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Abstract
We show that the weak solutions of parabolic equation d,u — Au + b(t,x) - Vu = 0, (t,x) €
(0,00) x R4, d > 3, for b(z, x) in a wide class of time-dependent vector fields capturing critical
order singularities, constitute a Feller evolution family and, thus, determine a Feller process.
Our proof uses an a priori estimate on the L”-norm of the gradient of solution in terms of the
Li-norm of the gradient of initial function, and an iterative procedure that moves the problem
of convergence in L™ to L7.

1. Introduction and results

Consider Cauchy problem

(1) @, = A+b(t,x)-Vyu=0, (1, x) € (0, 00) x RY,

2) u(+0,x) = f(x),

where d > 3,b € L] ([0,00) xR, RY), f € LT (R)).

We prove that for b in a wide class of time-dependent vector fields capturing critical order
singularities the unique weak solution of (1), (2) for the initial function f in space Co,(RY) :=
{f € CRY) : lim,_,o, f(x) = 0} (endowed with sup-norm ||-||..) is given by a Feller evolution
family, i.e. a family of bounded linear operators (U(%, 5))o<s<i<co C L(Coo(R?)) such that:

(E1) U(s,s)=1d, U(t,s) = U(t,nNU(r,s) forall 0 < s < r < t,

(E2) mapping (t, s) - U(t, s) is strongly continuous in Co,(R?),

(E3) operators U(t, s) are positivity-preserving and L*-contractive:

UtLs)f>0 if >0, and [UE $)flleo < llflles 0<s<t,

(E4) function u(r) := U(t, s)f (¢t > s) is a weak solution of equation (1).

It is well known that the operators (U(?, 5))o<s<i<co determine the (sub-Markov) transi-
tion probability function of a Feller process X; (in particular, a Hunt process), see e.g. [1,
Theorem 2.22]. X; is related to the differential operator in (1) via (E4). The problem of con-
structing a Brownian motion perturbed by a locally unbounded drift & has been thoroughly
studied in the literature, motivated by applications as well as by the search for the maxi-
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mal general class of drifts b such that the associated diffusion exists (see [5] and references
therein).
In the present paper, we consider the following class of drifts:

DeriniTioN 1. The parabolic class of form-bounded vector fields Fg p = Fg p(—A) consists
of vector fields b € L} ([0, o) x R, R?) such that

(BC) fo Ib(t, g(t, 3dt < B fo IVe(t, -)l5dt + fo gDlle(t, Hi3dt

for some B < o0 and g = gg € L} ([0,0)), g > 0, for all ¢ € CX([0,00) X RY). || - ||, is the
norm in L2(RY).

Itisclearthatb € Fgp © cb € Fop p,c # 0.

Exampii 1. 1. If b : R — RY, b = by +by, |bi| € L¥(R?) (weak L? space), |by| € L*(RY),
then b € Fg p with

L2 d d
\/B = ”bIHd,oondm, Qd = 7'[2]—‘(E + 1)

(using Strichartz inequality with sharp constants [3, Prop. 2.5, 2.6, Cor. 2.9]). In particular,
b(x) = x|x72 belongs to Fg p with g = (2/(d - 2))? (and ¢g = 0) (Hardy’s inequality). More
generally, any vector field b(¢, x) such that for some ¢y, ¢, > 0

Ib(1, 0)* < e1lx = xo 72 + calt — 1o ' log(e + [t = 10™)) ' 7%, £>0, (1,x) €[0,00) xR,

belongs to the class Fgp with 8 = ¢;(2/(d - 2))2. The above examples show that the
Gaussian bounds on the fundamental solution of d, — A+ b(t, x)- V, b € Fp p, are, in general,
not valid.

2.If h € L*(R), T : RY — R is a linear map, then the vector field b(x) = h(Tx)a, where
a € RY, is in Fg p with appropriate 8, but |b| may not be in Lﬁ;g"(R").

3. Let b : RY — RY. If b? is in the Campanato-Morrey class

-4
M, = {v el?: lollp, := sup r 21 null, < oo}
xeR4 >0
for some p > 1, then b € Fg p with 5 = BB m,). Here 1p(, ) is the characteristic function
of the open ball of radius r centered at x.

4. Set LILP := L4([0, 00), LP(RY) + L*(R?)). We have:

d 2
ble L with =+ =<1 = beFoyp:=(|Fyp
p q £>0

(using the Holder inequality and the Sobolev embedding theorem).

The class Fg p contains vector fields having critical order singularities: replacing a b €
Fg pin (1) with cb, ¢ > 1, in general destroys e.g. the uniqueness of weak solution of Cauchy
problem (1), (2) (see [4, Example 5]). The class Fy » doesn’t contain vector fields having
critical order singularities.

The explicit dependence on the value of the relative bound S is a crucial feature of our
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results.

We consider only real Banach spaces. Throughout this paper we use the following nota-
tion:

(9) = (g()) = f o(0)dx.
Rd
Let (g, hy denote the (L?, L”") pairing, so that

(g, hy:= f gOh(x)dx (g € LP(R?), h € L" (RY).
R‘[

Before formulating the main result, let us remind the reader the definition of a weak
solution to Cauchy problem (1), (2).

DErINITION 2. A real-valued function u € LY ((0, 00), L} (R?)) is said to be a weak solu-
tion of equation (1) if Vu (understood in the sense of distributions) is in L} ((0, 00)xR?, R?),
b-Vue L ((0,00)xR?), and

loc

3) foo(u, o ydt — foo(u, Aypydt + fm<b -Vu,yydt =0
0 0 0
for all ¢ € C°((0, c0) X R).

DeriniTioN 3. A weak solution of (1) is said to be a weak solution to Cauchy problem (1),
(2) if lim,_o{u(t), &) = (f, &) for all & € L*(RY) having compact support.

Theorem 1 (Main result). Let d > 3. Suppose a vector field b(-,-) belongs to the class
Fgp. If B < d 2, then there exists a Feller evolution family (U(t, 5))o<s<; € L(Coo(R?)) that
produces the weak solution to Cauchy problem (1), (2), i.e. (E1)—-(E4) hold true.

Theorem 1 in the stationary case b : RY — R? and under the extra assumption |b| €
L>(RY) + L*(R?) is due to [4]. The extra assumption is used there in the verification that
the constructed limit of approximating semigroups is strongly continuous in Co.(R?) (i.e. in
the verification of the assumptions of the Trotter approximation theorem in Co,(R%)). We
run their iterative procedure differently, so that it automatically yields strong continuity.
(Generally speaking, unless b is sufficiently regular in ¢, the non-stationary case presents the
next level of difficulty compared to the stationary case. It is the inherent flexibility of the
method of [4] (which, we believe, goes beyond 9, — A + b(t, x) - V) that allows us to carry out
the construction of the process for a non-stationary b(-,-) € Fg p.

Let us also note that, in the assumptions of Theorem 1, given p > (1 — \/,8/_4)’1, the
formula

clos

Uy(t, s) = (U(t, s)|u,(Rd)mCm(Rd)) ,
LP(RY)—LP(RY)

determines a (strongly continuous) evolution family in £(L”(R¢)), cf. [6]. The proof is

obtained from Theorem 1, estimate (8) below and the Dominated Convergence Theorem.
We now briefly comment on the relationship between this work and the existing results.
1. First, for |b| € LILP (cf. Example 1.3), % + %{ < 1, the associated diffusion has been

constructed in [5] as the strong solution of the SDE dX; = b(¢t, X,)dt + %th, Xy = xp € R%.
2. Recall the definition of the parabolic Kato class K{';:
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K" = {b e L] ([0, 00) x R, RY) : ingk“(b, r) B, infk¥(b,r) < ,8},
’ r> r>

where

u+r
(2, y)|
kb, r) = su f f Lru(x—y) dydt,
P u R4 ' \Y

u>0, xeR4 r—u

u+r
|b(t —r,y)l
k*(b,r):= su f f [eroi(x — y) ———=dydt,
u>r,xERd u R4 o Y vu+r—t Y

L2
and T,(z) 1= (4nt) e~ 5. If b e KZ*; with 8 > 0 sufficiently small, then the fundamental

solution of (1) admits local in time Gaussian upper and lower bounds, see [7], which, in turn,
yield the corresponding Feller evolution family (in C,(R?) := {f € C(R?) : sup, |f(x)| < oo}
endowed with the sup-norm). Note that Kgf; —Fgp # @, where Kgf; = ﬁﬁ>0KZ,+7£ (on the
other hand, L(R?, R?) — Kg+,§ N{f:R? - R} # @).
3. In the stationary case b : RY — R, it has been shown in [2] that the associated Feller
process exists for vector fields b in the class
1
7. 1
Fﬁ = {b eL

loc

(Rd,Rd) : Hlblé(/l —A)1 < \/B for some A = Ag > 0}.

I
Lz—)Lz
1
In particular, the class FE contains vector fields of the form b := b; + by, where by € Fp :=
Fgpnif: RY - RY), by € KZ*I = Kg*; N{f: RY = RY).
RemARK 1. We leave out the LP-theory of 9, — A+ b(t,x) -V withb € Fg p, 1 < <4, or

1
with b in a parabolic analogue of the class FBZ

2. Proof of Theorem 1

2.1. We will need a regular approximation of b: vector fields {b,,}*

o € C2([0, ) x
R?, R?) that satisfy b,, = b in leoc([O, 00) X R4, RY), and

00 1 00 00
BCy) fo 16m(t, )e(2, -)Ilidt<(/3+ Z)J; Ve, -)II%dHfO g(Dlle(t, li2dr

for all ¢ € C2([0, ) X R9). (Such b,,’s can be constructed by the formula b,, := n,, * 1,,b,
where 1,, is the characteristic function of set {(z,x) € R x R? : |b(t, x)| < m,|x] < m,0 <
|t| < m}, = is the convolution on R x R¢, and nm} C CZ(R X RY) is an appropriate family of
mollifiers.)

Due to the strict inequality 8 < g~2, we may assume without loss of generality that b,,’s
satisfy (BC,,) with § in place of 8 + L.

The construction of the Feller evolution family goes as follows. Fix some 7" > 0. Denote
Dr :={(s,N€R*:0<s<t< T}
Let (U,(1, $))o<s<: C L(Coo(R?Y)) be the Feller evolution family for the equation
“) O, —A+by(t,x)-Vu=0.
Given a f € C2(R?), we define
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(5) Uf:= lim U,f in L®(Dr,Cu(RY).

Assuming that the convergence in (5) has been established, we note that U, is L™ -contractive
and C;"’(Rd) is dense in Coo(RY), so U = (U(t, 5))o<s<; €xtends to a strongly continuous fam-
ily of bounded linear operators in £(C(R?)), which we denote again by (U(t, 5))o<s<i-

Proposition 1. In the assumptions of Theorem 1 (U(t, 5))o<s<: defined by (5) satisfies
(E1)-(E4).

The main difficulty is in establishing the convergence in (5). The proof of the convergence
uses a parabolic variant of the iterative procedure of [4].

2.2. Proof of the convergence in (5): a parabolic variant of the iterative procedure of
Kovalenko-Semenov. Fix f € C2(R?). Set
() = Upy(t,s)f, t=s.
Lemma 1 (a priori estimate). Let d > 3. Suppose b is in Fg p with 8 < g% q>2. Then

IVttmll (i 571,L9my) + CrllVi|l ClIVfllyy s<t<T,

La([s,7], Li- Z(Rd»

where constants C, = Ci(q,5) >0, C = C(gq,T) < oo, do not depend on m or (s, 7).

RemARrk 2. The a priori estimate of Lemma 1 is one of the main results of the paper. It is
the basis for the approach as a whole (for the corresponding result in the elliptic case see [4,
Lemma 5]).

We subtract the approximating equations (4) for b,,, b,, and integrate to obtain:

Lemma 2. Suppose b € Fg p with 3 < 4. Let 0 < a < 1. There exist h > 0, k = k() > 1
and a my such that for all m,n = m, for all p > po > 5 \/B we have
(6) ”um - un”

P pd
LT1-a ([s,s+h],Ld-2+2a (Rd))

2%
(CO'B”V”m“LM ' (Ls,s+h],L2" (R”))) (Pl ”"“Lw ~24([s,5+h] LD (Rd))

1/(1-a) _ d/(d-2+2a) 1
d2+2r1/ (T+——1Cll’ld A - o il

constant Cy = Cy(h) < oo that doesn’t depend on m or s < T.

for any o such that 1 < o < +

The a priori estimate of Lemma 1 allows to iterate the inequality (6) (with a proper choice
of @, 4 and o) in order to obtain an L*-norm in the left-hand side, and an LP-norm (p < o)
(of u,, — u,) in the right-hand side. Set

Drp:=Drn{(s,t):0<t—s<h}, h<T.

Lemma 3. In the assumptions of Theorem 1, for any py > \/_ there exist h > 0,
constants B < co and y := (1 — d+2)(1 - d— %)_1 >0(1<o< d+2) independent of m,n

+2
such that

7 WUnf - Unf”L‘”(DT,,,xR") < BO<SI<JYI") i WUuf — Unf”Lpo([S S+h],LP0 (R4Y) forall n,m.
<s<T—

RemArk 3. Lemma 3 is the key result. It moves the problem of convergence of {U,,f} in
L™ to a space having much weaker topology (locally).
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That {U,,f} does indeed converge in the weaker topology of the right-hand side of (7)
will follow from the following

Lemma 4. Suppose b € Fg p with B < 1. The sequence {U,,f} from Lemma 3 is funda-
mental in L*(Dy, L'(RY)), 2 < r < oo.

Let us prove the convergence in (5). Fix f € Cﬁ"(Rd), and choose r = 2 in Lemma 4.
Then r > ﬁ[x since S is less than 1, and we can take pg := r in Lemma 3. Now, Lemma 3
and Lemma 4 imply that there exists # > 0 such that the sequence {U,,f} is fundamental in
L>(Dr 5, C »(R%)). By the reproduction property, {U,, f} is fundamental in L* (D7, Coo(R?)).
The convergence in (5) follows.

The proof of Theorem 1 is completed.

Remark 4. Note that the constraint on 5 in Theorem 1 (in addition to 5 < 1) comes solely
from Lemma 1.
3. Proofs of Lemmas 1 — 4 and Proposition 1

Preliminaries. 1. We will use the following well known fact (which we use below for
iy). Suppose that b belongs to Fg » with g < 1. If p > (1 — y/B/4)7", f € LP(RY), then the
(unique) weak solution u of the equation (1) such that

1_i>m<u(t),§> =&

for all & € L”' (R?) having compact support =+ p—, = 1, satisfies
(®) Sl(l)p llu(®)ll} + C f (V™)) < ColIf I,
t€[0,7]

where 0 < C; = Ci(B,¢g,p) < oo, i = 1,2 (see Appendix A for the proof for u,, which, in
turn, is sufficient to conclude (8) for u as above).

2. Let g be the function from the condition (BC). Set

s+h
G(h):= sup f g(t)dt.

0<s<T-h

Clearly, G(h) = o(h) (i.e. G(h) = 0 as h — 0).

Proof of Lemma 1. It suffices to prove Lemma 1 for 7 < s + A, for a small A.

We consider smooth approximating vector fields b,, := n,, * 1,,b, not just truncations 1,,b
of b (cf. the beginning of Section 2), because the intermediate calculations below involve
third order derivatives of u,,.

In what follows, we omit index m where possible: u(t) := u,,(t) (= Uy(t, s)f,t > s)
Denote w = Vu, w, = a%_u, 1 <r<d. Letg > 2. Define

oy = —ai (w,lwlq_z), 1<r<d,

T d T
I, = f <|w|q—ZZ|Vw,|2>dz>o, I, = f (w92 |VwlP)dt > 0

r=1
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Now, we are going to ‘differentiate the equation without differentiating its coefficients’. That
is, we multiply the equation in (1) by the ‘test function’ ¢,, integrate in ¢ and x, and then
sum over r to get

d
Zf <sor,—>dz— f«or,modr— f«or, w e w)dt =: Sy + S,

We can re-write

1 (7o 1 1
S=—| = (wdt=—(w®") - =(VfI?)
qJs Ot q q

(the fact that w(s) = Vf follows by differentiating in x;, for each 1 < i < d, the equation in
(1) and the initial function f, solving the resulting Cauchy problem, and then integrating its
solution in x; to see that it is indeed the derivative of v in x;). Further,

d ~r i
S [ =5 [t s
T d .
_f <|w|fJ—ZZ|Vw,|2>dt—%f (VIwl?™2, Vwl*)dt = 1, - (g = 2)J,,.
§ r=1 s

Next,
T T
S, = f (wl?2Au, by, - whdt + f (w- VI’ by - w)dt =: Wy + Wa.
Let us estimate W, and W, as follows. By the inequality ac < 4a + c (y > 0), we have

T 2 ﬂ T B q 2
Wil < [ Gl ol F ol < X [ Qi yar + - IR

(we use (BC,,), where we omit 1/m in 8 + 1/m)

T 1 2 T
(leq_QIAM|2>dt+; ﬁqZJq+f g(f)<|w|q>]

In turn, representing |Au|> = (V - w)? and integrating by parts twice we obtain:

T T d T
f (w2 Aufydt = - f (VIwl* 2w, Audt + ) f (w VI, Vw, ) dt + 1,
s s =1 Vs
= -F+H+1,

where we estimate, using quadratic estimates of the form ac < ka® + ﬁcz (k> 0),
IFI<(g-2) (i f (i1t + K ) IH| < (q-2) (114 + qu) :
4k J 2 2
Thus, we obtain
qg-2

qg-2\ (", ._ 1 1
(1 - T)f (wl" | Aul*ydt < I, + (g - 2) (K.Iq + 5l + EJq), K> ==

SO
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y
Wil < -
Wil o 2

1 2 T
s [ g(t><|w|’f>].

W2l < (61—2)f (i [V wll|bllwl)dt = (q—2)f (™ [V |wl[byllw]* it

<q-2|v f (ol 2Vl + % f T((lbm”w'g)%f]

(we use (BCm))

4k 1 1
m(lq +(q=2) |y + 51+ 5q )+

Next, using ac < va* + %cz (v > 0), we obtain

<(qg-2)|vJ f q41 o f g<r><|w|q>dr]

Thus, identity S = S1 + .5, transforms into
1 1
5<|w(T)|q> - 5<|Vf|q> +l,+(q—2J;= Wi + W,

and, in view of the above estimates on |W,|, [W;|, implies

1 1 -2 1 T
) —(w@®I) + N1+ M J; < —(IVf|q>+(q— + —)f g(lwl?)dt,
q q v v)Js
where
YK
N=1-——F-A1 2
P q”( + (q ),
B Bq YK 1
M=q-2- —2( — )————— 2 .
A VT2 b L A A L)
We fix
q-1 qVB
= 4 = = .
vi=qyB/4 k=T y -
Since vB < ¢~!, we have N > 0. Then, in view of the inequality I, > J,, we have
NI, +MJ,> ( —1—‘]LF(2 —3)) where, clearly, ¢ —1—q‘—f(2 ~3)>0.

Then, applying the Sobolev embedding theorem to 4J (= f( (IVIwI 1?)dt), and recalling
that w = Vu, we obtain from (9):

4C
—<IVu(T)Iq>+ qo(q—l q\/_(zq 3))I|V |

qd
La([s,7],La-2 (RY))

-2 1\ (7
< v (% + ;) | swawucia

where Cy > 0 is the constant in the Sobolev embedding theorem.
Estimating j: g(OIVul?)dt < G(h) sup,¢(;{IVu(9)|?), and selecting i (> 7— ) sufficiently

small, so that (%2 + %) G(h) < é (recall that G(h) = o(h), cf. the beginning of Section 3),
we obtain
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1 -2 1
(_ - (‘1 + ;)G(h)) sup ([Vu(t)|?)

q 4y tels,7]
4C
g 1- g - 3))iwui

1
: < =V F1),
q q

La ([‘Y,T],L% (R%)

which completes the proof.
Proof of Lemma 2. Setr = r,,, := u,, — u,. Then r satisfies
(10) Or = Ar — by (t, x) - Vr — (by(t, x) — b,(t, x)) - Vu,.
Setn = rlrlpTQ. We multiply equation (10) by r|r|’~2 and integrate to obtain the identity
(1D

1 4(p -
;un(ﬂué + 22

1) T 5 2 T T 2
e ||V77||2dt:_; (Yo, bpmydi— | ninl 7, (b — bn) - Vuy)dt

(note that by definition n(s) = 0). We estimate the right-hand side of (11). Using ac <
sa® + 1-¢* (¢ > 0) and (BC,,), we obtain:

f “vn, bmn>dr‘ <s f (Pt + - f (VnPydr

T T 1 T
<8,3f<lvnlz>dt+8f g(t)<772>dt+£f<lvnlz>dl-

Next, using |by — byl < bl + |bul, ac < 6a* + 75¢* (6 > 0), and (BC,,), we find

T 2
f il (b = by - Ve

T 2
< f Vb = bl Inl! 3 [Vatn vt
T T 1 T 4
<6 f (Pt + 5 f ()i + 2 f S (VunPde

T T 1 T 4
<26(ﬁ f (VnPydt + f g(t)<772>dt)+24—6 f Il V.

Thus, applying the last two estimates in the right-hand side of (11), we obtain:

1 4(p-1 2 1 T
—||n(r)||§+( w > )——(8ﬁ+—)—2/36) f (IVnl*ydt
P P P 4e s

1 T 4 2 T
< = f <|77|2_F|Vun|2)dt +|—&+26 f g(t)(nz)dt.
20 J p

s

Set

P

_4p-1) 2( 1
p

1
B+ —|—-2B6 with e .= —.
p? P 48) & 2VB

Estimating [ g(t)(n*)dt < G(h) sup,(,  In(1)|[3, we have:
1

L L 2 ’ 2 ifT 2—:‘—, 2
(12) (p (p \/B+2‘5)G(h)),25§]””(””2+P f (VP < 55 [ ol 9y,

Fix ¢ by
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1 (4p-1) 2 1
e

2B\ p p
Then
4p-1 2 1
P= > ——\/E—Zﬁéz 7
Since pg > 1, we can choose k so that Hpol) _ NB > p— The last inequality remains valid
0 0

if we replace pop with any p > pg. Then ¢ > 2 T
In the next Steps 1 and 2 we estimate the left-hand side and the right-hand side of (12).

Step 1. Given 0 < a < 1, we can choose k > 1 so that for all n > my,

(13) || ", i < the LHS of (12).
LT1- fr([_g T] Ld=-2+2a 7+2(r (Rd))

for some constant ¢y < oo.
Indeed, applying the Sobolev embedding theorem in the spatial variables, we obtain from
(12):
1

1
(— - (— + 26) G(h)) sup [[r(1)ll; + —||r||P < the LHS of (12).
p p\/ﬁ re[s,7] LP([s,7], L 42 (R4))

Since 6 < = l(2 — +B), we can select h sufficiently small (we use that G(h) = o(h)), so

£oc:
p
that forall p > p

1 1
- | — +25|Gh
p (p\/B+ ) "=

1 (1 - (— + 20) G(h)) > L
p 2p

(we use that k > 1)

1
z —.
2 pk
Thus, we have
1 Py Co, p
sup [[r@ll, + ||r|| » < the LHS of (12).
2p* relsr) PE s L d s ey

Using first the Holder inequality, and then the Young inequality we obtain (p/0 := o)

|(1 —a)p

Lr([s, T]Ld 2(R‘J))

|(1 —-a)p

Lr([s,7l, L e (Rd))

1", < |Irl7%
Ll a([s 7], Ld—2+2(y (Rd))

Loyl

< allrly + (1 -a)llr

L= ([s,7].LP(RY))
which yields (13).
Step 2. With o, 0’ and 4, A’ as in the formulation of the lemma, we have

(14) the RHS Of (12’) < ﬁp ”VMVZHLZ/I ([YT] LZ( (R"))” ”L(p 7”([& T] Lp- 2)(r(Rd))

Indeed, since 0 >
turn,

. the RHS of (12) = & [“(nl* ™ IVu,P)dr < Bp* [*(nP " [Vu, Pyd. In
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f AP Vunydr < f (Vi 27y @37y e

f ”Vun”Lz(r (Rd)”rHL(]) 2)"'(Rd)

(p—2)4
(f “Vunl thr’(Rd)dt) (f ||r||LI(7[) 2>‘7(Rd) )

- ||Vun”L21’ [_3 T] Ler (Rd))”r”L(]) 2/1( s‘r] L(r- 2)”'(]Rd))’

which yields (14).
Substituting the estimates (13) and (14) into (12), and taking 7 := s + h, we arrive at the

required estimate (6).

Proof of Lemma 3. The proof of Lemma 3 follows closely the proof of [4, Lemma 7].
Consider the inequality of Lemma 2:

15) llum —u
AS) Mot = ttall o
2
2 p 2k
S (C0ﬂ||Vum”L2/l’([S,H_h],LZa’(Rd)))p (p )p ”Mm un”L(p 2)1([5 s+h], L= 2>"(Rd))’

. 1/(1- d/(d-2+2 “ d=2+2
where A is defined by /(/l @) — 4t — @) and 1+ = 1(itis easy to see that ' = & (d(l ;)a))
We fix a := 22 (we keep a to make the calculations easier to follow) and l <o < 2d+2a
so that o’ > 2( determlned from + — = 1, is sufficiently close to 57=. We apply the

a priori estimate of Lemma 1:

||Vum“LM’([Y s+h], 1207 (Rd))

(we use the Holder inequality)

< IVuully,

-«
L°°([s,s+hJ,L‘1(R‘1))”VM’"H

Lo(ls.5+h]. L2 (R))
(we use Young’s inequality)

< 00 d - &
< allVuy|lL ([s,s+h],La(RD)) T (1 C¥)||Vum||Lq([s’s+h]’L%(R(,))

(we use Lemma 1)
< C|IVflly =: D < oo,

where ¢ is determined from o’ = ; 7 +2& (such g (> d) in Lemma 1 is admissible, in view
of the assumptions on 3 in Theorem 1). Then (15) yields

_2

(16) lltm — unll

1
5 _ P
L% r([v s+h|.LT 2+2n (R‘i)) ! (p )p ”Mm u"||L(”’2))‘([5,S+h],LO”Z)‘T(Rd))'

In order to iterate the inequality (16), choose any py > ﬁ and construct a sequence

{pi}i=0 by successively assuming o"(p1 — 2) = po, 0(p2 = 2) = df;]fzw o(ps—2) = d_ngZQ

etc, so that

1 d

1-1Po
£ —— >
a cd—2+2a

o

(17) pr=(a—-1)" (a’ (@ + 2) -
g
Clearly,

—2), a:=
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(18) clal <Spr s czal, where c¢; := pla‘l, ¢ :=cy(a— 1)‘1,

and so p; — oo as [ — oo,
Now, we iterate inequality (16), starting with p = py, to obtain

—_ < DY _ Yi
(19) ||Mm un”L%([s,s#—h],LdJ;ljZd (R‘l)) =X D l—‘lHMm un||L/’0’1([s,s+h],L/’O"(Rd))’

-2)0-3)

1 2 2 2
arim (1= 2 1= 2) 1= 2)e
P1 P2 2] P

1 2 2 2 1 2 1
e (- R
P2 p3 P4 P Pi-1 Pi P

I, = (p.;?flpfz_;l(l—Zp[')pff_zlz(l—Zp[_]l)(l—Zp;]) o pfl’l(1—2p§1)...(1—2p71))2k'

where

We wish to take [ — oo in (19): since p; — oo as [ — oo, this would yield the required

inequality (7) provided that sequences {«;}, {I';} are bounded from above, and {y;} is bounded

from below by a positive constant. Note that a; = a - ﬁ, v = Poi—;- In view of (17),
Po po(d =2 + 2a)

(20) sup a; < (— +2 -
1

-1
) <00, supvy; < oo,
(o d 1

0'(d—2+2a/))(1 _0(d=2+2a) . 20‘)1 0.

2D 1111fy1 > (1 - y y R

_1 a —1 a2 —1 al—] —1
Further, noticing that (cf. (17)) FII/Zk =p/ plph...py ", we have by (18)

22) I < (e1d) @ (crd™Y DT L ()@ =
. C_l _ _ C_l
R R ) T
Now, estimates (20), (21) and (22) imply that we can take / — oo in (16):

Y
ety — “n“L""([s,s+h],L°°(Rd)) < Blluy, — Mn||Lp0([s’s+h]’Lpo(Rd))-

Taking sup in 0 < s < T — & in both sides of the inequality, we obtain (7) in Lemma 3.

Remark 5. The main concern of the iterative procedure has been to keep inf;y; > 0: if
v: 1 0, then the result of the iterations (||U,, f — U, fllr~p,xre) < C) would be useless for the
purpose of proving Theorem 1.

Proof of Lemma 4. By the reproduction property, and in view of (8), it suffices to show
that {U,, f} is fundamental in L*(Dr p, L*(R%)) for some i > 0. We show this in three steps:

Step 1. Define
0s(x) = (1 +8x2)72, 6>0, xeR
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In Step 1, we are going to show that there is an & = h(g) > 0 (g is from the condition
(BC,,)) such that for any & > O there is a 0 < ¢ < 1 such that

(23) 11 = p8)? Un flli=o, 120y < & for all m.
Indeed, set u,,(1) = Uy, (t, s)f (t > s). Set

J = f (1 = ps) (Vi)

We multiply the equation in (1) by (1 — ps)u,, and integrate by parts to get
T T
@) (=P D=1 -po)f+20 = [ (-piat=2 [ (1= poYb, T
s N

Estimating the last term by applying the inequality 2ac < ya®+ %cz (y > 0) and the condition
(BC,,), we get:

- 2f <(1 - pﬁ)umbma Vum>dt
1 T
< [ - poiadar

T 1 T
<wi+b [ wnNToar s > | ot - paar

We compute:

f (VT o)y
=J+ fT(uz(V\/I — ps))dt + % fT(MZ,(—AP(s))dT

T 62x2p6 T p3(5
_ 2 2 2 2¢2
_J+fs <u,4(1_p)>dt+£ <u,—2 (d—-3p~ox )>dt.

Thus, estimating fs T(g(t)(l — ps)u?)dt < G(h) SUp,es.<(1 = ps)u2 (1)), we obtain from (24):

(1 - @) sup (1 = po N (1) + (2 —y- é) J
Y tel s, 7] Y

T 2.2 6 T 3
<<(1—p5)f2>+§f <u2, O xp >dt+(1—’§)f <u2,’ﬁ(d—3p25x2)>dt.
Y Js 41 -p) v)Js 2

Now, fix ¥ > 0 by the condition 2 —y — é > 0, and then fix & by the condition 1 — %G(h) >0
(recall that G(h) = o(h)). Noting that 325 < $p(x), £42(d - 3p2(0)6x%) < 645p(),
f;<p5u2>dt < hC||f15 (by (8) with p = 2), we obtain:

G(h) d-3
(1 - —) sup (1= P < (1 = po)f) + 5h0(£ + (1 - ’3) —) 1715

Y ) elsa 2y v] 2
Since ps — 1 uniformly on the support of f € C2(R?) as 6 — 0, the right-hand side of the
inequality can be made arbitrarily small by taking sufficiently small ¢, i.e. we have proved

(23).
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Step 2. In Step 2, we are going to show that there is an & = h(g) > 0 such that for a given
e > 0and ¢ := d(e) from Step 1 there is a ng = ny(e) such that

1
(25) 02 Unf = Unf)||,- by 2y <€ forallm,n > no.

Indeed, by the equation for (¢) := u,,(t) — u,(t) (= Uy(t, s)f — U,(t, $)f),

f ' <p5r%>dt+ f T(p(;r(—Ar))dt =- f T(p5r, by - Vr)dt — f T(p(gr, (b — by) - Vu, L.

Integrating by parts in the second term in the left-hand side, and applying the inequality
ac < 3a* + $c* to the first term in the right-hand side, we obtain:

(st (7)) + f T(p(;(Vr)z)dt+2 f T(I"Vp(g, Vr)dt < f T(p(sb,znrz)dt—2 f T(p(;r, (b —by)-Vu,)dt
N s s s s
(psr* (1)) + f T(pg(Vr)Z)dt +K<L+Z
We have S

K= f (Vps, Vi?ydt = f (=Apg)rdt = f <(5dp§—352|x|2p§)r2>dt>o

Next, using (BC,,) we obtain

L= f (psb? r*)dt

<B f (VPP + f o0yt

(Vps(x))?
ps(x)

- 2—3 f (Sfprdi s §K +B f s VR + f g0(psrr

(here we use = 8°|x[*0°)

Now we combine the above bound on L and the estimates

f Tg(t)<p6r2>dt < G(h) sup (psT* (D), f (6*1xp3r*)dt < 1S sup {psr* (1)),

s tels,7] tels,7]
obtaining:
oh
(26) (1 -G(h) - ’BT) s[up]<p5r ®O+A-p) (p(;(Vr) ydt + (1 - 'g)K <Z

Fix /i > 0 by the condition 1 — G(h) — &” > 1 (recall that G(h) = o(h), B, & < 1).
Finally, we estimate the term Z as follows:

Z = _2f <p6r(bm - bn)’ Vun>dt

T 1 T
Sf (Vu,,)zdt + - f <p(2§r2(bm - bn)2>dt
s € Js
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(here we use f (Vu,)*dt < C||f ||2, see Appendix A with p = 2)
<eClfE+ 5 [ @iron - b

1 T
< eClIfll5 + . f (1 = 1o r) )37 (b — by)*)dt + . f (Apory037 (b — by)*)dt

1 1
=: &C|Ifll5 + gz1 + ;zz.

In turn,

Z; <2(1 +5R2)-%( f (psb? r)dt + f <p5b3r2>dz).

Estimating the terms in the brackets in the last inequality in the same way as L, and substi-
tuting the resulting estimate on Z into (26), we obtain:

(1 - G(h) - /%h - l(1 + 5R2)—%cl) sup (psr* (1))

tels,7]
4 B 28

(1 ,8——(1+6R2 —)f (ps(Vr) >dt+( (1+6R2)“) <sC||f||§+éZz,

where C; := 4 (G(h) + ’%).

Choose R = R(g, ) > 0 sufficiently large to ensure that the coefficients of ﬁ T(p(;(Vr)2>dt,
K remain positive and, moreover, the coefficient of sup,¢(, (psr(1)) is greater or equal to i
(since 1 — G(h) — '8 o > %). Then the previous inequality yields

1
(27) Z sup {psr*(t)) < eCllfI3 + =Za.
tels,7] &

Since U, is L®-contractive, ||r(7)|le < 2||flle and so there is a ng = ny(R, &) such that
7z = f Apo.R P51 (b — by))dt

< 4IfI1% f (1) (b — bp)*)dt < &

for all (s,7) € D, for all m,n > ng since b,, — b in leoc([s, s+ h] x RY, RY).
Thus, in view of (27)

sup {psr* (1)) < 4(CIIfI; + De.

tel s, 7]
Therefore, we have proved (25).

Step 3. Set || || := || - llz=~p,.,.r2(rey)- The results of Step 1 and Step 2 yield: for any & > 0
there is a 0 = d(¢) < 1, and an ng = ng(e) such that

U f = UnfI? = 11 = p5)* (U f = Unf)IP + ||p§(Umf - U, NI
<201 = ps)? UnfIP + 201 = ps)? UnfIP> + ||p§ (Unf = U I < Se

for all m,n > ng.
The latter implies that {U,, f} is fundamental in L®(Dy. j,, L>(R¢)), as required.
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Proof of Proposition 1. In Section 2.2 we proved the existence of Uf :=
L2 (DrxRY-1imy, 00 U f, f € CS"(R”I). Since C;"’(Rd) in dense in Coo(Rd), and U,, is L™-
contractive, U extends by continuity to Co,(R?). Thus, the property (E2) is established.

The properties (E1) and (E3) follow from (5) and the analogous properties of U,,.

We are left to prove (E4). Set u(t) = U(1,0)f (t = 0), f € Co(RY). In order to verify
that u is a weak solution of (1), we have to show that b - Vu € L! ((0,0) x R?). Since

loc
be L2 ([0,00) x R, RY), it suffices to show that Vu € L? ((0,c0) x RY,RY). Fix k > 4. Set

loc

Os(x) ;= (1 +8]xP)*, 6>0, xeR<

It is easy to see that 05 € L'(R).
Set u,,(t) = U, (t,0)f (t = 0).

Claim 1. There exist an h > 0 and a 6 > 0 such that for all m

h
(28) f Os(Vu)?ydt < c1Bsf*) + Vol flIl%,  f € CoolRY),
0
where constants c1, ¢, < o do not depend on m.

Proof of Claim 1. For all m,

h h Y]
29 G f BV 2 < 0% + €1V f (Oiydt + f BV ),
0 0 0

where 0 < Cp, C; < oo do not depend on m or 6. The proof is similar to the proof of Lemma
4 (Step 1) but with 1 — p;s replaced by 65. By (29),

h h
(Co — C1kV5) f (O5(Vup)?)dt < 05 f2) + C1k Vs f (Os12)dt  for all m.
0 0

We choose ¢ > 0 by the condition Cy — C kS > 0. Recalling that U,, is L -contractive and
05 € L', we obtain foh(egu,zn)dt < G3l|f%. This yields (28). m]

We fix h and ¢ from Claim 1. By (28), the sequence {Vu,ljonxp0.r)} 15 weakly rela-
tively compact in L*([0, h] x B(0, R), R%), where B(0,R) is the closed ball of radius R >
0 arbitrarily fixed. Hence, Vulqnxpo,r (understood in the sense of distributions) is in
L*([0, h] x B(0,R), RY). 1t follows that Vu € L2 ((0, c0) X R, R?).

(Note that if f € Co(R?) N LARY), then Vu € L], ((0, 0) x RY,RY) also follows from (8)
with p = 2))

It remains to show that u satisfies the integral identity (3). Clearly,

(30) f " s B0t~ f " s A + f " (b — b) - Vi, Wyt + f " b Vi, wydr = 0.
0 0 0 0

Without loss of generality, we consider only the test functions ¢ with spt ¥ C (0, 1)xB(0, R),
for some R > 0. Since u,, — u in C([0, h], Co(R?)) by (5), we can pass to the limit m — oo
in the first two terms in the left-hand side of (30). By the Holder inequality,

<s? ( f (b - b)%&bdr)E ,
0

| f " (b = b) - Vi, i
0
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where S := sup,, f (Vun*ly)dt < oo by (28). Therefore, since b,, — b in LIOC([O, 00) X
R4, R?) and spt ¢ is compact, the third term in the left-hand side of (30) tends to 0 as m — co.
Finally, we can pass to the limit m — oo in the fourth term in (30) because {Vuulio px50.r)}
is weakly relatively compact in L>([0, h] x B(0, R)), see (28), and |by/| € L*([0, h] X B(0, R)).

Appendix A

Proof of (8). We omit index m: u = u,,. Without loss of generality, we may assume that
7 < h for a small &, and that £ > 0, so u > 0. Multiply the equation (1) by «”~! and integrate
to get

= f (P, d,uydt = f (WP, Auydt — f (WP, b, - Vuydt =: Ry + R,.
0 0 0
We have
[ L, 4 (T Py
R=—W’(1)—=(f"), Ri=—-(p—-D— | {(Vuz)")ds.
p p P~ Jo
Using the inequality ac < va® + 4%,02 (v > 0) and the condition (BC,,), we obtain:

R, =2 f by Vubydr < 2 f (VubPydr + L(ﬁ f (Tubydr + f T(g(t)u”)dt).
0 P Jo 2pv 0 0

p
Therefore,
4p-1) 2
s+ (N2 =2y B [ty < e B [ g
The maximum of v — % - %V - Zi -, attained at 4/f/4, is positive if and only if p >

(1-+/8/4)7". Set v := +/8/4. Estimating fo g(D){uP)dt < G(h) sup,¢(o ,{u” (1)), and selecting
h sufficiently small, so that 1 — ﬁG(h) > 0 (recall that G(h) = o(h)), we obtain

4(p -1 2 ’ 3 1
= (1= L) sup wron + (225 >__V_2£) f (Vub Pyt < ~(f7).
p p PV’ Jo p

1€[0,7] p
which yields (8). ]
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