zz)) .

e(
AEM,, 1 (Z)

The condition 4N — Ry'R, — M~'['(2R; — R,'L)] > 0 follows from 4N — RM~'R > 0 and
— - o1
M= (o) )] -
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We now define the map ¢y, : J,(C"J)Vl > J™ Lety € Jl(an)vr We use the same symbols

k=1

A(N, R) and fg,(7,z;) which are obtained by 1/2/ as before. We define ¢ = t((y) by
@.1) pra)i= > falndz)

RyeMy ((Z)](2M 1 (Z))
for (7, z1) € 9 X M, ,(C). We have the Fourier expansion

o) = ). C(M.S)e(Mr+5'z),
MeL;.SeM, (Z)
AM-SM'1S>0

where C(4N — Ry'Ry,4R, — 2R,'L) = A(N,R) for N € L} and for R = (R,R,) € M, ,11(Z)
(Rl € Mn,r(Z)’ RZ € Mn,l(Z))

In §4.2 we shall show that the above ¢ belongs to J}i’i)f o In §4.3 we shall show that the
linear map ¢, is bijective. ’

4.2. Half-integral weight. Let y € J,((”id and ¢ = 1,4(¥) be the form constructed by (4.1)
in §4.1. In this subsection we shall show that the form ¢ belongs to J](:)I o

5
4.2.1. Heisenberg group part.

Lemma 4.2. Let ¢ = 1yy(y) be as above. For any Ay, u, € M, (Z) we have
AT,z +TA +up) = e(=4M AT =24 Mz21)d(7, 21).

1
Proof. We recall M = (ﬁlL‘ 21L ) For Ay, uy € M, ,(Z) and for z = (z1,22) € M, ,+1(C)
2

(z1 € M, ,(C), 20 € M,,1(C)), we have

(4.2) Y(r, 2+ 7(41,0) + (111, 0)) e(=(A1, 0M' (A1, 0)7 = 2(A1, 0) M (z1, 22)) (1, 2)

e(— M1 =24 My 'z1 = L L2 (1, 2),
where (41,0), (u1,0) € M, +1(Z) (0 € M, 1(Z)). On the other hand
4.3) Y(r, 2+ 7(41,0) + (11, 0))

= Z TR (T 21 + T + p) R, (T, 21 + T + 1, 22)
RoeM,1(2)](2M,,1(2))
= Z fro (T 21 + A+ )2 Ry, 1,L(T5 215 22)

RoeM, (2)[(2M,,1(2))
1[ 1 lt t trt
X e > Rop L — ZT[/llL] ~3 L'z L-"L'A41z0].

Due to (4.2), (4.3) and because of the linear independence of {}, , .}z,, we obtain

4.4) SrRova(7,21)
1 t 1 t 1 t
= fRz(T,Zl + T/l] +ﬂ1)€ Z/llﬂﬁ /llT + E/llmt Z1 + EMIL RZ .

Hence

$(t,21 + Ty + 1) = > o (41,421 + 4T + 4y
RoeM,y 1((2)](2M;,1(Z))
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fR2+/11L(4T7 4Z1)
RyeM,, 1 (2)](2My,1(2))

1 1 1
Xe(—Z/ll‘Jﬁ[/ll(M') - 5/11“173(4[21) - 5(4/11)LIR2

(=M T =20 2) o(T, 21).

O

4.2.2. Symplectic group part. Let I“gl)(4)* be the subgroup of & which is denoted in
§2.2.

Lemma 4.3. Let ¢ = tp(¥) be as before. For any M € Fg’)(4)* we have @|;_ 1 oM = ¢.

Proof. Due to the transformation formula of ¢ € J,((”J)VI we have

4.5) Y(-7777) = o Mzt '2) det() vz, 2).
On the other hand
46 yrlrg= Z STt ) G (-7 T 2 T )

RoeM, 1(2)[(2M,,1(2))
for z = (z1,22) € My, ,4+1(C) (21 € M, ,(C),z2 € M,,1(C)). It is known the identity
4.7) o (-7 77'2)
n 1
=272 det(—ir)% e(zt712) Z e(—E’Rsz) D1, (T, 2).
T2eM,, 1(2)](2M,,1(2))

Hence from (4.5), (4.6) and (4.7), we have
(4.8) e(M'zr™'z) det(r) (. 2)

1 1
=272 det(—i‘r)l/ze(’ (EzlL + Z2) ! (EzlL + zz))

X Z {Z fRz(_T_l , T_121) e(—%fRsz)} ﬁZ,Tz,L(Te 21, ZZ)-

T Ry

Here R, and T, run over a complete set of representatives of M, (Z)/(2M,1(Z)). By com-
paring the term of ¥,z in (4.8) we have

@9)  e(JMriz)det ) fo(rzm) =27 det(=in)? Y fu(-m7 7).

Ry
Since ¥ (1, -z) = Y(1,z), we have A(N,—R) = A(N,R). Hence fyo(1,—z1) = fo(r,z1). By
replacing (7, z;) by (—(47)7!,77!z)) in the identity (4.9), we obtain

(4.10) ¢(7,21)

2% det(-(4) ™) det((4n) i) 2 e(-Mu ) o407 2)
25 (=1)% det((4) D Te(-M 2yt fo(~(40) 7 T2y,

We calculate ¢|,_1

2

and v(4s)" := (v(4s), 0(v(4s)T)/0(1)).

1, O
au(4s)” for symmetric matrix s € Sym, (Z), where v(4s) := ( As 1 )



510 S. HAYASHIDA

0o 1, 1, O
transformation formula of ¥, in (4.7) we have

1 0 -1
We put £(s) := ( " S) and J, := ( ") Then, v(4s) = J, t(=4s)J;'. By using the

0(J, t(—4s)J; " - 1)
= By0(J, t(=45)J," - 7,0)

= 2% det(—i (4573 ,T))%T ) (Z%;m (Z))ﬂz,rz(t(—4s)J;1 7,0)
2€Mn,) nl

Sotde(i(r )Y (U m0)
TreM,,1(2)/(2M,1(2))

= 27" det(i (v + 45))% det(—it)? > e(—%’Tz V2) 92y, (7, 0)
T2,V2eM, ((Z)](2M,,1(Z))
= det(i (v + 4s))% det(~it)? 6(7).
Thus, we have
—H(U(;(s:). 7 det (i (T71 + 4s))% det (—i‘r)% .

Since v(4s) - (1,z1) = (t(4st + 1)1, '(4sT + ln)_lzl), we obtain
(@li—1 anv(49))(7, 21)
_ [0(v(4s) - 1)
IR

X p(r(dst + 1), st + 1,) " 21)
1 —2k+1
- (det (i(x" +45))" det (—ir)%) (M7 (4st + 1) (45)2)

“2k+1
) e(=M'zi(4st + 1,) ' (49)z1)

x 25(=1)% det((dr(dst + 1,)") ) Te(=Mz v (dst + 1,) ' 21)
X fo(—(@At(dst + 1,y st + L) Vst + 1,) "' 20).

By using the identities 7(4s7 + 1) ' ="4st+ 1n)_lT and fo(t — s,21) = fo(7, z1) and due to
the identity (4.10) we have

(¢|k—%,~3mv(4s))(7', 21)
= 25(=1)% det (~4in) "2 e(-M'zy 7712 fo(~(40) " 771 2))
= ¢(1,21).

The transformation formulas @|,_ 1 w((s),1) = ¢ and ¢|;_ 1 m(d(A), 1) = ¢ are obvious,

A

0
where we put d(A) := ( ) for A € GL,(Z). It is known that I“E)")(4) is generated

0 ‘A
by three types of elements v(4s), #(s) and d(A) (cf. [3, Lemma 2.1]). Therefore Fgl) 4)" is
generated by three types of elements v(4s)*, (#(s), 1) and (d(A), 1). Hence ¢| k_%ﬂﬁM = ¢ for

any M e T\"(4)*. O
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Proposition 4.4. Let k be an even integer and € J,E'?Vl. Let ¢ = t\(¥) be as in §4.1.
Then ¢ belongs to J]((")T o Moreover, if  is a Jacobi cusp form, then ¢ is also a Jacobi cusp
-1
form.

Proof. If y € J,E"J)W then due to Lemma 4.2 and 4.3, we conclude that ¢ belongs to J]((”), o
: -1

Because of the construction of ¢ it is not difficult to see that ¢ belongs to the plus-space of

Jacobi forms JF .
k=1

We now assume that ¢ € J,(("j)v1 is a Jacobi cusp form. We shall show that ¢ = (\(¥) €

J(n)+

Pt is a Jacobi cusp form. We take the theta decomposition
-1

V) = ). fema)r(n ),
R,€7"|(2Z)"

where z = (21,22) € My,1(C) (z1 € M, ,(C),z0 € M,,1(C)). Since ¢ is a Jacobi form and
due to the transformation formula of &, g, 1, we have the fact that for any M € I';, the form

it 1M, (7, 20) ™ fro(M - (1,20))

is a linear combination of {f7,(, z;)}r,. Here the definition of J,{_%’%\m(M, (t,z1)) has been
given in the section 2.1. We write Y = Im(7) and 8, = Im(z;). Since

1 1
S (T oz + 274 + 2uy) = sz(T,Z1)€(—Zgﬁ[t(2/11)]T - 55173[(2/11)@)
for any Ay, 1) € M, (Z) (cf. the identity (4.4) ), we have
| det Y#€—2mr(4lY-l«JJt[rﬁll)sz(tZl)l -0

for tr(Y) — oo (cf. the proof of Lemma 2.1). We take a ¢ € G,{’, such that & - Zy = (1,21),
where Zy = (i1,,0) € 9, X M, ,(C). Then

-4 tan (M Zo) " fo,(M - (1,21))
— Idet Y2k4—_1e—ZITYY(iY—lﬂJ?[’ﬁl])Jk_%’%‘ln(M, (T9Zl))_lfR2(M . (TaZl))I N 0
for tr(Y) — oo. Therefore, the form
| det Yo 672’”’(41Yﬁlwtltﬁ”)fRz(T, 21)|
is bounded on $,, X M, ,(C). Thus,
| det YT e_z”tr(y_lw’ﬂ‘]%(‘r, 21|
is bounded on %, X M, (C). Due to Lemma 2.1, we conclude that ¢ is a Jacobi cusp form.

O

4.3. Inverse map. In this subsection we will show that the map ¢, : J,E"J)w - J/({'i);%I

defined in §4.1 is bijective. Let ¢ € J](:)I' o We take the Fourier expansion of ¢:
3
é(r,z21) = Z C(M,S)e(Mt + S'z)).

MeL:,SeM, (Z)
AM-SM'1S>0
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If C(M,S) # 0, then there exist N € L, , Ry € M, (Z) and R, € M, ;(Z), which satisfy
M = 4N — Ry))R, and S = 4R — 2R,'L. This R, is uniquely determined up to modulo
2M,,1(Z), because if 4N — Ry'R, = 4N’ — R)'R), then R,'R, = R)'R, mod 4. Therefore
there exists {fg, }r, Which satisfies

$(r.z1) = D e,
RoeM, (2)](2M,1(Z))

where

1 1
fro(@21) = )" CAN = Ry'Ry, 4Ry = 2Ry'L) e(Z (4N - Ry'Ry) T + 4R = 2R'L)z, ).

N.R|
N R R
Here (N, R;) runs over all elements in L} X M, .(Z), such that |'R; M, %L eL . .,
R, 'L 1
By using these fg, the inverse image ¢ = L:\/]l(qﬁ) of ¢ is given by
(.11 U(r, (@,2) = D @)t @),

Ry €M, ((2)](2M 1 (Z)

where 7 € 9, z1 € M, (C) and z, € M, ;(C).
In this subsection we shall show that this ¢ belongs to J,i"l)v[

4.3.1. Heisenberg group part.

Lemma 4.5. Let ¢ and  be as above in §4.3. For any A = (A1, 42) € M, ,+1(Z) (4, €
Mn,r(Z)’ /12 € Mn,l(Z)) andfor any g = (/.11,/12) € Mn,r+1(Z) (/Jl € Mn,r(Z)a,UZ € Mn,l(Z)); we
have

Yrz+td+p) = e(-M(ATA+2'0%))y(r.2).
Proof. For (1,z;) € $, X M, ,(C) we have

_,, 1 111
(4.12) fa(tz1) = 2 Zsle(lezst)¢(ZT+§s,Zzl),

where s runs over all diagonal matrices of size n with entries in {0, 1}.
For (T, Z) € gjn X Mn,r+1(C) (Z = (Zla Z2) € Mn,r+l(C)’ 71 € Mn,r(©)7 22 € Mn,l(C))a due to
the definition of ¥, g, 1, we obtain

VR, (T, 21 + T + 1,20 + T + W2)
1 1
= Z el =tlp + L + 2]+ (p+ ML+ 20) | =21 L + 2
4 2
pEMn,l<Z)
pERz mod 2Mn.1(Z)

1 1 1
X e ——T[/llL] - T[/lz] - —t/lzT/llL - —t(/llL)T/lz
4 2 2
1

1
N e(—E’(/llL)zlL ="zl =" D)z = 2' D2y + EIP/JIL)

17t 1
L'l L 1
= e(— (4%’L 21 )(t/lT/l + 2@11)) e(EtRz,UlL) DRy, L.L(T> 21, 22)-
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On the other hand, by using the transformation formula

d(t,z1 + 74 + 1) = e(-M[A4] + 224:'21)) ¢(7, 21),

we have
! +1 1( +TA + Uy)
—T+ =5, — T
¢4 757 @ 1+ M
=e|-M 1+1 [/l]+1’/l( 251 + py)
=e 4T 2S 1 5 121 SAL T+ U
1 1 1
X ¢(ZT+ ES’ 1 (z1 — 254 +,ul)).
‘We obtain

1 I 1
¢(—T+ 58, = (21 = 254 +M1))

Sr, (T + 28,21 = 2541 + 1)
4 24 ;

1 1
= Z e(—szths) e(—EthLtﬂl) fr. (T, 20).

P!

Therefore, by using the identity (4.12) we get

Jr,(t,21 + T + 1)

_ 1 1 1 1
=2 ”Ze(Ethst)¢(ZT+ ES’ Z(Zl + 74 +,U1))

N

1 11 1
= Z e(Ethst) (—sm {(ZT + 5s) L]+ 5" (e = 25, +u1)})
1 1
X ; e(—EthTzs) 6(—§T2tLtﬂl)fT2(Ta 21)
:2_"ZE—ET’L’ e[ -M lr[/l]+l’/l (z1 + 1) ¢ | fro (7, 20)
ik Hy gt 5 A4 H FEACERY

T
X Ze lRZ’RZS e —1T2’T2s e l/11L’L’/11s
—\2 2 2
1 trt 1; t
= ¢ ~5 R Lpr | e =g M (L] + 20121 ) frrea, (7. 20).

Thus, we obtain

Y(r,z+7d+p)

= Z TR (T2 + 7 + ) Vo g, (T, 21 + TAL + 1,20 + T2 + [2)

RoeM,\(2)](2M,1(Z))

= e(—M (’/lr/l + 2’/lz)) (T, 2).

513



514 S. HAYASHIDA

4.3.2. Symplectic group part.
Lemma 4.6. Let ¢ and  be as in the beginning of §4.3. Then  satisfies
det(Ct + D) *e(-M'z(CT + D) 'Cy(M - (1,2)) = ¥(1,2)
forany M = (2 8) eI,
Proof. It is enough to show the transformation formula of  for three types of matrices

o(s)= (" ). 1(s) = () and d(4) = (§ 2 ). where s € Sym,(Z) and A € GL(n,Z).

The transformation formula of ¢ for #(s) and for d(A) are obvious. Thus, we shall show
the transformation formula of ¢ for v(s).
We recall J, = (10 o ) Since v(s) = J,t(=s)J, ", we have

B p,,1.(0(5) - (T, 21,22))

1
= ﬁZ,Rg(Jnt(_S)J;1 . (T, §Z1L + Zz))

= 273 det(i(r™" + S))% e(-t7" =)' Q7 L + 2)])

x Y e(=27 "Ry T) 1, (1(=)J, (1,27 21 L + 22))
T,

= 2% det(i(r + s))% (=1, = s~ T H2 7 L+ 22])

X Y e(=2 "R Ty) e(=47 S(Ta)) o (-7, =1 27 1y L+ 22)))
T,

= 272 det (i(T_l -+ s))% e((1, — st ' T H27 5 L+ 22])
X Z e(~27""RyT2) e(—47"s[T1) 272 det(—it)? e(v™' 27 21 L + 22])
T,

X Y (=27 o V) B v, (1, (272 L+ 22).
Va

Here, in the above summations, 75, and V, run over a complete set of the representatives of
M, 1(Z)](2M,,1(Z)). Since Dy, 1(T, =21, —22) = Py, (T, 21,22), we have

Vo.r, L (V(s) - (T,21,22))
= 27" det (i(T_l + s))% det(—it)2e(((sT + 1,)"' $)[27' 21 L + 22])

X Z e(—=27V"RyT) e(—47"s[To)) e(—27 "' To Vo) By, 1.(T, 21, 22).
.V,
On the other hand, from (4.12) we have fy,(7,z1) = 27" X, e(2‘1s1[V2])¢(iT + %sl, izl),
where s; runs over all diagonal matrices of size n with entries in {0, 1}. Similarly to the case
1, +2s18  —s1551 )

45 1, — 2ss; €Ty @
Then y,(s1) - (47 + 351, 321) = (Fu()T + 151, 1/(s7 + 1,)z1). Due to the transformation
formula of ¢ for y,(s;), we have

of Siegel modular forms (cf. [3, p.119]), we put y,(s;) := (
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fV2(T9 Zl)
=2 Z e 51 [Va) e(=47" M2y (57 + 1) s21)

51

—2k+1
1 1 11\ 11 _
X (Q(ZU(S)T + ESl)Q(ZT + ESI) ) ¢(ZU(S)T + 551, Z[(ST +1,) lzl .

Since
1 4(v(9)7,0)
= 9y, (Jut(=5)J;'7,0)
=273 det(—i(t(—s)J,flT))% Z e(—27"vq) 9, (t(~5)J, ' 7, 0)
veM,1(2)/(2M,,1(2))
=275 det(i(r™" + 5))? Z e(-27""vg) (47" s[v]) D (—77', 0)
vEM, 1 (2)/(2M,,,1(2))
= 2" det(i(r"! + )7 det(—it)? Z e(=2""vg) e(—47"s[v])
veM, 1(2)](2M,1(2))
X Z e(=27""yu) (1, 0),
HEM, ((Z)](2M 1 (Z))
we have

P 1 1
ZU(S)T + ESI

= D =2 silg) thy(w(9)T, 0)
qEM 1 (2)] (2 M1 (2))

="
qeEM,,\(2)](2M,, 1 (Z)) veM,, 1 (Z)](2M,, 1 (Z)) peM,, 1 (Z)/(2M,,,1(Z))
x e(=27 s1[q)) e(=27""vg) e(=47" s[v]) e(=27 )
x det(i(r™" + )7 det(~it) 1 (7, 0)

=2 Z Z e(—47"s[v]) e(=2"" v
VEM, 1(2)](2M 1 (2)) peM,, 1 (2)[(2M, 1 (2))

X detli(r™! + 5)! det(=in) 0o, (r0) ) e(=27(silg) + 'vg)
qEM, 1(Z)](2M,,1(Z))

= det(i(r™" + 5))2 det(=in)Pe(—4"'s[s ) ). e(=27""5141) 92,,(7,0)
HEM,\(Z)](2M,,1(Z)

= det(i(r™" + s))2 det(=it)? e(~47"s[s,]) 9(%7’ + %sl).

Therefore
fvz(T, 21)
= 27" det(st + 1,) % det(i(r™! + 5))2 det(—it)Ze(—4~ "Mz, (s7 + 1,,)" 521)

x D@ siVaDe=47slsi) >0 fa(v(s)r+ 20, (st + 1) )
s1 RoeM,1(Z)](2M,1(Z))
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= 27 det(sT + 1,,)* det(i(r™" + )2 det(—it) 2 e(—47 1Mz, (st + 1,) ' s21)

x> Y e@ siVale(=47 slsi ) (=27 si[Ra])

S1 RoeM,((2)/(2M,,,1(Z))
X fRz(v(s)T, "(sT+ 1n)_1zl)
= 27 det(sT + 1,)* det(i(r™" + )2 det(—it) 2 e(—4~ 1Mz, (st + 1,) ' s21)

x > e(=27""T2V2) e(=47"s[Ta]) e(=27""RaT) f, (u(5) - (7,21)) -
T2,Ry €My ((Z)](2My 1 (Z2))

By using the above identities we obtain
Y(u(s) - (1,2)
= > fa(0(8) - (1.20)) Py 1(0() - (7, 21,22))
Ry

= 27" det(i(r™" + s))% det (—i7)? e(((sT + L)"') [27 1L + 20
x D> e(-271RTs) e =47 s[Ta) (<2711 T V2 iy (0(s) - (7, 20))
Vo Ro\Th

X $v, 1(T, 21, 22)

= det(st + 1,)e(4™'M( (s + L)' 9zl + (st + L)"') [27' 51 L+ 22))
x> @2y, (. 21.22)
Va

= det(st + 1,)fe(M'z(st + 1,) ' s2) (1, 2).

Thus, we obtain the transformation formula of i for v(s). |

Proposition 4.7. The linear map 1y, : J,(("J)Vl - J,({")T . is bijective. Moreover, the linear
: .

map ty, induces the bijection between the Jacobi cusp forms of both spaces.

Proof. By the virtue of Proposition 4.4, Lemma 4.5 and Lemma 4.6, the linear map ¢4

is bijective. Moreover, it is shown in Proposition 4.4 that if ¢ € Jl(cnj)\/l is a Jacobi cusp form,
then () € Jli’i)f‘m is a Jacobi cusp form. It is not difficult to see that if ¢ € J}i’?igﬁ is a
2° 2°
Jacobi cusp form, then ¥ = LH(@ € J](C"J)Vl is a Jacobi cusp form. (For the inverse image ¢ of
¢, see (4.11) in §4.3). Thus, we conclude the proposition. O

5. Compatibility of the linear map with the action of Hecke operators

In this section we shall show the compatibility between the map ¢, and Hecke operators
acting on both spaces.

5.1. Hecke operators. Let p be an odd prime. We set
K, = diag(lam pln—a’ lea, pln—a)~
Let S € L7, ,. We shall review the Hecke operators acting on J,(C"S). For 0 < a < n and for

Y e J”

s> We define,
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UTanoP?) = Y D Wles (25 sl pl,
(43

and where A and p run over a complete set of representatives of M,, ,,1(Z)/(pM,, ,+1(Z)), and
é g) runs over a complete set of representatives of I',\I',K,I',;, and where we defined

Whs (2 N2 = p P det(Cr+ D)™ e(S'o(Cr + D)7 C2)
x¢((At + B)(Ct + D)', p'(Ct + D) '2).
One can check Y|Ty,—o(p?) € J,E"S)
We shall review the Hecke operators acting on J](C")I g For the definition of FE)")(4)* c 6,
-1

see §2.2, and for the definition of “|,_

I (n)
157> see §2.3. For ¢ € Jk—%,S we define

WlanaP) = D D Gl sMlsslApl,
A M*

where A and i run over a complete set of representatives of M,, .(Z)/(pM,, (Z)), and M* runs
over a complete set of representatives of

T @\ @) (Ko, p*) T (4"
One can check ¢|Tw,a(p2) € Jl({"), g for any a, such that 0 < @ < n.
-1

To describe a complete set of representatives of Fg’)(4)*\l" g’)(4)* (Ka, p* 2) 1"(()")(4)* we
prepare the following symbols. We put d; ; := diag(1;, p1;, P, i ;) and put

0 0 0 t j
a, ='a; € M(p), rank,(a;) = j—n+a
B = b=10 a by | € Mn Z ’ ! ’
’ 0 ’bll pbzl © by € Mj,ﬂ—i—j(p)’ by € Mn_i_j(pz)

and where M;,,(p°) is a complete set of representatives of M;,,(Z) modulo p°, and we set
My(p®) := M;(p°), and rank ,(a,) is the rank of a; over the finite field Z/pZ.
The symbol Uj denotes a complete set of representatives of

(SL(n,Z) N dl_j1 SL(n, Z)d; j)\SL(n, Z).

0O 0 O
For b € By and for u € Uy, we put k(bu) := &(a;), where b = |0 a; pb; |, a; € M;(p),
0 by by
d wh = /(%) with @ € M;_0(Z) which satisfies a; = 0(% %)™ mod
and where &(a;) := p with a} € M;_,,,(Z) which satisfies a; = U(O O)U mod p

with some v € SL(j, Z).
We quote the following lemma from Zhuravlev [5, p.173].

Lemma 5.1. A complete set of representatives of l"f)")(4)*\l"g)”)(4)* (Ka, p/ 2) Fg’)(4)* is
given by

2 -1 t—1
pd; j b\(u" O (n=2i-j)/2
[ b J
{(( 0 du)( 0 u

M, %L
1
5L 1

i+j§n,beBo,uer}.

Let M := ( ) € L', and M := 4M; — L'L € L} be the same symbols in the
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beginning of §4.

Proposition 5.2. Let s € J,(C"J)Vl and ¢ = 1, () € Jl({")f o For any odd prime p and for any
, -1

0 < a <n, we have

it (UTano(ph)) = pCIE IR YT, (P,

Proof. Similarly to the proof of [3, Theorem 2], we will conclude this proposition by
comparing the Fourier coefficients of 1, (»,.//len_a(pz)) and of @|T 4o (p?).
We write the Fourier expansions:

U(r,z) = Ai(N,R)e(Nt + R’Z),
NeL;,ReM, »(Z)
4AN-RM™VR>0
WUNTan-o(P)(T2) = A>(N,R) e(NT + R'Z),
NeL;,ReM, »(Z)
4N-RM™"R>0

o(1,21) Ci(M,S)e(Mt+S'Z),

MeL;,,SeM, (Z)
AM-SM'1§>0

AT o p-0(P*)(T,21)

Cr(M,S)e(MTt + S’Z).
MeL;,,SeM, (Z)
AM-SM'1§>0

Since ¢ = (), we have C1(4N—R,'Ry, 4R —2R,'L) = A;(N, R) for (N, R) € L;XM,, ;+1(Z)
(R=(R1,R2) € My;11(Z2), Ry € My, (2), Ry € My 1(2)).
We now calculate A, (N, R). We have
e(NT+ RD)lan (7P B ) laal 4]
= p "V det D*e(N(p*' D' T+ BYD™ + p'R'D™ D)l [, ]
= p~ Dk det D e(M(r[A] + 2'42)e(N(p*' D' + BYD™' + p'R'D ™' (z + T4 + p))
= p "% det D*e(Nt + 'Rz + NBD™' + p'R'D ™' 1),

where

(5.1)

A

N = p*N['D™']+ ipAR'D™" + IpD7'R'A + M['A],
R = pD'R+2AM.

IfR € M, ,,\(Z), then pD™'R = R—2AM € M, ,.(Z). Therefore, for (N,R) € L' XM, ,.1(Z)
we have

A(N,R) = p—<r+1>kZdetD—k Z A{(N,R)e(NBD™" + p'R'D™' )
D,B AHEM, 41(Z)
p—<’+1><’<—">ZdetD—k Z A(N,R)e(NBD™),
D.B

/lEMn,r-H (Z)

where, in the above summations, we take matrices D and B such that (leé’*l g) runs over a
complete set of representatives of I',\I',K,I',;, and where
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(5.2)

{N = LD((N— {RMR) + fM7' [ (R - 2aMm)]) D,
LpR -

> 2
- ;D/IM.

Here the condition (5.1) is equivalent to (5.2). We write R = (R}, R,), R = (fel,fez), A=
(A1, 42) € My i1 (Z) (R1, A1 € My (), Ry € M, (Q), Ra, A2 € M, 1(Z), Ry € M,,1(Q)), and
we assume the condition (5.2). If (N,R) ¢ L, X M, ,(Z), then A;(N,R) = 0. Hence, we
assume (N, R) € L; X M, (Z). In particular, we assume R; € M,, (Z) and R, € M, ;(Z). By
a straightforward calculation we have

1 P BN
4N - R)'R, = —2D(N - —R)'R))'D
p 4
1

1 A A 1 4 A
+—2D {—E/llt(él-Rl - 2R2tL) - 5(4R1 - ZRZIL)t/ll + g.Ut[t/l]]} tD,
p

| P 2
—D(AR, - 2R,'L) — ZDAM.
p p

4R — 2R,'L

We remark that A;(N, R) depends on the choice of (N,R), D and A;, and A|(N, R) is inde-
pendent of the choice of A,. Since R, = %D(I?z -4 L-24)and R, € M, (Z), we have
(5.3) Ry — AL 21, € pD™'M,(Z).

Let d; j, By and Uy be symbols defined in Lemma 5.1. We put D = d; ju and B = bu with

00 0

u € Uyand with b = (8 ,cg [;)bl ) € By. Then the condition (5.3) is equivalent to
1 2

pli 0

(5.4) u(Ry — L,L-21,) €
0 ln—i

)Mn,l(Z)-

Taking into account the condition (5.4) on A, € M,, 1(Z) we have

Z e(%pzm-l ['®& - 22Mm)] fDB)

A
- Sl {5 - 2asalf o
2
1,
e

D=

1 1. .
- e(W {4&m1 [le - EL’Rz] + M - 2R( )%1 -2 (1,

L) ’R} ‘DB)

1. R
% Z‘ e(@u(Rz — 4L =20 (R, — 1L — 23) ud; ,-b)
2

B 1 s 1,4 . A1, LrYeple
_e(m{m [RI—ELR2]+9JE[/11]—2R 1 =24 (1, 3L)'R;'DB
. 1
X p"t e(—al[ﬂ'])
A’GMZH,:](Z) p
1

1 N
=l —4M 'R, — =L'R,
4p? 2

n—i+(n—j-a)/2

t D royt 1 tp\t
+ M ] —2R(%,L) A =24 (1, 3L) R} DB)

xXp g(ay),



520 S. HAYASHIDA

where &(a;) is the symbol defined before Lemma 5.1. We recall A;(NV,R) = C1(4N —
Ry'Ry, 4Ry — 2R,'L). Therefore,

Ay(N, R)

= prrhtn) Z det D Z Ai(N,R)e(NBD™)
i,j,b,u /1=(/11 ’AZ)EMM,H-I(Z)

= p(r+Dl=n) Z det D™* Z AN, R)
iajabsu /lz(/l]/lZ)EMn,rH(Z)

X e(}%D((N - %RMfl [rfg]) n iM—l [r (R _ Z/IM)])’DBDI)
= p T B O R >e(p1 (N - JRM [’R])ZDB)

i,j,b,u

p

1 A
t royt 1 t t
X e(4p {912[ A1l - ( ,L) A =24, (1, 1L) R} DB),

where, in the above summations, i, jrun over i + j < n, j > n — «, and u runs over Uy, and

b runs over By, and where D = d; ju and B = bu, and (N, R) is determined by the identities

(5.2). Remark that if (N, R) ¢ M, ,+1(Z), then C;(4N — Ry)'R,,4R| — 2R,'L) = A{(N,R) =0
Thus, we conclude

1 A B
X e(—z {sm—l [’Rl 5L [’Rz]]} ’DB) Z Ci(4N = Ry'Ry, 4R; — 2R,'L)
MM, (Z)

AZ(N,I?) _ p—(r+l)(k n) Z —k(2n=2i—j)+n—i+(n—j— (r)/lg(a )e( (N— —Rl’R )tDB)
i,j,bu p 4

x Z Ci(4N = Ry'Ry, 4R, — 2R,'L)
/lleMn,r(Z)

1 1, N
(4 . {im[ A1l - (HL)% =24, (1, %L)’R}’DB),
where the summations are the same as the above.
We now calculate Co(4N — Ry'R», 4R, — 2R,'L) and will show that C>(4N — R,'R,, 4R, —
2R,'L) coincides with A>(N, R) up to constant as functions of (N, R).
For M € L, S € M, (Z), ((7"P" B).k(B)det D?) € Ty (4)" (K. p*/?) T{"(4)", we have

oMt + S 2l (707 B). k(B) det D2 )|, _1 gl 1, p11]
= k(B)~ ! det(D)_k+2e(M(p2tD T+ B)D™' + pS'z D™ 1)|k—%,‘JJE[/11a/Jl]
= k(B) det(D) ™ 2e(M (x{41] + 24,'z))
x e(M(p* D't + B)D™' + pS'(z; + 1A, + u1)D7")
= «(B) det(D) “*2e(Mt + 8'z+ MBD™" + pS'u; DY),
where we put

(5.5)

M = p?M['D™'T+M['A,] + pD~'S'A,,
S =24M+ pD7'S,
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and where «(B) is the symbol defined before Lemma 5.1. We assume (M,S) € Ly X M, (Z).
Then, we have pD™'S = S—2Me M, (Z). Since
1 I N A
MBD™' = =D {M -8 - =84 + EIR[’/ll]}’DBD‘l,
p 2 2
and due to Lemma 5.1, we have

Z «(B) det(D) ™+ Z Cy(M,S)e(MBD™")

D.B M EM,(Z)

D kB)deuDy* T Y Ci(M,S)

D,B /1] €Iun‘r(z)
1 v 1 ta 1 ot t t

xe| — M—-=2'S — =S4 +M['A4,]; 'DB|,
p 2 2

where D and B runs over matrices such that

Ca(M, $)

{(D.B)|i+j<n jzn-aD=duB=bubeByucly},

and where (M,S) € L, X M, ,(Z) is determined by (M,S), D and 1, through the identity
(5.5). We choose a (N, R) € L} X M, ,,1(Z) (R = (R1,R>), R, € M, (Z),R, € M, 1(Z)) which
satisfies M = 4N — Ry’R, and § = 4R, — 2R,'L. Then (M, S) in the above summations is

1 N B T

M = ?D{M— Ealfs - 55’41 +9ﬁ[’41]}f0 = 4N — R)'R>,
1 .

s = —D(S —2/119)1) = 4R, - 2R,'L,

p
where (NV,R) € L; X M, ;+1(Z) is determined by (N,R) through the identity (5.2). Therefore

C>(4N — Ry'R», 4R, — 2R,'L)

Z «(B) det(D) ™+ Z Ci(4N - Ry'Ry, 4R, — 2R,'L)
D.B 1 eM, (Z)

X e(? {4N ~R'R, - A (21!31 - RQ’L) - (21!31 - RZ’L) ‘A + im[%]]} ’DB)
D aanpICED N YN — Ry'Ry, 4Ry - 2Ry'L)
i,7,bu L eM, (Z)

x e(—2 {48 = Ry'Ry = )" (2R = Ry/'L) = (2R = R,'L)" Ay + M[' 141} ’DB)
p
— p(r+1)(k—n)—(n—a)/2A2(N’ I}é),

where, in the above summation, i, jrun over i + j < n, j > n — @, and u runs over Uy, and b
runs over By, We conclude

HTana(p?) = prTE= 02 (T a(p?)).

Theorem 1.1 follows from Proposition 4.7 and Proposition 5.2.
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