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ON THE GEVREY STRONG HYPERBOLICITY
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Abstract
In this paper we are concerned with a homogeneous differential operator p of order m of which
characteristic set of order m is assumed to be a smooth manifold. We define the Gevrey strong
hyperbolicity index as the largest number s such that the Cauchy problem for p + Q is well-
posed in the Gevrey class of order s for any differential operator Q of order less than m. We
study the case of the largest index and we discuss in which way the Gevrey strong hyperbolicity
index relates with the geometry of bicharacteristics of p near the characteristic manifold.

1. Introduction

Let
P=Dj+ Y ax)D"=p(x,D)+ Py (x,D)+:--
la|<m,ag<m
be a differential operator of order m defined near the origin of R"*! where x = (xo, ..., X,) =
(x9,x") and
Dj=-id/0xj, D= (Dy,D"), D' =(Dy,...,Dy).
Here p(x, ¢) is the principal symbol of P;
PO =+ D a (e
|a|l=m,ag<m

We assume that the coefficients a,(x) are in the Gevrey class of order s > 1, sufficiently
close to 1, which are constant outside |x’| < R. We say that f(x) € y®(R™!), the Gevrey
class of order s, if for any compact set K C R™! there exist C > 0, A > 0 such that we have

IDYf(x)] < CAa|)*, xeK, VaeN"

DeriNITION 1.1. We say that the Cauchy problem for P is ¥ well-posed at the origin if
for any @ = (up,uy,...,Upy-1) € (Y (R"))™ there exists a neighborhood Uy of the origin
such that the Cauchy problem

Pu=0 1in Uq),
Dyu(0,x') = uj(x’), j=0,1,....,m—1, ¥ € UpN{xg=0}

has a unique solution u(x) € C*(Ugp).
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It is a fundamental fact that if p(x,&) is strictly hyperbolic near the origin, that is
p(x,&,&) = 0 has m real distinct roots for any x, near the origin and any & # O then
the Cauchy problem for p + Q with any differential operator Q of order less than m is C*
well-posed near the origin. In particular, ¥ well-posed for any s > 1. On the other hand
the Lax-Mizohata theorem in the Gevrey classes asserts:

Proposition 1.1 ([16, Theorem 2.2]). If the Cauchy problem for P is ¥ (s > 1) well-
posed at the origin then p(0,&y, &) = 0 has only real roots &, for any & € R".

Taking this result into account we assume, throughout the paper, that p(x, &, £&’) = 0 has
only real roots for any x near the origin and any & € R".

DerintTion 1.2. We define G(p) (the Gevrey strong hyperbolicity index) by

G(p) = sup { <5 Cauchy problem for p + Q is ¥ well-posed at the} .

origin for any differential operator Q of order < m

We first recall a basic result of Bronshtein [4].

Theorem 1.1 ([4, Theorem 1]). Let p be a homogeneous differential operator of order m
with real characteristic roots. Then for any differential operator Q of order less than m, the
Cauchy problem for p + Q is Y™™~ well-posed.

This implies that for differential operators p of order m with real characteristic roots we
have

G(p) 2 m/(m - 1).

We also recall a result which bounds G(p) from above. The following result is a special case
of Ivrii [10, Theorem 1]. Recall that (x, &) € R™! x (R™! \ {0}) is called a characteristic of
order r of p if

FEp(x, &) =0, Ya+p <r

Theorem 1.2 ([10, Theorem 1]). Let p be a homogeneous differential operator of order
m with real analytic coefficients and let (0, 5), E =(0,...,0,1) € R™! be a characteristic of
order m. If the Cauchy problem for P = p + Py_y + -+ is Yy well-posed at the origin we
have

92 P,-1(0,8) = 0
forany|a + Bl <m—2«/(k = 1).

Assume that p has a characteristic (0,&) of order m and that the Cauchy problem for
p+ P,y + - is ¥ well-posed for any P,,_;. Then from Theorem 1.2 it follows that
m—2«/(k — 1) < 0, that is k < m/(m — 2) which yields

G(p) <m/(m = 2).

Let p be a characteristic of order m. Then the localization p,(X) of p at p is defined by
pp + uX) = u"(p,(X) + o(1)) with X = (x,€) as u — 0 which is nothing but the first
non-vanishing term of the Taylor expansion of p around p. Note that p, is a hyperbolic
polynomial in X in the direction (0,0) € R""! x R™*! where § = (1,...,0) € R*! (for
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example [7, Lemma 8.7.2]). The hyperbolic cone I', of p, is the connected component of
(0, 0) in the set (for example [7, Lemma 8.7.3])

T, = {X e R*"V | p,(X) # 0}
and the propagation cone C, of the localization p, is the dual cone with respect to the
symplectic two form o = dé A dx = Z?:o déj Ndxj;

C, = {X e R*™V | (dé A dx)(X,Y) <0,VY €T,).
Let
n
Hy = > (0p/9£))d]dx; — (Op/0x))d] 0%

j=0

be the Hamilton vector field of p then integral curves of H,, along which p = 0, are called

bicharacteristics of p. We note that C,, is the minimal cone including every bicharacteristic
which has p as a limit point in the following sense:

Lemma 1.1 ([12, Lemma 1.1.1]). Let p € R™! x (R™*'\ {0}) be a multiple characteristic
of p. Assume that there are simple characteristics p; and non-zero real numbers y; with
YjPp;(0,6) > 0 such that

pj—p and yiHy(p;) > X, j— oo
Then X € C,,.

We now introduce assumptions of which motivation will be discussed in the next section.
Denote by X the set of characteristics of order m of p(x, &);

T = {(r,8) e R™ X R\ (0N | 79, p(x,€) = 0,Y|a + B < m}

which is assumed to be a ¥ manifold. Note that p, is a function on R*™*D/T,¥ because
Pp(X +Y) = p,(Y) forany X € T,X and any Y € R2+D where T,X denotes the tangent
space of X at p € X. We assume that

(1.1) pp 1is a strictly hyperbolic polynomial on R2+D T,%, peX.
We also assume that the propagation cone C,, is transversal to the characteristic manifold X;
(1.2) C,NT,X2={0}, peX.

Denoting (T,X)” = {X € R R™ | (dé A dx)(X,Y) =0,VY € T,X} we note that (1.2) is
equivalent to I', N (T,X)” # 0.
Our aim in this paper is to prove

Theorem 1.3. Assume (1.1) and (1.2). Then the Cauchy problem for p + Q is ¥ well-
posed at the origin for any differential operator Q of order less than m and for any 1 < s <
m/(m — 2). In particular we have G(p) = m/(m — 2).

ExampLE 1.1. Let

qO=8+ D el =0l 40

|a|=m,ag<m-2
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be a strictly hyperbolic polynomial in the direction {p where k < n. Letbj(x,&'), j=1,...,k
be smooth functions in a conic neighborhood of (0, £’) which are homogeneous of degree 1
in & with linearly independent differentials at (0, &’). We define

p(x,8) = q(b(x,§)), b=(bo,b1,...,br)
where we set by(x, &) = & for notational convenience. Then it is easy to see that p(x, &)
verifies the condition (1.1) near p = (0,0, f’) with X ={(x,&) [ b;(x,6) =0, j = ...k} and
Pp(x,&) = q(dby(x, £)), that is

po(x,€) = q(b(x, &), b= (bo,by,...,b)

where b i(x, ) is the linear part of b;(x, &) at p. Therefor I', = {X | l;(X) € I'} where I is the
hyperbolic cone of ¢. If

(1.3) (b, bj})OSi,jsk is non-singular at p

then p(x, &) verifies the condition (1.2) near p where {b;, b;} denotes the Poisson bracket

Z(ﬁbi/ 08,)(0b;/0x,) — (0b;/0x,)(Ob ] DEy,).

n=0
Indeed since (T,X)” is spanned by Hy, (), Hp, (p), ..., Hy,(p) it suffices to show that there
are cj such that 0 # X = le‘:o cjHy (p) € T',. From

k

)= b bj)p), j=0,....k

i=0

one can choose c; so that b(X) = (1,0,...,0) by assumption (1.3) and hence the result.

ExampLE 1.2. Consider

¢
(14) 90,018 = | | o= i@ + )

j=1
where ¢; are real positive constants different from each other and 2¢ = m. Take b; =
(xo — x1)é,, by = &1 and consider

4
p(x.8) = | [ (€ - cito—x)E +€D)
j=1

in a conic neighborhood of p = (0,0,...,0,1). The 3 X 3 anti-symmetric matrix ({b;, b;})
is obviously singular. If max{c;} =c <1 then C, N T,X = {0}. To see this take any X =
(t,t,x2,...,%,,0,0,&,...,&) € TyZ. Assume X € C, so that (dé A dx)(X,Y) < 0 for any
Y = (y,n) € T, that is for any (y,77) € R* ™V with i} > c((yo — y1)* + 7?) and 9 > 0. This
implies that x, = -+ = x, = 0,& = --- = &, = 0 and —1(ny + 11) < 0 for any 179 > e |m|.
Since ¢ < 1 this gives t = 0 so that X = 0.

On the other hand if max{c;} =c>1 then C, N T, X # {0}. Indeed let X =(1,1,0,...,
0,0,...,0) € T,X. Noting that o > clm|if Y = (y,n) € T, we see (d¢ A dx)(X,Y) =
—no — 11 < 0 forany Y € I', which proves X € C,,.
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ExampLE 1.3. Take ¢ in (1.4) and choose b; = x¢&,,, by = & and consider

¢
P& = | | (& - e +€))
j=1
near p = (0,0,...,0,1). As remarked in Example 1.2 the matrix ({b;, b;}) is singular.
Suppose X = (0,xy,...,x,,0,0,&,...,&) € T,Z N C,. As in Example 1.2 we conclude
X =-=x,=0,6 ==&, =0and —xn; < Oforanyn(z) > c(y(2)+n%). This gives
x1 = 0 so that X = 0. Thus we conclude C, N T,X = {0}.

ExampLE 1.4. We specialize Example 1.1 with
m 4
9.0 = [ -0, qo. o0 =] @ -eith
j=1 j=1

where «; are real constants different from each other such that Z’}’Zl a;j = 0 and c; are
positive constant different from each other and m = 2£. For these g choosing b; = xp&; and
by = xol¢’| respectively we get

m l
P8 = | |@ - axoe),  ped) =] |& - cixleP).
J=1 j=1
It is clear that {bo, b1} = &1 # 0 and {by, b1} = |§'| # O respectively and hence C, N T,X =
{0}. We find these examples in [5] where they studied Levi type conditions for differential
operators of order m with coefficients depending only on the time variable.

2. Motivation, the doubly characteristic case

In this section we provide the motivation to introduce G(p) and assumptions (1.1), (1.2).
Let m = 2 and we consider differential operators of second order

P(x,D) = p(x, D) + Pi(x, D) + Py(x)

of principal symbol p(x,&). Let p be a double characteristic of p and hence singular (sta-
tionary) point of H,. We linearize the Hamilton equation X = H,(X) at p, the linearized
equation turns to be ¥ = F,(p)Y where F,(p) is given by

o? P o? p
| oxo¢ ©) 0E0¢ 2
F p (p) - 62 p 62 p
- ) - )
0x0x 0E0x

and called the Hamilton map (fundamental matrix) of p at p.
The following special structure of F',(p) results from the fact that p(x, &y, £") = 0 has only
real roots & for any (x, &).

Lemma 2.1 ([9, Lemma 9.2, 9.4]). All eigenvalues of the Hamilton map F ,(p) are on the
imaginary axis, possibly one exception of a pair of non-zero real eigenvalues.

We assume that the doubly characteristic set £ = {(x,€) | 8‘?8‘;1)(}6, &) =0,Via + ] < 2}
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verifies the following conditions:

Yisa y(s) manifold,
2.1) p vanishes on X of order exactly 2,
rank (dé A dx) = const. on X.

Note that p,(X) is always a strictly hyperbolic polynomial on R*™*V/T,¥ as far as p van-
ishes on X of order exactly 2. We also assume that the codimension X is 3 and no transition
of spectral type of F', occur on X, that is we assume

(2.2) either KerFf7 N Im F127 = {0} or Ker Ff, N Im F127 # {0}

throughout . The following table sums up a general picture of the Gevrey strong hyper-
bolicity for differential operators with double characteristics ([2, 3, 17, 11]) where W =
Ker F, N Im F.

Spectrum of F), Geometry of bicharacter-

w istics near T G(p)
Exists  non-zero At every point on X ex-
real eigenvalue W=1{0} | actly two bicharacteristics | G(p) = o

intersect X transversally

No non-zero real No bicharacteristic inter-
eigenvalue W {0) | sects ) G(p) =4
Exists a bicharacteristic
tangent to G(p) =3
No bicharacteristic inter-
W= | gects s G(p) =2

This table shows that, assuming (2.1), (2.2) and the codimension X is 3, the Gevrey strong
hyperbolicity index G(p) takes only the values 2, 3, 4 and co and that these values completely
determine the structure of the Hamilton map and the geometry of bicharacteristics near
and vice versa.

Lemma 2.2 ([6, Corollary 1.4.7], [12, Lemma 1.1.3]). Let p be a double characteristic.
Then the following two conditions are equivalent.

(1) Fp(p) has non-zero real eigenvalues,

(ii) C, N T,X = {0}

Note that the condition (ii) is well defined for characteristics of any order while F,(p) = 0
if p is a characteristic of order larger than 2.

RemaRrk 2.1. Based on the table, it is quite natural to ask whether the converse of Theorem
1.3 is true. That is if G(p) = m/(m — 2) then (1.1) and (1.2) hold?

Remark 2.2. Consider the case C,, C T,X that would be considered as a opposite case to
C, N T, X = {0}. Here we note

Lemma 2.3 [18, Lemma 2.11] . We have C, C T, X if and only if T, is involutive, that
is (T,X)” C T,X.
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Itis also natural to ask whether G(p) = m/(m—1)if C, C T,Z, p € . When X is involutive
one can choose homogeneous symplectic coordinates x, £ in a conic neighborhood of p €
such that ¥ is defined by ([8, Theorem 21.2.4], for example)

&=&6==&&=0.

Thus by conjugation of a Fourier integral operator p(x, &) can be written

PO =&+ D auxnOF
ap<m-2,|al=m
where & = (&),&1,...,&). Thus aga‘;p(o, &) = 0 for o] < m and any S. If the result-
ing p(x, D) is a differential operator so that a,(x,&) = a,(x) then from [10, Theorem
1] we conclude that if the Cauchy problem for p + P,_; + --- is ¥ well-posed then
Ggéme_l(O, &) = 0 for any |a| < m—«/(k—1) and any 3. This proves G(p) < m/(m— 1) and
hence G(p) = m/(m — 1).

ExampLE 2.1. When m > 3 the geometry of p with the limit point p becomes to be

complicated comparing with the case m = 2, even (1.1) and (1.2) are satisfied. We give an
example. Let us consider

p(x, &) = & = 3al(xg + X)E, + £1}éo — 2bxox E1&,

near p = (0,...,0, 1) which is obtained from Example 1.2 with

9o, (1,0, 5) = & = 3allT + & + 5o — 26164

and by = xo&,, by = x1&,, by = & where a > 0, b are real constants. Choosing b = da
with |6] < 1 and repeating similar arguments as in Example 1.3 it is easily seen that p(x, &)
satisfies (1.1) and (1.2).

Consider the Hamilton equations

(2.3) % =0pld¢;, & =-0plox;, j=0,...,n.

Since &, = 0 we take &, = 1 and x; = & = 0 in (2.3) so that the resulting equations reduce
to:

3/2

(2.4) Xo = =3a(xy + &), & = 2bxoé).

We fix —1 < ¢ < 0 and take a > 0 so that 2b/(3a) < —1. Then any integral curve of (2.4)
passing a point in the cone |£;| < |1 + (2b/3a)|'/?|xo|, xo < O arrives at the origin inside the
cone (see, for example [20]). In particular there are infinitely many bicharacteristics with
the limit point p.

3. Preliminaries

Choosing a new system of local coordinates leaving xy, = const. to be invariant one can
assume that

P, &) = & + ar(x, ENEYTE + - + ap(x, €)

and hence £ C {£ = 0}. Thus near p we may assume that ¥ is defined by by(x, &) = -+ =
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bi(x,&) = 0 where by = &y, b; = bj(x,&'), 1 < j < k and db; are linearly independent
at p’ where p’ stands for (¥,&) when p = (%,&). Recall that the localization p,(x,¢) is a
homogeneous hyperbolic polynomial of degree m in (x, &) in the direction (0,6) € R™! x
Rn+1‘

Lemma 3.1 ([12, Lemma 1.1.3]). The next two conditions are equivalent.
i) C,NT,z = {0},
(i) I, N (T,2)7 N <((0,0))” # 0 where {(0,60)) = {1(0,0) | t € R}

Assume C, N T,X = {0} then thanks to Lemma 3.1 there exists 0 # X € I', N (T,X)" N
((0,8))7. Since (T,X)” is spanned by Hp (0), j = 0,...,k one can write

k
3.1 X = Z a;Hy,(p)
j=0

where ap = 0 because X € ((0,6))”. This proves d,,b;(p’) # 0 with some 1 < j < k.
Indeed if not we would have X = (x,0,&’) while denoting p,(x,&) = H;"Zl(fo - Aj(x, &)
we see I, = {(x,6) | & > max; Aj(x,&")} (for example [7, Lemma 8.7.3]) and we would
have A j(x,¢&”) < 0 which contradicts Z;”:l Aj(x,&") = 0. Renumbering, if necessary, one can
assume 0,,b1(p") # 0 so that

bl(-x’ 6,) = (-XO - fl(x/v ‘f/))el(x’ 6,)9 €](X, f/) # 0.

Writing bj(x,&") = bi(fi(x',&), x1,..., %, &) + ¢j(x,E)b1(x,&") we may assume b;(x, &),
2 < j < k are independent of xy. Since p(x, &) vanishes on X of order m one can write with
b = (b()’bl’ .. "bk) = (bo,b,)

(3.2) PO =B+ > A€

lal=m,ap<m-2
Let b; be defined by b;(p + uX) = ub;(X) + O(?) and with b = (&, by, ...,b;) we have
Pp(X) = q(b(X)) where

dqO=+ D, @ (=0l ) = G0, )

lal=m,ay<m-2

is a strictly hyperbolic polynomial in the direction (1,0,...,0) € R¥! by (1.1). Denote
4(8:x,&) = gD+ X aa(x, &) with ag(x, &) = Ga(x,&")—a(p") and hence we have p(x,§) =
g(b(x,&); x,&).

Lemma 3.2. There are m real valued functions A;(x, &) < p(x, &) < -+ < (%, &)
defined in a conic neighborhood of p’ such that

p.&) = | |G-, 11,08 < Q' (x &),

J=1
|i(x, &) = i(x,EN| = b’ (x, &), (i # ))
with some ¢ > 0, C > 0.

Proof. The first assertion is clear because p(x, &) is a hyperbolic polynomial in the di-
rection &. Note that §g({;p’) = 0 has m real distinct roots for / # 0 then by Rouché’s



GEVREY STRONG HYPERBOLICITY 391

theorem §({p, {’; x, &) = 0 has m real distinct roots {o = A;({"; x, &) if |£ — p’| is sufficiently
small which are of homogeneous of degree 1 in ¢’ and 0 in &’. It is easy to check that
;" x, &N < CI' and |45 x, &) — A;(L5x,E)| = cld’| (i # j) with some ¢ > 0,C > 0.
Since {|¢’| = 1} is compact we end the proof. ]

4. Basic weights (energy estimates)

We first introduce symbol classes of pseudodifferential operators which will be used in
this paper. Denote (f)% =% + |¢]* where y > 1 is a positive parameter.

DerintTioN 4.1. Let W = W(x, &;y) > 0 be a positive function and let s > 1,0 <5 < p <
1. We define § ,(Ji)s(W) to be the set of all a(x, &;y) € C®(R"! x R**!) such that one can find
A, C > 0 so that

(4.1) 0508 a(x, &)l < CAPla + Bwe), ¥ va, e N

holds with some A,C > 0 independent of ¥ > 1 and §,5(W) to be the set of all a(x,&;y)
satisfying (4.1) with Cqp in place of CA®*Alla + B|!* which may depend on a, S but not
ony > 1. We denote S(lf())(W), S10(W) simply by S©(W), S(W) respectively. We define
S /S(’;)(W) to be the set of all a(x, &;y) such that we have

4.2) 0h0%al < CA“PIW(la + Bl + la + Bl (), /Iy, PP

for any @, 8 € N™*! with positive constants C,A > 0 independent of y > 1. If a(x,&;7y)
satisfies (4.1) (resp.(4.2)) in a conic open set U C R™! x (R™!\ {0}) we say a(x,&;y) €
S L‘%(W) (resp. S ;{(’;)(W)) in U. We often write a(x, &) for a(x, &;y) dropping 7.

It is clear S®(W) c Sﬁ(’;)(W) if 1 —p > 6/2. It is also clear that one may replace
(la + Bl + la + BIHE, ") by Ja + BINL + |a + BI71(€),”*)*+# in (4.2), still defining the
same symbol class.

Since p(x,£) is a polynomial in & of degree m it is clear that p(x,¢) € S‘”((f);"). Since
bj(x,¢&") are defined only in a conic neighborhood of p” = (X, £”) we extend such symbols to
R x R Let y(f) € y(R) be 1 for |t| < ¢/2 and O for |¢| > ¢ with small 0 < ¢ < 1/2 and
set

{ y(x) = x(Ix = &) (x - %) + X,
(&) = X(EE);" —ENE = (E1,E) + ()&
Then it is easy to see 7', bj(y,n’) € S(S)(<§)7) and (£),/C < || £ C({¢), with some C > 0.
In what follows we denote b;(y,n’) by b;(x, &).
We now define w(x, &), w(x, &) by

{ w(x, &) = (X, bi(x, X +(©);2)' 2,

w(x,€) = (B, & + ;)2 9(x,8) = TE abi(x, 646"
Here we recall (3.1), that is

(4.3) Hy(p) €T,.

In what follows we always assume that
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4.4) {O<5<p<1, p+o=1,

O<s—-1<(1-p)/2p.
Lemma 4.1. There exist C,A > 0 such that
0wl < CA"(la + Bl + lar + B (&), Plue) 2P
that is we have w € S /gf(;‘g)(w) and w*' € S g(’;)(a)il).
We first remark an easy lemma.
Lemma 4.2. Let M > 0 be such that 2(1+4 ¥72,(j + D)M < 1/2 and T (k) = Mk! /K,
k € N where I'(0) = M. Then we have

Z (S)F 1(j’ D (la”]) < Ty(lal)/2.

a’+a” =a
Proof of Lemma 4.1. It suffices to prove the assertion for ew with small € > 0 so that one
can assume |w| < 1. Thus with w?> = F there is A; > 0 such that

0LGLF) < AT (o + Blar+ B0V ),V

holds for any a, . Noting [0?d°w| < Caﬁwl““*ﬂ(f);w' for any a, 8 we choose A > 2A; so
that Cop < AP (Ja + B)) for |a + B| < 4 then we have
020wl < AT (jor + Bhw(E), o]
(R + | + I ),
Suppose that (4.5) holds for |o + 8] < k,4 < k and let |a + 8| = k + 1 > 4. Noting
1% a 18 o’ oS a—a’ oB—p @
2w6x6§w = - Z (a/)(ﬁ’) 0% 8? wo'y (9? Pw+ E)X&?F

1<|a’+8'|<k

(4.5)

and w™! > 1, applying Lemma 4.2 we see that wlé?i(??wl is bounded by

%A'“f”'rlaa + BwHE N W + o + B E)
+A|f+ﬁ|F1(|a +,8|)w2|a/ +ﬁl(s—1)|a+ﬁ|(w—z<§>;éla+ﬁl)<§>;plﬁ\+6lal'

Since we have w_2<§>;6la+ﬁ < (f);mwﬁ 2 < (f);ém’g V2 if o + Bl > 4 then taking Al“*F1/2 +
A'la < AletBl into account we conclude that (4.5) holds for |+ 8| = k + 1. Therefore noting
w™(€);° < 1 we get

|8ga§w| < A|(1+ﬁ|1"l(|a +ﬁ|)w<§>;l)|ﬂ‘+§|af|(1 + |Cl’ +ﬁ|.§'f1<§>;5/2)\(l+ﬁ|‘

The assertion for w is proved similarly. As for w™!

W <) (;)@)A'W'r]ua’ +FDilla +Bl=la’ +B')

X<§>;P|.B|+5|(l|(w—l<§>;6 +la +ﬁ|s—]<€>;(5/2)|(t+ﬁ|

the proof follows from induction on |a + £|. O

, using
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We now introduce a basic weight symbol which plays a key role in obtaining energy
estimates:

(4.6) Y =(&)log(p+w), k=p-—0o.

Lemma 4.3. We have (¢ +w)*' € S {37 ((p+w)*"). We have also yr € S'37((6) log (£),).

050
Moreover 3?(8;1// € S;{&”(w_](f)g_lm)for e+ p] = 1.

Proof. With W = ¢ + w we put for | + 8| = 1
164 Lot =20
&0z W 90,
+
2w

We examine a’jag¢ € S;}(;”(w(f);p 9Pl for | + | = 1. Indeed noting w )0 < 1 we
have ’

(4.7) ROgW = = QLW + P4,

Ia;‘*ﬁa}:ﬂ(pl < CA|y+v|w|# + V|s|y+v|<§;>;5|,u+"| <§;>;ﬂ|ﬂ+a|+5|"+ﬁ|

< CA|“+V|LL)<§>;MQ|+6I'B|(|M + V|S<é_->;5/2)|y+v\<§>;P|/1\+5|V|.
Sincew™' € § gt;w(a)‘]) one can find A; > 0 such that

029Dl < AYTTHE I A TR, Y,y

holds for |@ + B8] = 1. Since <§>;25 < W similar arguments prove

48) 1000l < AV WE P 11+ v THE T,
Now suppose

4.9) 0505 W| < CAS W) Pa + BII(L + |a + I E), 1)

holds for | + 8| < € and letting |a + 8 + e; + 3] = £+ 1 we see

ate @\[BY jla-a/+p-B1+1 4l +8
|a‘;+e2a§+lW|SCZ(a,)(ﬂ/)A{Ya+ +A2a/+
xla —a +B =Bl +BIWE, P+ + g6,
ATt BIIW(L + a4+ B (@) g o
< (CASP A Ay — AT+ AP
Xla +BIW(L + o + B (&), e pieretrobrel
Thus it suffices to choose A, so that Aj(A> — A;)™' + C7'(A1A;") < 1 to conclude ¢ + w €
S 2{’;>(¢ + w). As for (¢ + w)~! it suffices to repeat the proof of Lemma 4.1.

We turn to the next assertion. From (5);26/ C < ¢+w<Citis clear Y] < (€))1og(£),.
Since 802 log (¢ + w) = 0% (¢+w)/($+w) for le+p] = 1 and (¢ +w)*! € SV (p+w)*")
we see i € SUV((€) log (£),). Since d{0¢ € 7€) for la+pl = 1 and ™! €
$ {3 (w™) it follows from (4.7) and (4.9) that

0402 W)) < CAF W™ Wy, @l + vl

X (1 + |u+ v|s_] <§>;5/2)#+VI<§>;p\#|+6IVI
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which proves the second assertion. m|

5. Composition formula (energy estimates)

In studying Op(e”)POp(e™) = Op(e"#Pie ™), if y € S{;7((£)<) with & < p — 6 one
can apply the calculus obtained in [19] to get an asymptotic formula of e¥#P#e™", where the
proof is based on the almost analytic extension of symbols and the Stokes’ formula using a
space p—o6 —«’ > 0. In the present case ¢ € S 2{’5”(@);) there is no space between x and p— 96
and then, introducing a small parameter € > 0, we carefully estimate e/ #p#e~< directly to
obtain the composition formula in Theorem 5.1 below.

We denote a(x,&;y,€) € €18 ;L’;)(W) ife“ages g(’;)(W) uniformly in 0 < € < 1. Our
aim in this section is to give a sketch of the proof of

Theorem 5.1. Let p(x,&) € S (s)((f)ﬂ). Then there exists €y > 0 such that one can find
K =1+rreeS,s(1)andyy(€) > 0 for0 < € < € so that we have fory > y(€)

la+p
. € ) o,
e H#phe” VHK = Z a,—ﬁ,pﬁﬁ))(—lVgeb) (V)
(5.1) la+Blsm — T
+ Z e'“ﬁ'”/zcgpg))wLR
1<|a+Bl<m

where pfx)) = 6?6;‘5 pandcy €S p,(;((f)’;w_é'al), ResS p,(g((f)?_a(m”)). Moreover we have

cj € S polw™ (f)?'“l)for | + B| = 1. In particular e #p#e™ € S, 5((6)).

Denote
el(y+,[>’|

251 Pl Ve (Vo)

(5.2) P& = )

la+pl<m

which will be the principal part of e/#p#e V#K and differs from the second term on the
right-hand side of (5.1) by multiplicative factor O(e!/?).

5.1. Estimates of symbol e, Let H = H(x,&;y) > 0 be a positive function. Assume
that f satisfies

|02 £| < CoAE™ (e +v1 = 1!
X (1+(u+v| - 1)8-1<§:>;6/2)Iu+w/|—lH<§>§IVI—/>I/4|
for |u +v[ > 1. Set Qg = e/ a‘;agef then we have

Lemma 5.1. Notations being as above. There exist A;,C > 0 such that the following
estimate holds for | + 8| > 1;
|a;alggg| < CA|1V+IJ\A|2CY+,3|<§>;5/|,B+V|—p|a/+ﬂ|

lo+p|

X D H P Qv+ UL+ (et v+ )9, P,
j=1

Corollary 5.1. We have with some A,C > 0

|(9§8§ef| < CA|U+,3|<§>§|/3|—P|(X|(H +la+ B+ +ﬂ|s<§>;6/2)|d+ﬁ|ef‘
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Moreover for la + | 2 1, |ﬁ§5§ef| is bounded by
CHA|G+ﬁ|<é:>$W|—P|(¥|(H +la+p+ e +ﬁ|s<§>;6/2)la+ﬁl_l€f.

Corollary 5.2. Notations being as above. We have for |a + | > 1
Qf € S (HH + |a + ) + la + B(E),7)\ P (&), /170,

e‘f‘lfﬁﬁagefw. Then there exists yo(e) > 0 such that wy €

Corollary 5.3. Let wg =
€8S LI for y = yo(e).
5.2. Estimates of (be/ Y#e <. Let x(r) € y(R) be 1 in|r| < 1/4 and 0 outside |r] < 1/2.

Letbe S g(;” (w'(€)})) and consider

(be Yte™/ = f e HIEVOp(X + Y)e VKN D gy gz

= b(X) + f e AEIOp(X + Y)(eV XD _ )dydz

where ¥ = (y,7), Z = (z,{). Denoting ¥ = x((X{€); W(E, D, ¥ = x(lyl/4)x(I2l/4) we

write
f e PURTIOp(X + V) (e XD _ )k + (1 - p)fldYdZ

+ f e HEIP(X + Y)(eV VD _ 1) (1 - p)dYdZ.

After the change of variables Z — Z + Y the first integral turns to

(5.3) f e HEYOp(X + Y)(eV KN XHHD _ypidyadz

where we have set fo = ¥(y, ¥ (€)W + L), .
Lemma 5.2. Let V(X,Y,Z) = (X +Y) — (X + Y + Z) then on the support of Yo one has

WX, Y, Z)| < C(€)sg,*(2)

where go.g(y,1m) = X + &), Il and for |+ | = 1
| < eCATUE PNy 01 Z)

X (E(f);g;{/z(Z) +la+ Bl + +ﬁ|s<§>;6/2)la+ﬁl_1€€\y.

Proof. The assertions follow from Lemma 4.3 and Corollary 5.2.

103
&, e

(xy)

Introducing the following differential operators and symbols
L=1+47"5&Y D, + 47,2 ID, P,
M = 1+474EPIDP + 474, * D,
D =1+ EF LR +(E7P1P = 1+ (E¥gx(2),
© = 1+(©OXlyP + (€, Il = 1+ gx(¥)

so that ®N[Ne=2r=v0) = =2im=y0) - @=E ple=2im—y0) = ¢2i1=y0) we make integration
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by parts in (5.3). Let F = b(X + YV)(e¥ = 1), x* = x(e®), x. = 1 — y* and note
I((f);p c')z)“((f)fjc?g)ﬁ)(*l < Cop with C,p independent of €. Consider

f e 20 0L FodYdZ
(5.4) |
= f e—zl“ﬁ—mq>—NLN®—fogy*a‘jagF)go)dez.

Applying Corollary 5.1 we can estimate the integrand of the right-hand side of (5.4);

7 VLYO M (" DT FRo)l < CeAPN P N O ey *(2)
(5.5) X (€E)<gy*(Z) + 2N + |a + Bl + 2N + a + BI) ()22 o=l ¥
+1eY = 12N + | + B + N + | + B, Pt (X + Y&y,
Here we remark the following easy lemma.

Lemma 5.3. Let A > 0, B > 0. Then there exists C > 0 independent of n,m € N, A, B
such that

A+n+m+m+m)’B"" < C""(A +n+n’B)"(A+m+m’B)".

Since [e€? — 1] < Cle¥| < Ce®'/? < C+/e on the support of x*, the right-hand side of (5.5)
can be estimated by

CeAT PO N el YegyF(Z)(e(@) gy (2) + 2N — 1

+ (2N = 1N U ele)ig P (2) + e + B

o+ BIHE T 4 VE(e(@)igy*(Z) + 2N + 2N) (),

X (e@5gy*(2) + o + Bl + lr + BIYE," ) (X + V)N

where we remark w*' (X + Y) < Co*'(X)(1 + g;(/z

have /(X + Y) < Cw'(X)®" with some #'. Noting

(Y)) on the support of ¥ and hence we

ANO N (€Y g (2) + 2N + 2N)* (),

A P@D 2a N ARNYE v
_( D12 + D12 + D1/2 )

and
AVO V(@) g\ (2N (€@ gy (Z) + 2N — 1+ (2N = 1)), 72"
AESa (D) 24N AIRNYE, T av-
D12 + D12 + D12 )
we choose N = N(z,(,&) so that 2A|N = ¢®'/? with a small ¢ > 0. Then noting that

O < 1+ 2712 +26); %117 < C(€)Y on the support of o and therefore /() %" <
C(£)," < Cy™ with some € > 0 we have

< EA](E

AKEY9*(Z) 24N AIRNY(E),”% av-1
(E ®l/2 + ®l/2 + ®l/2 )
< (Aje+ T+ DU V202N < cpmar®”
< » <
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choosing ¢ small and y > y((€) large. On the other hand since <§);g§(/ 2(Z) < @7 it is clear

(€59 (@) + la + Bl + la + BI(E); D) tleme @
< CA"P(ja + Bl + lor + BI"(£); ) Fle= @,

Set ¢’ = £ — . Then noting ¢~ ®"" < C®~" we have

D~V LNO M (v 8i0¢ F o))

G0 < Ve CA" Bl + Bl + |a + B, Pl (X)eyy P o

Finally choosing € > ¢’ + (n + 1)/2 and recalling f O ‘D dydZ = C we conclude
| f e 20 L5 FRodYdZ|
< Ve CAl(la + Bl + |a + BIH(E);°H Pl (X )y PP,

We next consider

f e 20y B9 FrodYdZ

- f e—2f<nz—y4>LNc1>—NM"®—6(*a‘;agF)godez.

Similar arguments obtaining (5.6) show that
|(D_NLN®_€M€(X*6‘;62:IF)?0)| < CA‘(I+/3|(|Q’ +ﬁ| + |Q’ +B|Y<§>;6/2)|Q+ﬁ|
le(X)<§>m_P|(l|+5|ﬁ\@_frq)_g,e_cq)l/2
y .

1/

Since ®'/2 > €172 on the support of y, we see e <®"” < e < Cy/e and this proves

oy f e‘2"("2‘y0F)30dez‘
< Ve CAl(ja + Bl + |a + BI(E);°1H Pl (X )y PP,
‘We then consider

f e MOy + 122y N (D + D) FRdYdZ

where F = b(X + Y)(e/XN-ebX+2) _ 1y and ¢, = (1 — §)¥. Let k < k; < p then since
(X +Y)|+ (X + Z)| is bounded by C(¢)}' and C™' < (€ + )y /(€),, (€ + {),/(€)y < C with
some C > 0 on the support of y; thanks to Corollary 5.1 it is not difficult to show
(D + 1D,V F | < CANI Pl (X + Yy P
X () + la+ Bl + o + B (€), ) #!

X (€PN (@Y + 2N + 2N)(E); 1N et

Choose N = ci(£), with small ¢; > 0 so that
y

ANV (@) + 2N + QN (@

is bounded by Ce €% and (¢)}’ 4Bl =c(€); is bounded by CA**Fle=< @ Then noting w'(X +
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Y) < Co' (XK€Y, and e @ < Ve C(€),” "™ for y > yo(e) and that (£),”" [(yP? +
121>)™N$1dYdZ < C we conclude

Lemma 54. Let y = X((n)(f);l)/\/(@)(f);l). Then we have fory > yo(€)

&t f e HEIOP(X + Y)(eV XD _1\2ayadz |

< Ve CA™ Pl + Bl + | + B (€), ") P X))y V.
Let us write

L= = (= x (&), NA = x(OE;H) + (1= x (€, W UOEH
+H(1 = Y (OET I UINEN) = f2 + X3 + K.

Denoting F = b(X + Y)(eVX*1-e/X+2) _ 1) again we consider
f eIV (y 2Ny 2N D YDy <y>_25<2>_25<D_:>2€<Dn>2€5‘;5§ Fxox'dYdz

where y* is either y ()Y~ /4) or 1 — y((OXm)~1/4). If y* = y((O)n)~! /4) we choose N =
£, N, = N and noting w'(X+Y) < C(n)" with some ¢ > 0 and |[y(X+Y)|+|y(X+2Z)| < C{n)
with k < k1 < p on the support of £,x* it is not difficult to see that
Ky 2N ()Y 2UD-Y N (D Y () 2y 2D Y (DY RO F iy
is bounded by
C5A2N+|a+ﬁ|<77>_2N<é‘>_2€<y>—2f<z>—2f<n>m+t’+26€<n>6¢’l)
5.7) X () + 2N + N @)Y
X (Y + MYl + Bl + P la + )Pl
Here writing
APV N () + 2N + Ny
A K1 2A AN /2
- ( m*  2AN AN )2N
m  mr (m

we take 2N = c;(n)° with small ¢; > 0 so that the right-hand side is bounded by Ce=¢""
Noting (p)dletBle=¥ < A|1“+/3||a, + platBlpg=ain’ and (pyalatBleem’ <
CAllaJr’glla + BlletBle=1 one sees that (5.7) is bounded by

C[A|la’+ﬁ|<é«>—25<y>—25<z>—25(|a +ﬁ|1+5/p + |(Y +ﬁ|s+6/2p)|a+'8|€_cl<n>p.

Similarly if y* = 1 — x4 choosing Ny = N, N, = (it is proved that (5.7) is
estimated by

CgAll(Hﬁl(T]>_2[<y>_2€(z>_2€(|a/ +ﬂ|1+5/p + |C¥ +ﬂ|s+6/2p)|a+ﬁ|e_q<(>p-

Thus taking 1 + 6/p = 1/p and s + 6/2p < 1/p into account and recalling that (£), < (),
(&)y < {{) on the support of y, we get
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Lemma 5.5. We have

0 fe—Zi(Zn—yé')b(X + Y)(esl//(X+Y)—El//(X+Z) _ 1)/€dedZ|
< CA|a+ﬁ||a, _{_ﬁlldﬁﬁ’l/pe*cl(f)ﬁ‘

Repeating similar arguments we can prove

Ao f A p(X 4 Yy (VXD eUXZ) _ )/\A/ideZ’
< CAW Pl 4 gla+Blle g1 @,
for i = 3,4. We summarize what we have proved in
Proposition 5.1. Letb € S ;{ﬁ(wf(g);’) then we have
(be)tte™ =b+w'b+R
where b € e S ;7 ((¢)™) and R € S, P (e=" %), that is
POTR] < CA* Pl + Blle+Bllpgmere;,

5.3. Proo of Theorem 5.1. We start with the next lemma which is proved repeating sim-
ilar arguments in the preceding subsection.

Lemma 5.6. Let a € SW((€)4) and b € SV (€)1). Then we have

(=D¥

ey _
(be™ YHa = —(21)|a+ﬁ| 31

|+BI<N

)(b f¢)<"> +bye” + R

where by € S g(;”((f)?“m L, ReS f){ép )(e_“f >5). For a#(be) similar assertion holds, where
(=D is replaced by (-1)1.

We can also prove
Lemma 5.7. LetR € S(l/p)(e_df)y) Then we have
Rite*,  e*VHR € S{\1P(e™ ),
Corollary 5.4. LetR€ S, (10 (e=<@%). Then for any t € R we have
eV #R#e™V € S((£))).

Lemma 5.8. Letpe S (S)((f)g). Then one can write

€ (_I)IIBI a e
(6 W)#p = Z Wa'ﬁ'p((l) (LL) '//) + rNe + R
|a+B|<N k

where ry € S<1 S>((§)d M) R e S(l/p)(e_c<§>7) and a) = e‘e‘/’a‘ia‘?ee‘”.

Proof. We first examine

(=DM pE) 5
(58) pm)wg E¢ Z (2l)|y+6l 51 (a+6)#( g:y f‘//) =ry, |a+ﬁ|e + R
ly+d|<N
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with ryje4p € S<1 Y>((§)d ~N), Indeed since 8%, (wgef‘”) = wg:’; e thanks to Lemma 5.6
one can write

Z (=D PO

Sy (21)|7+5|y’(5‘ (a+¢5)

(_l)y'l '}/ 0 vl B+Y) a+d ep
2, i (2l O et

+ I”N’|a+ﬁ|€€"b +R
where )’ (g)(i)(-l)"‘*”‘ = 0if [y’ + ¢’| > 0 so that the right-hand side is

1,
pgﬁ))wgeﬂ/’ + rN,|a+ﬁ|eE‘/’ +R, Injosp € S< s>((§>d 5N)

which proves (5.8). Now insert the expression of p( ) Z e in (5.8) into

(RN
(e Yp = PP we + rye” + R
arBl 151 P @ @B
2 Grag

which follows from Lemma 5.6 to get
(=DP! a'\(B oY) 4 Fre
Qi Fla 1] Z sy Pl #@he?) + e + R

where 7y € § <1’s>((§)d“w ). Here we note ) (‘g)(’; ) = 2l+Fl Tt is clear that pzﬂ,)#(w“,' eV) =

e + Rwith ¥’ € S<1 s>((§)d Ny for |’ + 8’| > N and hence we get the assertion. O

|+’ |<2N

Proof of Theorem 5.1. From Lemma 5.8 we see

ey —ey (_l)lﬁ‘ a El/l ey ey —ey
(e tphe ™ = ) e lp] ——— pO H(weV e ™) + (rne + R)e

la+pBl<m

where (7, + R)#te " € S p,5(<§>$76(m+1)) which follows from Propositions 5.1 and Lemma
5.7. Therefore Proposition 5.1 together with Corollary 5.3 gives

—DA
ey -y _ (
(e ytphe™ = |a+;|<m g POy + @) + R

where @ ela+ﬁl+1/2S<1 DUEPTIN R € 8,58y and
of € €128 HE, e+l =1

Since e“#e™ = 1 —ry, r; € VeS,s(1) by Proposition 5.1 there exists K = 1 +r, r €
VeS ,5(1) such that e#e #K = 1if 0 < € < ¢ is small ([1, Theorem 3.2] and [15,
Theorem 2.6.27] for example). Thus we have

(-D¥

(eew)#p#e_f‘/’#l( =p+ Z W

I<|a+BI<m

PE#WS + @)K +R.

On the other hand it is clear (w$ + @$#(1 + ) = W} +@F with @F € erAH1/25 (@) P,



GEVREY STRONG HYPERBOLICITY 401

Since wy € €S o HEST for |a + B| = 1 it is also clear that oy € €78 (w1

for | + 8| = 1. Note

_ =" P _
ay _ M o )
Pl + Z FrE Plasn) W + D)

lutvI<m—a+]

c S (<§>m 6|a+/3|—p(m+1—|a+ﬁ|)) c Sp76(<§>;n—6(m+1))

and  (wf + w")(v) e yHvig ;%”((f)‘y)l%m_&wwl) which is contained in
6|0+.3|+|/1+v|+1/2S’<O}6V>(<§>/;|a+ﬂ|—5w+1’|) if |u+v| > 1,y > yo(e) so that

(-

(efW)#p#e—€¢#K =p+ Z —i“”ﬁ‘a'ﬁ'

1<|a+Bl<m

Py (@ + &) + R

where ag € rP2g (€ T) and o € €28, 5w (E)y ™) for o + Bl = 1. Now
check a) . For |@ + B = 1 we have a)ﬁ = e( Ng;b)"(zvxgb)ﬁ Let | + B8] > 2 then a) s a
linear comblnauon of terms (aﬁ)(“‘) (Ew)(“‘) witha) + - +a; = a, B+ + ,BS = B,
laj+ Bl > 1. If |a; + B;| = 1 for all jitis clear w’g = ela+ﬁ|(—iv§w)a(ivxl//)ﬂ. If Iaj +Bjl>2
for some j so that s < |a + 8] — 2 then one has

(€)g) - ()5 € S ps (€0 PPy C Y8, s((€57F),

Since we can assume y ¥ < €A*1/2 for y > y,(€) we get the assertion. o

6. Energy estimates

To obtain energy estimates we follow [13] where the main point is to derive microlocal
energy estimates. We sketch how to get microlocal energy estimates. Let us denote

P, = Op(e®)POp(e”*)Op(K)

of which principal symbol is given by p, = e/#p#e”/#K. In this section we say a(x, &;y, €)
€ Sp,(;(W) ifaeS§,s;(W)foreachfixed) <e < 1. Letae Sp,(;(W) and let N € N be given.
Then with a fixed small 0 < 27 < p — ¢ we have

|a§aga| < CQB(E)W<€:>;p|a|+6Iﬁ| < Caﬁ,y—ZTIa/-%—,BI W<§>;(P—T)|“|+(5+T)|,3|

where one can assume that Caﬁ(e)’y‘zﬂ‘”ﬂ|

large.

are arbitrarily small for 1 < |a + | < N taking y

6.1. Symbol of P,. Define h;(x, ) by
hxe = > gl lagls g5 =& - 4 8).
1<t <by<<li<m

Lemma 6.1. There exists ¢ > 0 such that

Bt (X, € — i€w™ (€)50) > c(ew)* THUERT My j(x,& — iew™ (£)50)
forj=k,...,mwhere hy=1and 1 <k <m.

Proof. We show the case k = 1. By definition A,,_;(x, & — iew‘1<§);9) is bounded from
below by
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27 g6, P + g%, HF + Ew O [ [ lgu(x & - iew™ €0
kti,j

From Lemma 3.2 we have |g;(x, &)I> + |q;(x, &) > ¢ |b’(x, ). Since

b’ (x, O + €wE)

= €W HONE (xOP W @), +(6),%) 2 c €W
with some ¢ > 0 because C|b’(x, £)I*(£);* = ¢* and w* > ¢* then it is clear that A, (x, & —
iew™'(£)56) is bounded from below by

€@ | | lanx. & - iew™ (05001,
k#i,j

Summing up over all pair i, j (i # j) we get the assertion for the case j = 2. Continuing this
argument one can prove the case j > 3. |

Let us put
h(x,€) = hy1 (x, € — iew™ (€)50)' 2.

Lemma 6.2. There exists C > 0 such that we have
Ipg)] < Clew)' ¥4e), ™, 1 <la+pBl <m,
Ip p(“)l < Clewy ey 2, 2 <la+pl <m.

Proof. From [4, Proposition 3] one has
Ip{) (6 O < Chy o (x, €)' 2117

for | + 8| < m which is bounded by Chyjq+/(x, & — iew™ (£)56)!/?|£P! clearly. On the other
hand it follows from Lemma 6.1

Ch(x,&) > () PN Ry (x, € — i€w™(£)50) 2

for 1 < | + B| < m which proves the assertion. The proof of the second assertion is similar.
O

Lemma 6.3. Assume that cj € Sp5(<§)pw_6m') and cj € Sp,(;(a)_l(f)s_lal)for la+pl=1.
Then for 1 < |a + B < m we have p(a)cﬁ € Sp(;(a)_l(f)f/h) and 6'“+ﬁ‘|p$c’§| < Cew‘%f)ih
with C > 0 independent of €.

Proof. Let 2 < |a + | < m then since 1 = « + 20 by (4.4) and (4.6) we see by Lemma 6.2
|a+/3’||p((l)c,3| < CE(UI |a/+,3|<é'_->1 la|+plal—- EWh
-1 —1/ gy =0y |a+Bl-2 -1
< Cew™ (€)5(w(€),°) " °h < Cew™ (E)yh.

When | + S| = 1 noting c/f, €S p,(;(w”(g);‘w') we get the same assertion. We next estimate

g:f))(cﬁ) Af e+ u’ + B+ V| > m we have
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//l

(a+u") ~ BU") m=|a+'| ; o\plal=61Bl ; g\ —pltt’ |+6]v
[Py ahin| < @y T e e,
< Cfa)_(m_l) i §> ; —|a+u'| ( §>/;|(Y‘_6Iﬁ|+p|#,|_6lvll ( §>;plul+6\VI

< Cew™ &Y (Mg, MNP IR ) PN,

where the right-hand side is bounded by C.w™'(£);™” WMy We turn to the case |a + i/ +
B +V'| < m. From Lemma 6.2 it follows

4 _ ’ / 1- ’
|p(fl_:'il/))| <C. I—|a+u +B+V l(é:)y la+p l/’l
_ _ ’ ’ _ _ _ ’ S ’
< C( 1<§>ya)|ﬂ +/] 1 |a+ﬁ\<§>; |a|h<§>y/)|ﬂ [+olv'|
therefore for | + ] > 2 we see easily

i ; - - -2 - K - v
PG B0 < Clw™ ;) P2 w e (),

< Cew™ €Yy (),

which also holds for |a + 8| = 1 because ¢ € S, 5(w™(£)5 ). -

6.2. Definition of Q(z) which separates Py(z). We follow the arguments in [13]. Let us
define p(x + iy, & + in) by
1

plrtigévin= D, o

|+BI<m

19, p(x, £)iy)" (i)’

Then p, given in (5.2) is expressed as p(z — ieHy), which one can also write as

m

a J
ple—ieH) =y (’E) Pz — etHy)/ j!'t:O.

Jj=0

Using this expression we define Q(z) which separates p(z — ieH,) by

- O\ (.Y
0@) = e‘1|H¢/|_1 (E) Z (15) p(z— EtH{/,)/j!L:O

=0
where Hy = ((£), Ve, —=V,). By the homogeneity it is clear that
Pz — ieHy) = (&) pE — iA@Hy /\HyD, A(x.&) = lH )5

where Z = (x,£(€);"). It is not difficult to check p(z — ieHy) € S,5((£)7) and Q €
S p’5(<¢f>f}1,1_1). We study p(z — ieHy) and Q(z) in a conic neighborhood of p. We first re-
call

Proposition 6.1 ([14, Lemma 5.8]). Let p be a characteristic of p of order m and let
K c T’y be a compact set. Then one can find a conic neighborhood V of p and positive C > 0
such that for any (x,&) € V, { € K and small s € R one can write

pa=s0) =9 | |6 = pi0)

=1
where 1j(z,{) are real valued and e(z,{, s) # 0 for (z,{,s) € VX K X {|s| < so}. Moreover
there exists C > 0 such that we have
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(6.1) luj(z,(0,0)|/C < |uj(z, Ol < Cluj(z,(0,0)l, j=1,2,....m
forany (x, &) eV, € K.

Writing [T, (1 — uj) = L, pet* we see that jp(z — is¢) is written

mo 0 J m B 7 m—t’l . ‘ NG
;F(HE) el]:l(t—,uj) o —;;E(wa—) e|t=OPf(lS)

_ Z l ; ﬁ ‘ ‘ (i )f
“lzo k! lsat €lico | P

m—{+1<k<m

N 1 . 9 ‘ - . m+1
= Z o (ISE) e|t=0 lj:l[(ls — 1)+ 0"

which proves
62) Bz —is) = eo(z. &, ) | [ (s = (. 0) + O™ ).
k=1
Note that eg(z, ¢, s) = Zk’"zo(isc')/at)ke(z, Z, t)/k!L=0 and hence we have ey(z, £,0) = e(z,£,0) #

0.

Lemma 6.4. There exist a conic neighborhood U of p and a compact convex set K C T,
such that Hy/|Hy| € K for (x,&) € U, y > v.

Proof. From ¢ = (£)ylog (¢ + w) it is easy to see

{ Vi = 0 RV,
Vel = w4 Ved + 0N log (6 +w) + OES™.

Therefore one has

Hy = 0 (5(Hy + (0(Dwlog (¢ + w),0)).
Since |¢p+w| < 2w we can assume w log (¢ + w) is enough small taking U small. In particular
we have w™(€)5/C < |Hy| < Cw™(£)5. Then noting Hy(p)/|Hy(p)| € T, which follows
from (4.3) we get the assertion. |

We rewrite Q(z) according to (6.2).

Lemma 6.5. Let & = Hy/|Hyl. Then we have

0(2) = ©y | =ideo @ @, V0] (A - iz, @)
j=1

reo@ @, ) ) | ] -z @)+ oam).

j=1 k=1k#j

Proof. Noting A(z)|Hy|™'(£), = € one can write
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AT A o
0@) = € 1Hy ") ;(5)(’5) PG -1/ ]|

@t S a2 (i oz
4 = ot)\ ot =0

which is equal to

I I O A VA
&)y 1&72;4 TESY (lSE) pE— 1)
]:

t=0,5=1A(z)

1 40 . "
63) = @) (P ~ is®) — p@) + O™ D)y

| A I m

=~ {a”@‘ isa)| _,+0a >}.
From (6.2) the right-hand side of (6.3) turns to be
1 m—1 8 - o~ = . ~ ~ m+1
(6.4) ~Or (et @0 [ s =@+ o)
j=1

modulo 0(/1’")<§>;1‘1 which proves the assertion. |

6.3. Microlocal energy estimates. To derive microlocal energy estimates we study
Im (Pyxu, Qxu) where y is a cutoff symbol supported in a conic neighborhood of p. Thus we
are led to consider Im (P, Q) in a conic neighborhood of p. Recall that Py, = p,, + Z;”:‘Ol (Pj)y

where P;(x, D) is the homogeneous part of degree j of P and (P)), € § p,(;((g);) by Theorem
5.1. Take any small O < € < 1 and we fix €* and put

6=(0-€Ym, p=m-1+€)/m, k=p-6
where p + 6 = 1.

Lemma 6.6. Let S(z) = Im(p(z — ieHy)Q(z)). Then one can find a conic neighborhood
V of p and C > 0 such that we have

ew ENI(2)/C < So(2) < Cew (ENI(2).

Proof. Write eo(Z, @, 1) = e(Z, @, 0) + id(de/dA)(Z, @,0) + O(A?) then it is clear |eg)* =
le(Z, @,0)* + O(2?) so that Re (9ey/0)ey = 27'dlegl>/0A = O(Q). Thus from Lemma 6.5

and (6.2) it follows that
1+ |u,~|]] .
=1
j=

' < {<§>§'"-uz [ (Azwk(z,a»z)}/ So(@ < C.

1 k=1k#j

J=1 k=1k#j

Im(p(z ~ ieH,)0()) = <§>§m-‘|eo|2a{z [ (azw,%)[l +0

Since u;(p,w) =0, j=1,2,...,m one obtains

On the other hand noting C™' < A(2)/(e w™(&)s™") < C and
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m

c! s{<f>§’"—2z [ @@+ me o, 9))2)}

j=1 k=1k#j
Xh-1(x, & — iew™ (€)30)7 < C

we conclude the assertion from Lemma 6.4 and Proposition 6.1. |
Lemma 6.7. We have Q € §,5(h) and S§' € §,5(w™(EXR)*) in U for y = yo(e).
Moreover |Q| < Ch with C > 0 independent of €.

Proof. From the definition one can see easily that Q is a sum of terms, up to constant
factor;

(6.5) TP P VAP (V) [(ER Ve + IV )

with 1 < |e + B8] < m + 1. We also note that Im Q is a sum of such terms (6.5) with
2 <|a+pB| <m+ 1. From Lemma 4.3 it follows

{ Vet € S 5w (e,
Vo €S s (€))

in U and hence ((£)3|Vey* + V)12 € S, 5((w™1(€)%) ") then we have
Ve = (VP (V) (Rl + V)2 € 8 (@@ ).

Noting w‘2(§)§‘1 < 1 it suffices to repeat the proof of Lemma 6.3 to conclude pgz)) VE e
S ,5(h) and e'“+ﬁ“1|p$ VP| < Ch with C independent of € for | < |@ + | < m + 1. From
Lemma 6.3 it follows that p(z — ieHy) — p(z) € S p’g((/)_l (§)§h). Since from Lemma 6.2 one
can check that p(z)imQ € § py(;(a)‘l (f)ghz) we get the assertion for Sy(z). The assertion for
Sy 1(z) follows from Lemma 6.6 and S ((z)S 0 ) =1. m|

From Theorem 5.1 and Lemma 6.3 one can write
py — Pz —i€eHy) = Ver+ry

where r € §,5(w™()$h) with |r| < Cew™(€)Sh and ry € S,,((€)y "), Thus #Q €
Sps(w™(&€)5h?) and [rQ| < Cew™(€)$h?. On the other hand Lemma 6.1 shows

<€;>;n—6(m+l) — <§>;n—l +k—6(m—1) < Cel—m,y—éw—l <§>;h

so that we see ryp € S p,(;(a)‘l(f)i;h) and |rg| < Cé€Y/ 2w"<§)§h for v > yp(€). Therefore in
virtue of Lemma 6.7 there is 7 € S, 5(1) with |7 < C+/e such that

Im (py#Q) = So(1 -7

in some conic neighborhood of p.
We turnto R = Z;”:_Ol (Pj)y €S p’(;((f)?‘l). From Lemma 6.1 again we have

N < CE MVl = Ce e (O
< Cel—m,y—K+6(m—2)w—l <§>;/’l

Recalling that k — §(m — 2) = € > 0 and hence we can assume Ce'™y~€ < Ce*/? for
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v = vo(€) so that there exists 7 € S~p,5(1) with |?| < C+/e such that Im (R#Q) = So(1 —?)ina
conic neighborhood of p. Thus we conclude

Im (P,#0) = E2, E €8, " %&)}h),
€20V h/C < |E| < Ce 2w V2 h

in a conic neighborhood of p with C independent of €. The rest of the proof of deriving
microlocal energy estimates is just a repetition of the arguments in [13] and we conclude
that the Cauchy problem for p + P,,_; + --- is Y1/ well-posed at the origin. Note that
1/k =m/(m -2+ 2€") and €" > 0 is arbitrarily small so that 1/« is as close to m/(m — 2) as
we please.
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