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Abstract
When the cohomology ring of a generalized Bott manifold w@hcoefficient
is isomorphic to that of a product of complex projective g€ P", the gener-
alized Bott manifold is said to b@-trivial. We find a necessary and sufficient con-
dition for a generalized Bott manifold to B@-trivial. In particular, everyQ-trivial
generalized Bott manifold is diffeomorphic to[d,, ., CP™-bundle over aQ-trivial
Bott manifold.

1. Introduction

A generalized Bott tower of height is a sequence of complex projective space
bundles

(1.1) B —> Bhg —> -+ 25 By = By = {a point,

where B = P(C @ &), C is a trivial complex line bundle; is a Whitney sum of;
complex line bundles oveB;_;, and P(-) stands a projectivization. EadB is called
ani-stage generalized Bott manifoléhen alln;’s are 1 fori = 1,...,h, the sequence
(1.1) is called aBott tower of height hand B; is called ani-stage Bott manifold

A (h-stage) generalized Bott manifold is said to@éerivial (respectivelyZ-trivial)
if H*(Bp; Q) = H*(]—[ih:l CP"™; Q) (respectively,H*(By; Z) = H*(]_[ih:l CP";Z)). It
is shown in [4] that ifB;, is Z-trivial, then every fiber bundle in the tower (1.1) is trivia
so thatBy, is diffeomorphic tol"[ihzl«ZP“i. Furthermore, Choi and Masuda show that
every ring isomorphism betweefrcohomology rings of twaQ-trivial Bott manifolds is
induced by some diffeomorphism between them (see Theorgrar@l [2]).

We find a necessary and sufficient condition for a generali&etti manifold to be
Q-trivial. Namely, we have the following proposition.
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Proposition 1.1. An h-stage generalized Bott manifolg, B Q-trivial if and only
if each vector bundle&;, i = 1,..., h, satisfies

1.2 o+ 2rae) = (" e

fork=1,...,n +1, where B=P(C & §).

Moreover, the following theorem says that@trivial generalized Bott manifold
without C P!-fibration is weakly equivariantly diffeomorphic to a trali generalized
Bott manifold.

Theorem 1.2. Let B, be a generalized Bott manifold such that allsnare greater
than 1. Then the following are equivalent
(1) By is Q-trivial,
(2) total Chern class ;) is trivial for each i=1,...,h,
(3) By is Z-trivial, and
(4) By is diffeomorphic to the product of projective spaclqg=1 CP",

In the light of Theorem 1.2, we have a natural question.

QuEsTION 1.1. Let B, and B, be generalized Bott manifolds withy > 1, i =
1,...,h. Is H*(By; Z) isomorphic toH*(By; Z) if H*(Bn; Q) = H*(B{; Q)?

Unfortunately, Example 3.1 shows that the answer to thetmues negative.
From the proposition, we can deduce the following theorem.

Theorem 1.3. Every Q-trivial generalized Bott manifold is diffeomorphic to a
[[,-1 CP"-bundle over aQ-trivial Bott manifold.

The remainder of this paper is organized as follows. In 8ac?, we recall general
facts on a generalized Bott manifold and deal with its cohogy ring. In Section 3,
we prove Proposition 1.1, Theorems 1.2 and 1.3.

2. Cohomology ring of a generalized Bott manifold

Let B be a smooth manifold and I be a complex vector bundle ovd. Let
P(E) denote the projectivization of. Let y € H?(P(E)) be the negative of the first
Chern class of the tautological line bundle o\®{E). Then H*(P(E)) can be viewed
as an algebra ove*(B) via 7*: H*(B) - H*(P(E)), wherex: P(E) — B denotes
the projection. WherH *(B) is finitely generated and torsion free (this is the case when
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B is a toric manifold),7* is injective andH*(P(E)) as an algebra oveH*(B) is
known to be described as

(2.1) H*(P(E)) = H*(B)Iy] / <Z ck(E)y”—k>,

k=0

wheren denotes the complex dimension of the fiberBf(see [1]).

For a generalized Bott manifol®, in (1.1), sincer;: H*(Bj_1) — H*(B;) is
injective, we regardH *(Bj_1) as a subring ofH*(B;) for eachj so that we have
a filtration

H*(Bh) D H*(Bh-1) D --- D H*(By).

Let x; € H%(B;) denote minus the first Chern class of the tautological linedte over
B; = P(C @ &;). We may think ofx; as an element of?(B;) for i > j. Then the
repeated use of (2.1) shows that the ring structuréd6¢B;,) can be described as

H*(Bn) = Z[Xq, . .., Xn] /(X" + co(&)X" + -+ cn (&)X i =1,..., h).

Let &, 1 be the tautological line bundle ov@; = CP™ and let&s 1 = 7} (£2,1) the pull-
back bundle of the tautological line bundle o\rto B, via the projectionr,: B, — Bs.
In general, le€; ;_; be the tautological line bundle ov&;_; and we define inductively

*

Ejj-k =7 g0 oy 1(§j-k+1,j-k)

fork=2,...,j—1. Then one can see that the Whitney sum of complex line bandle
& over Bj_; in the sequence (1.1) can be written as

£ = (si's’lilll R ® %‘Ia:l‘:ll> d---P (%',ail Q- Sia,;lj:if)

for some integers,, . . ., ajwfl. Note thaté; = (C)™. Hence, the total Chern class
of & is

N

(2.2) c&) = ]"[<1+ ia}kxk).
j=1 k=1
Therefore, the cohomology ring d&, is
H*(Bn; Z)
= Z[x1, ..., %]/ (X" e EXY e (&)X [T =1,...,h)

nj i—1
:Z[xl,...,xh]/<xi ]‘[(Za}kkarxi) i:1,...,h>.
j=1\k=1

(2.3)
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REMARK 1. We can associate a generalized Bott manifjdwith an hxh vec-
tor matrix A as follows:

1
2 1
(2.4) AT
al  aj 1
where
ailk
a =] :
ali’1ik
and
1
)
1

Moreover we can consideB;, as a quasitoric manifold over the product of simplices
[T, A™ with the reduced characteristic matrix, = —AT.

3. Q-trivial generalized Bott manifolds

As we mentioned in the introduction, Choi and Masuda clag3Hyivial Bott mani-
folds as follows.

Theorem 3.1([2]). (1) A Bott manifold B is Q-trivial if and only if for each
i =1,...,h, each line bundl€; satisfies ¢&)? = 0 in H*(By; Z).
(2) Every ring isomorphisnp between twaQ-trivial Bott manifolds B and B, is in-
duced by some diffeomorphism, 8 Bj.

In this section we shall prove Proposition 1.1 and Theoreth To prove them,
we need the following lemmas.

Lemma 3.2. If a generalized Bott manifold Bis Q-trivial, then there exist lin-
early independent primitive elements z. ., z, in H?(Bp; Z) such that # is not zero

but 2! is zero in H(Bn; Z) fori =1,..., h.

Proof. LetH*(By;Z) be generated by, ..., Xy as in (2.3) and let

h
H*(H Bh;Q) = Qlys .., /O i =1,...,h).
i=1
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Since both{xy,...,xn} and{y,...,yn} are sets of generators &f2(B,;Q), we can write
h
Vi ZZC”XJ‘ for i=1,...,h and ¢; € Q,
j=1

where the determinant of the matr® = (Cjj)nxn iS non-zero. We may assume that
cj’'s are irreducible fractions. Multiplyingc(1, ..., Gn) by the least common denomi-

natorr; of a set{ci 1,...,C n}, we can get a primitive elemeaf =r;y; =r; Z'j‘:lcijxj
in H2(By; Z) such thatz" ** = r" *'y"** is zero in H*(By; Z) for eachi = 1,...,h.

Since the elementy, ..., yy are linearly independent, the elememts ..., z, are
also linearly independent. Singg" is not zero inH*(Bp; Q), z" cannot be zero in
H*(By: Z). This proves the lemma. O

Lemma 3.3([4]). Let B, be an m-stage generalized Bott manifold. Then the set
{bXn 4+ w € H3(Bm) | 0#£ b e Z, w € H3(Bny_1), (bXn + w)™*1 =0}
lies in a one-dimensional subspace of(B) if it is non-empty.
Proof. To satisfy §xy + w)™*+1 = 0, we needbc;(€m) = (Nm + Lw. O

Lemma 3.4 ([4]). For an element z= Zih:lbi xi € H3(By), if b; is non-zerg then
Z" cannot be zero in H(By).

Proof. If we expand(zih=1 b; xi)ni, there appears a non-zero scalar multiple of
x" becausey # 0. Then,z" cannot belong to the ideal generated by the polynomials
Xi 1—[?;1(2:(;11 aijkxk + Xi), hence it is not zero irH*(By). O

Now we can prove Proposition 1.1.

Proof of Proposition 1.1. If each vector bundig satisfies the conditions (1.2),
then & + 1/(ni + L)cy(&))"+! is zero inH*(By: Q). Since the set

{Xi-l-ni:_li-_lCl(Si) i=1,...,h}

generateH*(By; Q) as a graded ring, this shows thBt is Q-trivial.

Conversely, if a generalized Bott manifold @-trivial, then there are linearly in-
dependent and primitive elemers, . .., z, in H?(By: Z) such thatzi“”r1 is zero but
Z" is not zero inH*(Bp) by Lemma 3.2. We can puw; = Z?:l bijx; with bjj € Z
for eachi =1,...,h.
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Now, consider a mage: {1, ..., h} — N given by j — n;. Further assume that
the image ofu is the set{Nj, ..., Nm} with N; <--- < Ny We will show inductively
that eachz can be written as;(x; + 1/(u(i) + 1)ci(&)) for somer; € Z \ {0}.

CAsSE 1: Assumei € u3(N1). Let w1(Ny) := {i1, ..., 0o} With i1 <+ < q.
We havez™*! = 0. Then, by Lemma 3.4, we can see that
(3.1) Z = Z binj,

jent(Ny)

that is, bjj; = 0 for j’ ¢ u=Y(Ny). Note that for eacti € u=1(N;), one ofby;’s is
nonzero forj € u~'(N;) because the sdtz | i € n~*(Ny)} is linearly independent.
For someip € u™'(Ny), if by, is nonzero, therg, € H?(B;,) and b;, = O for all

i e uw(Ng)\ {ip} by Lemma 3.3. Put;, := z_. If b ;,_, is nonzero for some, €
Y (N \{ip}, thenz, € H2(B;,,) andby, , =0 for all i € ™ (N1)\{ip.iq}. Now, put
wi,_, = Z,. In this way, for each € x(N;), we can obtainw; € H?(B;) such that
wi ¢ H3(Bi_1) and w"** = 0 in H*(By). Moreover, from the proof of Lemma 3.3,
we can write

1
(3.2) wi =1; (Xi + mcl(éi)) IS HZ(Bi)
for eachi € u=Y(N1). In particular, if Ny = 1, thenw; is of the form either£x; or
+(2% + cy(&)) for i € u~Y(Ny). Furthermore, without loss of generality, we may as-
sume thatz; = w; for i € p=3(Ny).
CASE 2: Assume thatzy = ri(xx + 1/((K) + 1)c1(8¢)) for Ny < u(k) < Ny_1 and

let | € u=%(N,). Then we haveg™"** = 0. Then by Lemma 3.4, we can easily see that

2= Y b+ Y o byx,

keput(N<n) jent(Nn)

where N, = {Ng, ..., Np_1}. That is,bjj; =0 for j’ ¢ w(N<p). Sincez|Nn+l is zero
in H*(By), we have

N1
< > b+ Y b|ij)

kep—L(N<n) jen~1(Nn)
B3) = > il x)0ECT @Y 4 cug X0
kepu=(Nn)
+Y T caE)X e (E))X))
jent(Nn)
as polynomials, wherefi(xq, ..., Xp) IS @ homogeneous polynomial of degrdg —

n(k) for eachk € u=Y(N.,). Note that for each € x=1(Ny), one ofbj;’s is non-zero
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for j € u~Y(N,) from the linearly independency of the sgt | i € u '(N<,)}. Let
wH(Np) = {lq, ooy lg) with Iy < +-+ <1g. Assumeby, is nonzero for someé, €
©Y(Np). Substitutingl = I, into (3.3) and comparing the monomials containm'y
as a factor on both sides of (3.3), we have

(Nn+1) Z by kXk + Z b iXj | = biisca(é,)-
kep=1(N<n) jen(Nn)
i#lg

Sincecy(&,) belongs toHZ(B|ﬂ_1), we can see tha x = 0 for k > l5. That is,

a,= ) bBuxt ) by

keu™(Nn) jen=t(Nn)
<lg
Thus, we can see that, € H2(B|ﬂ) andby, =0 foralll € w Y (N)\{lp} by Lemma 3.3.
Putw, := z,. Now assume thalty,, , is nonzero for somé; € 1wt (Np) \ {lp}. Sub-
stituting | = |4 into (3.3) and comparing the monomials containbxlfﬁ1 as a factor on
both sides of (3.3), we have

(Nn+ 1) Z b|quk + Z b|quj = b|q|ﬂ7101(§|ﬂ71).

ke (Nn) jen(Nn)
j<lp-1

Sincecy(&,_,) belongs toH2(B|/H,1), we can see thdy x = 0 for k > I5_1, and hence,

2, = Z br kX + Z brjXj.
ke 1(N_n) jen (Nn)
<lga j<lg
Thus, we can see that, € H2(B|H) andby, , =0 for all |l € wH(Np) \ {lp, Iq} by
Lemma 3.3. Now, putw, , := z,. In this way, for each € w t(Ny), we can ob-
tain wy € H2(By) such thatwy ¢ H2(B_1) and w""™* = 0 in H2(By). Moreover, from
the proof of Lemma 3.3w, can be written as;(x, + 1/(Nn + 1)c1(&)). Furthermore,

without loss of generality, we may assume tlat= w; for | € u=2(N,).
By Cases 1 and 2, we can see that, for ekehl,..., h, we can write

1
z =1 (Xi + — 101(5))
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for somer; € Z \ {0}. Therefore,{(n; + 1)x; + c1(&)}"** is zero in H*(By). From
this, we can see

n+1

(ni+1)kck(si)=( . )cl(si)k and cy(&)"*! =0

k = 1, Lo, N O
By using Proposition 1.1, we can prove Theorem 1.2.

Proof of Theorem 1.2. We first prove the implication (£ (2). By Propos-
ition 1.1, we have the relation

ni(n +1)

5 cu(&)>.

(3.4 O + 1Yc(&) =
If nj =2, from (2.2) and (3.4), we have

(3.5) (@ + -+ 8y Xio1) + (@xa + - + @b_gXi-1)}
= 3@ x4+ -+ ailyi_1Xi—1)(ai21X1 +- 4 aizyi_1Xi—1)-

Forj=1,...,i—1, sincesz # 0 in H*(B;), by comparing the coefficients osz
on both sides of (3.5), we havey( + a&,;)* = 3a);a); whose integer solution is only
ay; = ap; = 0. If j =n > 2, then we have

n{(@y X + - +ay 4 Xi-1) + -+ (@gXe + -+ @by g X1}
(3.6) = 2N+ 1){(alXe + -+ + Ay Xi_1)(@hyXa + - A By Xi1) + e
@ g X+ A X))@ X e+ g Xim1))-

Sincex? # 0 in H*(B;) for j = 1,...,i —1, by comparing the coefficients of on
both sides of (3.6) we have
(3.7) n@,; +---+a)’=20+1) Y aga.

1<k<l<n

The equation (3.7) is equivalent to
Y@ P+ Y @ —ap)’=0.
m=1 1<k<l=n

Therefore,a); =---=a}; =0 for eachj = 1,...,i —1, and hence, in any case()
is trivial for alli =1,...,h.
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The implications (2)= (3) and (3)= (1) are clear.
The implication (3)< (4) is proved by Choi-Masuda-Suh [4].
Therefore, all four conditions are equivalent. 0

From Theorem 1.2, we have the following corollary.

Corollary 3.5. Let M be a quasitoric manifold. If HM; Q) is isomorphic to
H*([T", CP";Q), then M is homeomorphic tp]"_, CP" provided n > 1 for all i.

Proof. By [3], if H*(M;Q) is isomorphic toH* ([T, CP";Q), thenM is homeo-
morphic to a generalized Bott manifold. ButQatrivial generalized Bott manifolds with
ni > 1 is diffeomorphic to[]'_, CP™. Hence,M is homeomorphic td]"_, CP". [J

The following is the counter-example of Question 1.1.

EXAMPLE 3.1. Let B be a fiber bundleP(C® & &) over CP? and let B’ be a
fiber bundleP(C3 @ £®?) over CP?, where¢ is the tautological line bundle oveg P2,
Let y (respectively,Y) denote the negative of the first Chern class of the tautcébgi
line bundle overB, (respectively,B). Then their cohomology rings are

H*(B) = Z[x, yl/ (X%, y(y* + xy?))
and
H*(B') = Z[X, Y]/(X3, Y(Y3 + 2XY?)).

Then the map¢ defined by ¢(x) = 2X and ¢(y) = Y is an isomorphism from
H*(B; Q) — H*(B’; Q). But this ¢ is not aZ-isomorphism. Suppose that is an
isomorphismH*(B; Z) — H*(B’; Z). Then there exist, 8, ¥, in Z such that

(v)= (5 5)(7)
v (y) y &8J\Y
andas — By = £1. Sincey(x%) = 0 in H*(B’; Z), we have

(@X + BY)® =o3X3

as polynomials. So, we can see thfais zero ande = £1, and hencé = +1. Since
w(y(y3 + xy?)) is zero inH*(B': Z), we have

(3.8) GX 4+ 8Y)((o + )X + 8Y) = (@X + bY)X® + cY(Y2 + 2XY?)

as polynomials irz[ X, Y]. By comparing the coefficients of Y2 on both sides of (3.8),
we can see that

(3.9) X =3y + (a + y)8% = 8(c + 4y).
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Since the right hand side of (3.9) is odd, there is no such segémnc. Hence, there
is no suchz-isomorphismy.

Now considerQ-trivial generalized Bott manifold®, which haveC P-fibers, that
is, nx = 1 for somek € [h].

Lemma 3.6. Let B, and B, be two h-stage generalized Bott towers. If the asso-
ciated vector matrices to them are

1
* .

A= * * 1
a; - an_2 1
by -+ b 0 1

and

1
*k .

’

A=1 4 * 1 )
by -+ bho 1
a - an_» 0O 1

respectivelythen B, and B, are equivariantly diffeomorphic.

Proof. Note that this lemma can be seen by the fact Bjatnd B/, are equi-
variantly diffeomorphic if two associated vector matriGe®e conjugated by a permuta-
tion matrix, see the paper [3]. It is obvious that

A = E,AE*,

whereos := (1,...,h—2,h,h—1) is the permutation orh] which permutes onlyh—1
and h. O

Now, we can prove Theorem 1.3.

Proof of Theorem 1.3. LeBy, be aQ-trivial generalized Bott manifold whose as-
sociated matrix is of the form (2.4).

Consider a mage: {1,...,h} — N given by j — n; and assume that the image
of w is the set{Ny, ..., Nm} with 1 = N; < N <--+ < Np.

For eachi € u (1), by Proposition 1.1, we have(£)? = 0 in H*(By). Since
x2 # 0 in H*(By) for k ¢ u~1(1), we can see that), = 0 for k € [i —1] with ny > 1.
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Now suppose than; > 1. Then by Proposition 1.1, we have the relation

nj(nj + l)

5 Cl(éj)z-

(N} + 1Yca)) =
Since x2 # 0 in H*(Bp) for ng > 1, we can show thaaﬂ; = 0 by using the same
argument to the proof of Theorem 1.2.

Sinceaﬂ( = 0 for all ng > 1, by Lemma 3.6,By, is diffeomorphic to theQ-trivial
generalized Bott manifol®” whose associated matrix is of the form

1
az, 1
NT a/i ar’ 1
(3'10) (A)T_ arl+11 ar21+21 r+1 11 '
at? &t ... Jdt?2|o0 1
afl1 azh aP 0O --- 0 1

wherer is the cardinality of the sett~1(1), that is,r = |x~%(1)]. This proves the
theorem. n
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