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Abstract
First, we generalize the big Picard theorem for pseudohotphic maps. Next,
we prove Noguchi-type extension-convergence theorems peudoholomorphic
maps. Finally, we show that thd-automorphism group of an almost complex
submanifold hyperbolically embedded in a compact, almostglex manifold of real
dimension 4 is finite when it is the complement of an immersseugdoholomorphic
curve.

Introduction

The classical big Picard theorem states that ifA* — P1(C) is holomorphic from
the punctured unit disk of the complex plane to the RiemanhespP,(C) and
P1(C)\ f(A*) has more than two elements, thérhas a holomorphic extensioft A —
P1(C). This theorem has been extended to higher dimensionahgetty Kiernan [11],
Kwack [20] and Kobayashi [14] by introducing the notion ofpleybolic embeddedness.
With modifications of the Kiernan’s proof [11], Adachi [1]f(cTheorem 2.2) and later
Joseph-Kwack [9] (cf. Theorem 1) proved an extension threocoé& holomorphic map-
pings.

The first aim of this paper is to give a generalization of theaéld theorem. We
emphasize that his proof is based on the Riemann extenséametim and winding num-
bers arguments. So in order to apply it to the almost compdese cwe need substantial
modifications.

Theorem 1. Let (M, J) be a relatively compact almost complex submanifold in
an almost complex manifolgN, J) and let §: A* — (M, J) be a sequence of pseudo-
holomorphic curvesLet (z) and (wx) be sequences in* converging to0 such that
the sequencé fy(wy)) converges to gt S,f,,(N). Then the sequencgf(zk)) converges
to q.

Here S,ﬁ,(N) denotes the set of degeneracy pointsd%f, see Section 2.
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Next, we give a generalization of a result proved by Noguonhihie complex case,
(cf. [25] Lemma 2.4 p.21)

Theorem 2. Let (M, J) be a relatively compact almost complex submanifold
hyperbolically embedded in an almost complex manifdd J). Then O;(A*, M) is
relatively compact inO;(A, N).

We investigate the extension of pseudoholomorphic maps higperbolically em-
bedded almost complex manifolds.

Theorem 3. Let C be a smooth pseudoholomorphic curve in an almost comple
manifold (S, J') of real dimensior4 and let(M, J) be a relatively compact almost com-
plex submanifold hyperbolically embedded in an almost ¢exnmanifold(N, J). Then
every pseudoholomorphic map ¢S\ C, J') — (M, J) extends to gJ’, J)-holomorphic
map from S to N

Noguchi [25] proved a remarkable theorem about the pregervaf uniform con-
vergence on compact subsets by holomorphic extensionshwigc recall here: leX
be a relatively compact hyperbolically embedded complexnsnifold of a complex
manifold Y. Let M be a complex manifold and a complex hypersurface d¥l with
only normal crossings. Iffj: M \ A — X); is a sequence of holomorphic mappings
which converges uniformly on compact subsetshdf\ A to a holomorphic mapping
f: M\ A— X, then the sequence?jo converges uniformly on compact subsetshdf
to f, where fj;: M — Y and f: M — Y are the unique holomorphic extensions ff
and f over M.

The second aim of this paper is to generalize Noguchi thedoeralmost complex
manifolds and we give other variants.

The following extension-convergence theorem is a gerratidin to the almost com-
plex case of Joseph-Kwack theorem (see [9] Theorem 1 p. 364).

Theorem 4. Let (M, J) be a relatively compact almost complex submanifold in
an almost complex manifol(N, J). Let

for A — (M, J)
and
f: A" —> (M, J)

be a sequence of pseudoholomorphic curves and a pseudairploin curve respective-
ly. We suppose that there exists a sequefzge in A* converging toO such that the
sequencd fn(zn)) converges to & S,(N). Then f and f extends toA and if the se-
quence( f,) converges to f uniformly on compact subsets\6f then the sequendef,)
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converges tof uniformly on compact subsets af where(f,) and f are the extension
to A of f, and f respectively

In higher dimensional settings, we prove a variant of Nogiye extension conver-
gence theorems for pseudo-holomorphic maps definé8\dd valued into hyperbolically
embedded submanifold, whe@is smooth pseudoholomorphic curve in an almost com-
plex manifold S of real dimension 4.

Theorem 5. Let C be a smooth pseudoholomorphic curve in an almost comple
manifold (S, J") of real dimensior and let(M, J) be a relatively compact almost com-
plex submanifold hyperbolically embedded in an almost ¢exnmanifold(N, J). Let

fa: (S\C, J)— (M, J)
and
f:(S\C,J)— (M, )

be a sequence @f)’, J)-holomorphic maps and &J’, J)-holomorphic map respectively

If the sequencgf,) converges to f uniformly on compact subsets ofGS then
the sequencéf,,) converges tof uniformly on compact subsets of ®here f,, and f
are the (J’, J)-holomorphic extension to S of, ind f respectively

When M is compact hyperbolic, we can strengthen the last theorethearfollow-
ing form.

Theorem 6. Let A be a thin subset in an almost complex manifddJ’), (M, J)
be a compact hyperbolic almost complex manifold #d¢) be a sequence of almost
complex structures on M converging to J for th&-topology

Let

for (X\ A J)—> (M, J)
and
f:(X\A J)— (M, )

be a sequence of pseudo-holomorphic maps and a pseudodrploicmap respectively

If the sequencéf,) converges to f uniformly on compact subsets of X then the
sequencé f,,) converges tof uniformly on compact subsets of ¥here f,: (X, J) —
(M, J) and f: (X, J) = (M, J) are the extension to X of, fand f respectively

For the definition of a thin subset of an almost complex madifee Section 2.3.
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After defining the notion of hyperconvex domain and the almomsnplex case, we
give another variant of the Noguchi extension-converggheerem forJ-holomorphic
curves. This generalizes the result of D. Thai in the complase [30]. His proof is
based on Kwack’s extension theorem and the maximum priacipl

Theorem 7. Let (M, J) be a relatively compact hyperbolic almost complex sub-
manifold in an almost complex manifoldN, J). Assume that there is a neighbor-
hood U of dM, the boundary of M in N such that & M is hyperconvex Then
each pseudoholomorphic curve: A\* — M extends to a pseudoholomorphic curve
fiA—> M.

Moreover if (fy: A* — (M, J)) is a sequence of pseudoholomorphic curves that
converges uniformly on compact subset\éfto a pseudoholomorphic curve: A* —

(M, J), then the sequencéf,) converges uniformly on compact subsets/ofto f,
where f, and f are the extension ta\ of f, and f respectively

In the last section, we prove the following

Theorem 8. Let (C, J) be a pseudoholomorphic curve in a compact almost com-
plex manifold(S, J) of dimensior4, such that S, C is hyperbolically embedded in. S
Then the automorphism groubut;(S\ C) of S\ C is finite

This is a “non-compact” version of the theorems of KruglikOverholt [19] and
Kobayashi [17] which asserts that the automorphism groum abmpact hyperbolic
almost complex manifold is finite. We recall that in the coaxptase, this is due to
Kobayashi [16]. Miyano-Noguchi [23] showed that the autopimism group ofX\ D is
finite whereD is a normal crossing divisor iXX and X\ D is hyperbolically embedded
in X. We have considered the four dimensional case since a hyfsrs in an almost
complex manifold does not exists even locally in general.

1. Preliminaries

1.1. Almost complex manifolds. 1. An almost complex manifoldM, J) is a
smooth real manifold equipped with an almost complex stmectl. We remind that
an almost complex structuré is a smooth tensor field of type (1, 1), such thigt=
—Id. An almost complex structure is called an (integrablejnptex structure if it is
the almost complex structure defined by an atlasMrof complex coordinate charts
that overlap biholomorphically.

Given two almost complex manifold#/, J) and (M’, J’) and a smooth map: M’ —

M is called @’, J)-holomorphic if its differentiad f: TM’ — T M verifies

df 0 J = Jodf
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on TM. We denote byO.y 5(M’, M) the set of (’, J)-holomorphic maps fronv’
to M.

2. Foreveryr >0, we setA; ={zeC, |z] <r} andA = A; is the unit disc inC.
If (M, J) = (2, Jo) where J; denotes the standard complex structure on a Riemann
surfaceX, a (Jp, J)-holomorphic map is called d-holomorphic curveor a pseudo-
holomorphic curveand we denote by ;(Z, M) the set ofJ-holomorphic curves irM.

3. By alength function oM, we mean a continuous functidd: T M — [0, +oo[
satisfying
(i) G(v) =0, if and only, ifv =0,
(ii) for all real numbersc, we haveG(cv) = |c|G(v).

Let dg be the distance function generated Bhby G, see [21]. For simplicity,
we denotelv|g instead ofG(v) for v € TM.

4. We say that an upper semicontinuous functioon (M, J) is plurisubharmonic
if its composition with anyJ-holomorphic curve is subharmonic. FoICa function this
is equivalent to the positive semi-definiteness of the Lewif:

Li(p,&)>0 forany peM and & e Ty(M).

The value of the Levi form ofu at a pointp € M and a vectorf € Tp(M) is
defined by

Li(p, &) := —d(I*du)(X, IX),

where X is an arbitrary smooth vector field in a neighborhoodpasatisfying X(p) = &.

We shall remark that iz: A — M is a J-holomorphic curve satisfying(0) = p
and dz(0)(3/9x) = &, thenLJ(p, &) = A(u o 2)(0), see [8].

We say that aC? real valued functioru on M is strictly J-plurisubharmonicon
M if L] is positive definite onT M.

Let M be a relatively compact domain in an almost complex manitdlgdJ). Re-
call that a continuous proper map. M — R is called anexhaustion functiorfor a
domain M.

DEefFINITION 1.1. 1. A domainM in an almost complex manifoldN, J) is a
Stein domain if there exists a strictly plurisubharmonihaxstion function orM.
2. An almost complex manifoldM, J) is said to be hyperconvex i is Stein and
there exists a continuous plurisubharmonic functianM — ]—o0, O[ such thatM. =
{X € M; u(x) < c} is compact for everc < 0.

1.2. Kobayashi hyperbolicity of almost complex manifolds. Let (M, J) be an
almost complex manifold. A Kobayashi chain joining two fsirp,q € M is a se-
guence of pseudoholomorphic curvek:(A — (M, J))i<k<m and pointsz, wx € A
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such thatfi(z;) = p, fk(wk) = fye1(zk+1) and f(wm) = q. The Kobayashi pseudo-
distance of M, J) from p to q is defined by

dw(p, ) = inf Z da(z«, wi),

k=1

where the infimum is taken over all Kobayashi chains joinmgo q and d, denotes
the Poincaré distance &f. Recall that for every two sufficiently close poingsandq
in M, there exists al-holomorphic curveu: A — M such thatu(0) = p andu(zy) =q,
wherezg € A.

For every p € M, there is a neighborhoot of 0 in T,M such that for every
& € V there exist a constart > 0 and f: A — (M, J) a pseudoholomorphic curve
satisfying f(0) = p and f’(0) =c.£. This allows one to define the Kobayashi-Royden
infinitesimal pseudometrid< ;).

K (p, €) = inf {r} f: Ay — M, J-holomorphic; f (0) = p, f’(0) :E}-

We deduce the non increasing property which can be statedolawwd: Let

f: (M, J)— (M, J) be a @, J)-holomorphic map. Then
Ky < K.

Kruglikov [18] extended Royden’s results [27] and proveelttK,\J,I is upper semi-
continuous on the tangent bundievl of M and that the integrated form of the Kobayashi-
Royden metrick, coincides with the pseudo-distandg of Kobayashi.

We say that i1, J) is hyperbolicif dy, is a distance. A hyperbolic almost complex
manifold (M, J) is said to becompleteif it is Cauchy complete with respect t),.
An open subset) in an almost complex manifoldM, J) is calledlocally complete
hyperbolicif every p of the closureU has a neighborhool, in M such thatV, NU
is complete hyperbolic. Recall that the complement of a gekalomorphic curve in
an almost complex surface is locally complete hyperboler [5].

Let (M, J) be an almost complex submanifold of an almost complex ro&hif
(N, J). Then M is said to behyperbolically embeddeth N, if for every pair (o, Q)
of different points inM, there exist neighborhoodd and V of p andq in N such
thatdy(M NU, MNV) > 0.

A compact almost complex manifoldW, J) is hyperbolic if and only if, every
pseudoholomorphic curvé : C — M is constant, see [19].

2. Generalization of the big Picard theorem

The big Picard theorem states that any holomorphic nfiafyom the punctured
disk A* into C \ {0, 1} can be extended to a holomorphic mdép A — P;1(C). The
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aim of this section is to study the extension of pseudohotpimo maps in different
situations.

2.1. Degeneracy locus of the Kobayashi pseudodistancel.et (N, J) be an al-
most complex manifold equipped with a length functi@rand let M, J) be a relatively
compact almost complex submanifold dfi(J). As in [2], we extended;, to the
closureM of M in N as follows: forp, g € M, we define

d>(p,q)= liminf dy(p,q), p.q €M.
P p.a—q

DEFINITION 2.1, We callp e M a degeneracy point af’- if there exists a point
g e M\ {p} such thatd,\JAf(p, q) = 0. We denote byS,(N) the set of the degeneracy
points of 7.

ExampLE 2.2. Let (N, J) = (P1(C), J) be the Riemann sphere equipped with
its standard complex structui® and M = C \ {0}. Sinced,f,l0 = 0 (see Kobayashi [16]
Example 3.1.21 p.56), then

SX (0, (P1(0)) = Py(C),
that is all points ofP;(C) are degeneracy points dfwﬁ

DEFINITION 2.3. Let (N, J) be an almost complex manifold equipped with a
length functionG and let (M, J) be a submanifold ofN. A point p € M is called
a J-hyperbolic point forM if there exists a neighborhodd of p in N and a positive
constantc such thatK;, >c¢.G onU N M.

REMARK 2.4. An easy adaptation of the infinitesimal criterion of aslicity
due to Royden [27] shows thatM( J) is hyperbolic, if and only if, every poinp in
M is a J-hyperbolic point forM.

We prove the following

Proposition 2.5. Let (N, J) be an almost complex manifold and @, J) be an
almost complex submanifold ¢N, J). For a point p in M, the following are equiva-
lent
i) peSHN).

(i) p is a J-hyperbolic point for M

For the proof, we will use the following lemma (cf. [28] Pragiiion 2.3.6, p.171).
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Lemma 2.6. Let D be a domain irC". There is a positive constas such that for
every almost complex structure J in a neighborhoodagatisfying||J — Jollczmy < do,
we have

I flicaa,y < cll fllcoay,

for every fe O;(A, D) and for every0 < r < 1, where c is a positive constant de-
pending only on r andy. Jp denotes the standard complex structure @h

Proof of Proposition 2.5. (i} (i) Assume thatp is not a J-hyperbolic point
for M. Then for everyn > 1, there existp, € M and&, € T, M such that the sequence
(pn) converges top, |&| =1 andK}), (€n) — 0. Hence, there exists a sequendg) (in
O;(A, M) such that limf,(0) = p, but lim|f;(0)| = oco.

Let W be a relatively compact neighborhood sufficiently small éme local chart
around p. If there is a number € ]0, 1] such thatf,(A;) c W, we deduce by Lem-
ma 2.6 that there is a positive constantverifying | f;(0)| < c| fnllco(a,) @nd this con-
tradicts | f(0)] — +oo. Hence, for each positive integér there areze € A and an
integer ny such that|z| < 1/k and f, (z) € dW. By taking a subsequence, we may
assume thaff, (zx) — g € dW. Then

dip(p, @) = Jim di (1, (0), fn(2) < Jim da(0,29 =0,

S0 p is a degeneracy point athAf
(i) = (i) Assume thatp is a degeneracy point o:f,\JT Then there exists a point
g€ M\ {p} such thatdl\JT(p, g) = 0. By hypothesis, there exists a neighborhdddf

p such thatq ¢ U and K, > ¢G on U N M wherec is a positive constant an@ is a
length function onN. Take neighborhood¥, W of p, q in N respectively, such that
VeUandWnU =¢. Letr e VNM ands € WN M be arbitrary points. Ley (t)
be any piecewise smooth curve & such thaty(0) =r and y(1) =s. Then

1
d,\J,,(r,s):inf/ K3 (), y’(t))dtzinfc/ ly'(0)le dt > . disteU, aV),
Y Jo 4 teE

where E = {t € [0, 1]; y(t) € U}. This implies thatdg;(p, g) > c. dist@U, V) > O.
This is a contradiction. ]

REMARK 2.7. From the proof above, we can immediately deducephass), (N),
if and only if, p satisfies the following condition: for every neighborhddtof p there
exists a positive constarR such that

sup {If/(0), F(0)eW) <R
fEOJ(A,M)
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From Proposition 2.5, we have the following corollaries.

Corollary 2.8. Let (N, J) be an almost complex manifold and Ig¥, J) be a
submanifold of N Then (M, J) is hyperbolically embedded itN, J), if and only if
Su(N) =2.

Corollary 2.9. S (N) is a closed subset in N

Proof. Let (p,) be a sequence i&),(N) converging to some poinp € M. Then
by Proposition 2.5, there exist a relatively compact neighbod W of p and g, €
dWNM such thatd,\JT(pn, gn) = 0. By taking a subsequence we may assume dhat

q € 3W thend?(p, ) = 0. O]

2.2. Extension ofJ-holomorphic curves. The following is a generalization of
the Adachi theorem [1].

Theorem 2.10. Let (M, J) be a relatively compact almost complex submanifold
in an almost complex manifoldN, J) and let {: A* — (M, J) be a sequence of
pseudoholomorphic curveset (z;) and (wx) be sequences in* converging to0 and
such that the sequenddi(wx)) converges to ¢¢ S),(N). Then the sequencgfi(z))
converges to q

REMARK 2.11. The condition that ¢ S;‘A(N) is essential in Theorem 2.10 as
shown by this example: for eache C\ {0} and positive integek, define the sequence
of holomorphic curvesfy: A* — C\ {0} by f(2) =q/(k2). We have fx(1/k) = q and
fi(1/(2K)) = 20.

For the proof, we will need the following lemma known as Gretaononotonicity
lemma, see [24] Lemma 4.2.1 p.223. In the complex case, we hasimilar estima-
tion for analytic subsets, see Stolzenberg [29]. We shool@ that the condition on
the boundary can be removed for smooth holomorphic cunes,[26] p. 30.

Lemma 2.12. Let (M, J) be a compact almost complex manifold equipped with a
length function G Denote by Bx, ¢) the ball with radiuse centered at x in M There
are positive constantsy and ¢ such that for every < ¢y and every pseudoholomorphic
curve S it holds that

Areas (SN B(x, ¢)) > ce?

whenever x S and S B(x, ¢) is a compact surface with its boundary contained in
aB(x, €).
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Areas denotes the area with respect to the meic
The compacity assumption fo means that all the constants which are mentioned
do not depend on the considered point

Proof of Theorem 2.10. We show that it is absurd if there is gusace %) in
A* converging to 0 such that(z) — q #q.

() Assume thatwyg| < |z| by taking a subsequence and relabeling.

Let px(t) = wy€'t for t € [0, 2x].

We claim that

1) fu(ox) — 4.
In fact for everyay € pk, we have

lim inf &7 fie(esd, @) < lim inf di(fe(esd), Ti(w)) < lim inf dl- (e, wi).

Since da+ (o, wk) = O(1/loglwk|) andq ¢ S,(N), we have fi(ak) — q.

Let G be a length function ofN. By Corollary 2.9 and Proposition 2.5 there exist
relatively compact local coordinate neighborhoddis W of g such thatU c W, U is
diffeomorphic to the unit balB(g, 1) in someC" centered afj and a positive constant
¢ such that:

(2) WNSy(N)=¢ and q ¢ W.

(3) Ky >c.G on WnNM.

Since fy(ok) — q and fy(z) — g/, for sufficiently largek we have fy(ox) € U and
fu(z) ¢ W. Hence, there existg, € A* such that|w| < |z,| < |z| and fk(z) €
aU. By taking a subsequence if necessary, we may assumefitg) — p € 9U. It
follows from the equation (2) thap ¢ S,(N).

Let Rx be the largest open annulus containipgand

(4) fi(Ry) c U.
Since f(z) — p € dU, then there existx > 0 andby < |z | such that
Rk={ze€C, a < |z| < by}.

Let Ry ={z€ C, |wy < |z < |z |} andoy = {z € A", |z| = |z |}. We have f(ox) — q
and in the same way as in the claifg(ox) — p € dU. Then fork sufficiently large,
we have

(o) B(q, ;11)

fi(ok) C W\§<q, g)
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Therefore, there are pointg € 7~2k, such that

fr(ck) € 35<q, %)

By the Gromov’s monotonicity lemma, there exist positivestantssg anda such that
for £ €10, inf(eo, 1/4)[, we have

Areas (fi(Rx)) = Areas( fi(Ri) N B(fi(ck), &) > as”.

On the other hand, we denote by AxeRy) the area ofRy, with respect to the
Poincaré metric om\*. Then we have

X 1 !
Areay:(Ry) = ZH(Iog(IZ’kD B Iog(lwk|)> =0

It follows from the equations (3) and (4) that

~ 1 ~
Areas (fr(Ry)) < p .Arean-(Rx) — O

and we get a contradiction. This proves the theorem in case (i

(i) Assume that|z| < |wk| by taking a subsequence and relabeling. As in the
case (i), there exists a sequeneg) (n A* such that|z| < |z | < |wk| and f(z) —
p € dU. By considering the annulugy = {z € C, 7| < |z| < |wk|}, we can reduce
to the case (i). ]

Corollary 2.13. Let (M, J) be a relatively compact almost complex submanifold
in an almost complex manifolgN, J) and let f. A* — (M, J) be a pseudoholomorphic
curve If there is a sequencéz) in A* converging to0 such that {z) converges to
q ¢ Sy(N). Then f can be extended to a pseudoholomorphic cirve — (N, J).

Proof. Letf: A* — M be a pseudo-holomorphic map. By Theorem 2.10ex-
tends continuously fromA to N and it is known that iff is continuous everywhere,
differentiable and pseudo-holomorphic except on a disceetbset, then it’'s differen-
tiable and thus pseudo-holomorphic in see [28] p. 169. ]

Corollary 2.14. Let (M, J) be a relatively compact hyperbolic almost complex
submanifold in an almost complex manifoll, J) and let f: A* — (M, J) be a
pseudoholomorphic curveéf there is a sequencéz) in A* converging to0 such that
f(z) converges to ¢ M. Then f can be extended to a pseudoholomorphic curve
f:a—=WM,J).

This is a direct consequence of Corollary 2.13, sincMliis hyperbolic then every
point of M is not a degeneracy point.
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Corollary 2.15. Let fi: A* — M be a sequence of holomorphic curvéssume
that each f can be extended to holomorphic curfe A — N. If there is a sequence
(z«) in A* converging to0 such that the sequendei(z)) converges to g S (N),
then f,(0) converges to p

Proof. If f((0) A g then by compactness, we may assume tfg0) — p #q
since eachfy is continuous there is a sequenc®)(in A* such thatzg — 0 and
fk(z«) — p which contradicts Theorem 2.10. ]

The following theorem will be useful in the sequel.

Theorem 2.16. Let (M, J) be a relatively compact almost complex submanifold
hyperbolically embedded in an almost complex manifdld J). Then O;(A*, M) is
relatively compact inO;(A, N).

We can conside©;(A*, M) as a subspace @;(A, N) as a consequence of Corol-
lary 2.13 applied to the situatio®),(N) = @, that is M, J) is hyperbolically embedded
in (N, J).

Proof. Suppose thaD;(A*, M) is not relatively compact irO;(A, N), then by
Ascoli, O;(A*, M) is not equicontinuous at 0 and € N that is, there exist an open
neighborhoodJ of p, (z,) a sequence im\* and a sequenceff) in O;(A*, M) such
that f,(0) converges top and f,(z,) ¢ U, for eachn. By compactness, we may sup-
pose that the sequencé,(z,)) converges taq ¢ U, then by Corollary 2.15, we con-
clude the ,(0)) converges taj and we get a contradiction. ]

2.3. Extension in higher dimensional manifolds. In this section, we are interest-
ed in the study of the extension of pseudoholomorphic mafs higperbolically em-
bedded almost complex manifolds.

Theorem 2.17. Let C be a smooth pseudoholomorphic curve in an almost com-
plex manifold(S, J") of real dimensiord and let(M, J) be a relatively compact almost
complex submanifold hyperbolically embedded in an almostptex manifold(N, J).
Then every pseudoholomorphic map (§\ C, J’) — (M, J) extends to a(J’, J)-
holomorphic map from S to N

The proof is based on the following lemma due to Joo [10].

Lemma 2.18. Let A be a thin subset of an almost complex manifold Rét
(M, J) be a relatively compact almost complex submanifold in aroatncomplex man-
ifold (N, J). Let f: X\ A— (M, J) be a holomorphic maplf f extends continuously
to f: X - N, then f is a pseudoholomorphic map
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As in [10], a closed subsei of X is called athin subset if there exists a local fo-
liation h of X by pseudo-holomorphic discs aroumdfor every p € A, which satisfies
the following properties:

1. There is a positive constant< 1 such that,A, = {w € A: h(Z, w) € C} is a finite
point set contained in the disa, for everyz e A"1,

2. There exist sequences;j) and §;) of real numbers less than 1 such that— 0
and the cylinderd(z, w): |w| =rj, |Z] < sj} do not intersech~1(A) for every j € N.

ExamMPLE 2.19. Every smooth hypersurface when it exists in an almostptex
manifold is thin. Especially, every smooth immersed psedlomorphic curve in an
almost complex manifold of real dimension 4 is thin.

Proof of Theorem 2.17. For an arbitrary poipte C, choose a local foliation
h: A x A — X satisfying the conditions:
(a) his a diffeomorphic onto a neighborhood efand h(0, 0) =p.
(b) h(-,Z): A — X is a pseudoholomorphic embedding for evehe A.
(c) For everyZ € A, we have{w € A: h(w, Z) € C} = {0}.
We denote byf, the mapf oh(-, w) for w € A. Since for eachw € A,

fu: A*—> (M, J)

is a pseudoholomorphic curve defined on the punctured usttAdi, it can be extended
to a pseudoholomorphic curve from the whole unit discNio We denotef,,: A —
(N, J) the extended map. Letu(() be a sequence in which converges tavg € A.

We have only to prove thatwk converges uniformly tofwo in a neighborhood of 0.

Since M, J) is hyperbolically embedded in\ J), by Theorem 2.16, we may as-
sume by considering a subsequence if necessary, that thersexjof pseudoholomorphic
curves (ﬂvk) converges uniformly on compact subsets\ofo a pseudoholomorphic curve
¢: A — (N, J). Then it follows by the condition (c) that

9@ =lim £, (2) = fu,(2) = fu,(2) for ze A"

Therefore, it follows thatf,, coincides withg on the unit disc and thatf(,) con-
verges uniformly on every compact @. This implies thatf o h is continuous in a
neighborhood of (Owg) and f can be extended continuously ov¥r denoted byf.
By Lemma 2.18, we conclude thdt is a pseudoholomorphic map. ]

3. Noguchi-type extension-convergence theorems

We prove a convergence-extension theorem for pseudohopdricocurves proved
in the complex case by Joseph-Kwack [9], which is analogouthé¢ holomorphic ex-
tension theorem proved by Noguchi [25].
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Theorem 3.1. Let (M, J) be a relatively compact almost complex submanifold in
an almost complex manifol(N, J). Let

for A*— (M, J)
and
f: A" = (M, J)

be a sequence of pseudoholomorphic curves and a pseudatrploimcurve respectively
We suppose that there exists a sequdrgein A* converging td) such that the sequence
(fa(zn)) converges to & S (N). Then f and f extends taA and if the sequencgfy,)
converges to f uniformly on compact subsets\¢f then the sequencgf,) converges
to f uniformly on compact subsets af where(f,) and f are the extension ta of f,
and f respectively

Proof. Sincep ¢ S,(N), then there exists a relatively compact neighborhtéd
of p such thatw N S, (N) =@. We claim the following:

Claim. For every neighborhood V of p contained in,\there exist r> 0 and
no € N, such that

(5) fi(Af) VN M for every n> no.
Otherwise for each positive integer k there is somg € A* and an integer p such
that |lwyx| < 1/k and #,(wx) ¢ V. By compactnessve may assume that the sequence
(fn(wy)) converges to q different of. prhis contradictsTheorem 2.10.

To prove thatf, extends to aJ-holomorphic curve inA, it is sufficient to verify
that f, has a finite energy. By Proposition 2., is a J-hyperbolic point forM, that
is, there exists a neighborhoadl of p contained inW such that

Ky>c.G on UNnM,

wherec is a positive constant an@ is a length function orN. By the claim, there
existr > 0 andng € N, such thatf,(AF) Cc U N M. We conclude that

1
(D6 < EKA*(Z), for every ze A}
Hence,

1 , 1
Efus) =5 [ 16@E = 55 [ Ki@ <.
Af AF
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We denote byf, the extension off, to A. By the equation (5), we infer thaff,(A,) C
V N'M for everyn > no. ChoosingV sufficiently small, there exists a positive constant
o such that f;(2)| < « in A,. By compactness, there exists a subsequefigg )X which
converges uniformly tal-holomorphic curveg. Since the sequence ) converge tof
uniformly on compact subsets @*, theng extendsf.

Finally, we prove that the sequencé,) converges uniformly tay in some neigh-
borhood of 0. Otherwise, there exists a sequemggifi A; converging to O such that

| f~n(Xn) — g(Xn)leuc 7 0,

where|.|ec denotes the Euclidean norm Ri". By Theorem 2.10, we havé](xn) —p
and f(x,) — g(0) = p and we get a contradiction. O

We prove a variant of Noguchi-type extension convergenesrdms for pseudo-
holomorphic maps defined o8\ C to hyperbolically embedded submanifold, where
C is a smooth, pseudoholomorphic curve in an almost complerifold S of real
dimension 4.

Theorem 3.2. Let C be a smooth pseudoholomorphic curve in an almost comple
manifold (S, J’) of real dimensior and let(M, J) be a relatively compact almost com-
plex submanifold hyperbolically embedded in an almost dexnmanifold(N, J). Let

fa: (S\C, J)— (M, J)
and
f:(S\C,J)—> (M, J)

be a sequence dfl’, J)-holomorphic maps andJ’, J)-holomorphic map respectively

If the sequencéf,) converges to f uniformly on compact subsets ofGS then
the sequencéf,,) converges tof uniformly on compact subsets of ®here f, and f
are the (J’, J)-holomorphic extensions to S of &nd f respectively

Proof. By Theorem 2.17, eacli, and f extends to {’, J)-holomorphic maps
fi: X > N and f: X — N respectively. The question of convergence arises in the
neighborhood of a poinp € C. Choose a local foliation: A x A — X satisfying the
following conditions:

(@) h is a diffeomorphic onto a neighborhood pfand h(0, 0) =p.
(b) h(-,Z): A— X is a pseudoholomorphic embedding for evehe A.
(c) For everyZ € A, we have{w € A: h(w, Z) € C} ={0}.
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We will denote by

on=fhoh: A*x A — (M, J)
and

Pni= faohi Ax A= (M, )

and for everyr €10, 1[, S :={z € A; |z =r}. Let f o h(0) = p. Suppose that the
sequence¢y) does not converge uniformly on some neighborhood of 0, thencan
pick a relatively compact neighborhoddl of p diffeomorphic toB(1) the unit ball in
someC™, such that for each positive integkrandr € ]0, 1[ there are infinitely many
n such that

(Ton(Al/k X Ar) o4 W.

There is someg andrg such that
~ — 1
(p(Al/ko X Ar) cB é .

Since the sequence) converge uniformly orS; x Ay, then there exists a sub-
sequencedy,,) of (¢,) and a sequence,) in A, converging to O such that

1
@nk(sl/ka Z(() C B(Z)

and
P (A1 Z)  B(D).
Hence, for eactk > ko, there is a poinize € Ay such that
On(Z) = Pn (2, Z) € Sij2,

where gn, is the pseudoholomorphic curve defined &y = ¢n, (-, 7).
By the Gromov’s monotonicity lemma, there exist positiveg@antseg ando such
that for ¢ € ]0, inf(so, 1/8)[, we have

Areag (Gn (A1) = Areas(gn (A1) N B(On,(z), &) > ae?,

where G is a length function inN.
On the other hand, sincéV, J) is hyperbolically embedded in\ J) then, there
exists a positive constamt such that

Ky >c.G.
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The restriction ofg,, in A* is a pseudoholomorphic curve then

1 1
HOESS g (K@) < Ko,

As a consequence, we have

1
Areag (gn, (A1/k)) = Areag (gn, (A1) < o Arean: (A1) — 0.
We get a contradiction. O

When M is compact hyperbolic, we can strengthen the last theorethearfollow-
ing form.

Theorem 3.3. Let A be a thin subset in an almost complex manifeid J'),
(M, J) be a compact hyperbolic almost complex manifold §d¢ be a sequence of
almost complex structures on M converging to J for gi¥é-topology

Let

for (X\A J)— (M, J)
and
f:(X\A J)—= (M, )

be a sequence of pseudo-holomorphic maps and a pseudodrploicmap respectively

If (f,) converges to f uniformly on compact subsets of X, then (f,) con-
verges tof uniformly on compact subsets of, Xvhere f,: (X, J) — (M, J,) and
f: (X, J)— (M, J) are the extensions to X of, and f respectively

The proof of the theorem is based on the following two lemmas.

Lemma 3.4. Let (M, J) be a compact hyperbolic almost complex manifold and
G be a length function on MThen there exists an open neighborhdédf J and a
positive constant ¢ such that

Kj >c.G forevery Jell.

Proof. We assume that there is no sucand neighborhood{. Then there is a se-
guence of tangent vectorg) in TM and a sequence of almost complex structudg} (
converging toJ such that|&|s = 1 and Kf,,k(gk) — 0. By considering a subsequence,
we may assume that the sequeanJ,lk(ék)) is monotone decreasing. Hence, there is a
monotone increasing sequencg) (of positive numbers tending tooe and a family of
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pseudoholomorphic curvek: A, — (M, J) such thatf,(0) = &.. By applying Brody’s
reparametrization theorem [4] to eadh which remains valid in the almost complex
case, we obtain a sequence of pseudoholomorphic cges, — (M, J) such that:
lop (2Dl < rf/(rlf —12/?) on A,, and the equality holds at the origin 0. By the compact-
ness theorem [22], we can extract a subsequencefvwhich converges uniformly
with all derivatives on compact sets to a pseudoholomorghive ¢: C — (M, J).
The mappingy is non constant sincgy’(0)lc = lim|g;(0)lc = 1 and|¢'(2)|c < 1 for
eachz e C. This contradicts the hyperbolicity d¥. O

The following lemma is due to Gaussier-Sukhov [7].

Lemma 3.5. Let (M, J) (resp (M’, J’)) be a smooth almost complex manifold
Let (Jn) (resp (J})) be a sequence of almost complex structures orfrédp M’) con-
verging in theC*(M)-topology (resp C*(M’)-topology to J (resp J’). For every n
let f, € Oy, 3)(M’, M). Assume thaf f,) converges uniformly on compact subsets of
M to a map f Then f belongs t@y, 5(M’, M).

It is well-known from the standard elliptic estimates foetauchy-Green kernel
(see Sikorav [28]) showing that the limit in the compact opepology of a sequence
of J-holomorphic discs also is &-holomorphic curve.

Proof of Theorem 3.3. It is known, that every holomorphic ntapX \ A— M
extends to a holomorphic ma@: X — M, see [10]. Hence, eacli, extends to a
pseudoholomorphic mag,: (X, J') — (M, Jy).

Let G be a length function oM. By Lemma 3.4, there exist a positive constant
¢ and an integeng such thatKhJ,," > ¢. G for eachn > ng, hence

dec(fa(@), fow)) < dih(fa(@), fa(w)) for every z w e X.

Let (f,my) be an arbitrary subsequence of.)  Since f,n is a @', Jym)-
pseudoholomorphic map frotX to M, we have forn > ng

dea(fom(2), fom(w)) < dy (z, w) for every z, w e X.

By Ascoli, we infer that the family f¢(n)) is equicontinuous and we can extract
a subsequencé,., which converges to a mag. By Lemma 3.5, we conclude that
the mapg is (J’, J)-holomorphic and coincides withi on X\ A. Hence, f =g and we
conclu~de finally that the sequencé,) converges uniformly on each compact subset of
X to f. O

In particular, if A is an immersed curve in an almost complex surface, we get
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Corollary 3.6. Let C be a smooth pseudoholomorphic curve in an almost com-
plex manifold(S, J’) of real dimensiond and let(M, J) be a compact hyperbolic al-
most complex manifold an¢lJ,) be a sequence of almost complex structures on M
converging to J for the&*>°-topology

Let

fa: (S\C, J)— (M, J)
and
f:(S\C,J)—> (M, J)

be a sequence of pseudo-holomorphic maps and a pseudodrploimmap respectively

If (f,) converges to f uniformly on compact subsets §fCS then (f,,) converges
to f uniformly on compact subsets of ®here f,: (S, J') — (M, J,) and f: (S, J') —
(M, J) are the extension to S of, and f respectively

Now, we prove another variant of Noguchi extension conwargetheorem for
J-holomorphic curves.

Theorem 3.7. Let (M, J) be a relatively compact hyperbolic almost complex sub-
manifold in an almost complex manifoldN, J). Assume that there is a neighbor-
hood U of 9M, the boundary of M in N such that b M is hyperconvex Then
each pseudoholomorphic curve: A\* — M extends to a pseudoholomorphic curve
f:A—> M.

Moreover if (fy: A* — (M, J)) is a sequence of pseudoholomorphic curves that
converges uniformly on compact subset\é¢fto a pseudoholomorphic curve: A* —

(M, J), then the sequencéf,) converges uniformly on compact subsetsfofto f,
where f, and f are the extension ta of f, and f respectively

Proof. It suffices to prove by Corollary 2.14, that there iseguence %,) in A*
converging to 0 such that the sequenddz()) converges to a point oM. Suppose
that this is not the case. Then there exists |0, 1[ such thatf(A}) C U. Let ¢ be a
plurisubharmonic function o) N M. Then the functiong = ¢ o f is subharmonic on
Af. By assumptiorg extends continuously to a functidpnwhich remains subharmonic
on A,. We haveg(z) < O for everyz e A} and §(0) = 0, so§ attains its maximum at
the origin. We get a contradiction by the maximum principle.

For the second assertion, Ief;(n)) be an arbitrary subsequence of,X Since
f,m is a pseudoholomorphic curve from to M, we have

di (fom @), fmw)) < da(z, w) for every z, w e A,

Hence, the family (;,(n)) is equicontinuous and by Ascoli, we can extract a sub-
sequencef,.y ) which converges to a pseudoholomorphic ngapBut the mapg co-
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incides with f on A*, hence f = g and we conclude finally that the sequendg)(
converges tof uniformly on each compact subset Af ]

4. Relative intrinsic pseudodistance

Let (M, J) be a relatively compact almost complex submanifold in anost com-
plex manifold (N, J). As in Kobayashi [15], we shall introduce a relative pseudo
distanced,ﬂ,l]N on M and we prove thaM is hyperbolically embedded iMN, if and
only if, dy, \ is a distance orM.

Let J—',\J,,'N C O3(A, N) be the family of pseudoholomorphic curves such that
f~1(N \ M) is either empty or a singleton. Thus, each eIemenﬂ-‘QfN maps allA,
with the exception of possibly one point, infd. The exceptional point is of course
mapped intoM.

We define a pseudodistancg, , on M in the same way asly, but using only
chains of pseudoholomorphic curves belongingﬂ;@’N. Namely, writingl(«) for the
length of a chainx of pseudoholomorphic curves, we set

Ay (P, 0) =inf 1),

where the infimum is taken over all chainsof pseudoholomorphic curves from to
g which belong toFy) \.

The interesting case is wheid is the complement of a hypersurface M, but
since a hypersurface does not exist even locally, we willsiter the case wherl :=
S is a compact almost complex manifold of real dimension 4 bhd S\ C whereC
is a pseudoholomorphic curve immersedSnin this case, any pair of pointp, q in
S\ C = S can be joined by a chain of pseudoholomorphic curves behontg Fg\cys,
so thatdd . ¢(p, ) < oo for p,q e S.

Since

03(A, S\C) C FdcsC 0s(A, 9),
we have
d3 < dé\c,s = dg\c-

Let (C’, J) be a pseudoholomorphic curve in an almost complex manifsldJ’) of
real dimension 4. Iff: (S, J) — (S, J) is a (J, J')-holomorphic map such that(S\
C)c S\ C/, then

ddics(f(p), (@) <ddcs(P.a). P.gesS
Proposition 4.1. Let (C, J) be a pseudoholomorphic curve in an almost complex

manifold (S, J) of real dimensiond. Then the pseudodistanceld  is continuous on
S x S, moreover if it is a distance on,Shen it induces the standard topology on S
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The proof is similar to Kruglikov-Overholt [19]. Our prinmal result in this section
is the following theorem.

Theorem 4.2. Let (C, J) be a pseudoholomorphic curve in a compact almost
complex manifoldS, J) of dimensiord. The following conditions are equivalent
(a) ddcsis a distance on S
(b) (S\ C, J) is hyperbolically embedded i(s, J).

Proof. (a)= (b) Let (p,) and @,) be sequences i\ C with p, - pe Sand
Oh — g € S. If ddc(pn, Gn) — O thendd ¢ s(pn, Gn) — 0. This implies thatp = q.

(b)= (a) By theorem of Sikorav the topolog} in the space of pseudoholomorphic
curves coincides with the topology of the uniform convergewith all derivatives in the
compact sets, the proof of Kobayashi [15] in the complex éaséll valid. L]

5. The automorphism group

Kobayashi [16] proved that the automorphism group of a canpgperbolic com-
plex manifold is finite, later Miyano-Noguchi [23] showed thhe automorphism group
of X\ D is finite whereD is a normal crossing divisor in a compact complex manifold
X and X\ D is hyperbolically embedded iX. Recently Kruglikov-Overholt [19] and
Kobayashi [17] proved that the automorphism group of a camnpgperbolic almost
complex manifold is finite.

The main result of this section is the following

Theorem 5.1. Let (C, J) be a pseudoholomorphic curve in a compact almost
complex manifold(S, J) of real dimensiond4, such that(S\ C, J) is hyperbolically
embedded in(S, J). Then the automorphism grouput;(S\ C) of S\ C is finite

For the proof, we will need the following lemma due to van Qémtand van der
Waerden [5]. For its proof, see also Kobayashi-Nomizu [113]46—50.

Lemma 5.2. The group [X) of isometries of a connectetbcally compact met-
ric space X is locally compact with respect to the compa&rofppology and for any
point x € X and any compact subset & X, the subse{f € | (X); f(x) € K} is com-
pact In particular, at any point xe X the isotropy subgroupy(X) is compact If X
is moreover compagcthen 1(X) is compact

Proof of Thereom 5.1. First, we shall prove that A&\ C) is compact endowed
with the compact-open topology o8\ C. We set

Auty(S, S\ C) = {f € Auty(S); F(S\C)C S\ C}
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equipped with the compact-open topology 8n By Theorem 3.2, the restriction map
Aut;(S, S\ C) — Aut;(S\ C) is a homeomorphism.

Since S\ C is hyperbolically embedded i8 then by Theorem 5d§\c'S is a distance
which induces the standard topology &f Let | (S, S\ C) be the group of isometries of
S with respect to the relative distandé\C’ o it follows from Lemma 5.2 that (S, S\ C)
is compact. It remains to prove that A@§, S\ C) is closed inl (S, S\ C).

Let (fj) be a sequence in AytS, S\ C) which converges tof € I (S, S\ C). By
Lemma 3.5, f is a (J, J)-holomorphic map fromS to S. Since f; € Aut;(S, S\ C),
then there exists a sequenag)(in Aut;(S, S\ C), such thatf; o gj = gj o fj = Ids.
By considering a subsequence and by applying again Lemman& Suppose thaigf)
converges uniformly on compact subsets d¢J)-holomorphic mapg from Sto S such
fog=go f =Id. Hence, f € Aut;(S).

We infer that f (S\ C) ¢ S\ C. Let pp € S\ C such thatqy = f(pg) € S\ C. For
any p € S\ C, we have

dé\c(fj(p)v fi(Po)) = dé\c(ll Po)-

Then for some integej,, we have for allj > jo
fi(p) € By (qo, dd c(p, po) +1).

S\ C is complete hyperbolic since it is locally complete hypdibfs] and hyperbolical-
ly embedded, see [12]. Therefore the closed 1B}l (o, dg\c(p, po) + 1) is compact
S\C

hence, f(p) =lim fj(p) in S\ C. We conclude finally thatf € Aut;(S, S\ C).

By a theorem of Bochner-Montgomery [3], a locally compactugrof differentiable
transformations of manifold is a Lie transformation grotfence, Au§(S\ C) is a Lie
group. Kruglikov-Overholt [19] proved that no almost comlLie group of positive
dimension acts effectively as a pseudoholomorphic transition group on a hyperbolic
almost complex manifold. Hence the Lie algebra of A® S\ C) is trivial. O
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