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Abstract
In this paper, we introduce the weakG-expansivity which is a generalization

of both expansivity andG-expansivity. Also, we defineG-stable andG-unstable
sets of a homeomorphism on a metricG-spaceX and investigate properties of them.
Finally, we consider the decomposition theorem onG-spaces.

1. Introduction

Let X be a topological space,G be a topological group, and� : G � X ! X
be a map. The triple (X, G, �) is called atopological G-spaceif the following three
conditions are satisfied:
(1) �(e, x) = x for all x 2 X, wheree is the identity ofG;
(2) �(g, �(h, x)) = �(gh, x) for all x 2 X and for all g, h 2 G;
(3) � is continuous.
Here, gh is the group operation onG. Simply, we denote�(g, x) by gx and X is
usually said to be atopological G-space.

For any subsetA of X, G(A) is denoted by the setfga: g 2 G, a 2 Ag. G(x) is
called aG-orbit of x. A subsetA of X is called G-invariant if G(A) = A. A map
f : X ! X on a G-spaceX is said to bepseudoequivariantprovided that f (G(x)) =
G( f (x)) for all x 2 X, and f is said to beequivariant provided that f (gx) = g f (x)
for all x 2 X and g 2 G.

N. Aoki has proved the following topological decompositiontheorem in 1983 ([1]),
which is an extension of Smale’s spectral decomposition theorem and Bowen’s de-
composition theorem in dynamical systems. All undefined notions can be found in [2].

Theorem 1.1 ([1]). Let f : X ! X be a homeomorphism on a compact metric
space X and let CR( f ) be the chain recurrent set. If f jCR( f ) : CR( f ) ! CR( f ) is an
expansive homeomorphism with the shadowing property, then
(1) CR( f ) contains a finite sequence Bi (1 � i � k) of f -invariant closed subsets
such that
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(a) CR( f ) =
Sk

i =1 Bi (disjoint union);
(b) f jBi : Bi ! Bi is topologically transitive,

(2) for each Bi , there exist a subset Xp of Bi and a> 0 such that
(a) f a(Xp) = Xp;
(b) Xp \ f j (Xp) = ; (0< j < a);
(c) f ajXp : Xp ! Xp is topologically mixing;

(d) Bi =
Sa�1

j =0 f j (Xp).

A point x 2 X is called aG-periodic pointof f if there exist an integern > 0 and
g 2 G such thatf n(x) = gx. A point x 2 X is called aG-nonwandering pointof f if for
every open neighborhoodU of x, there existn> 0 andg 2 G such thatg f n(U )\U 6= ;.
PerG( f ) (resp.�G( f )) is denoted by the set of allG-periodic (resp.G-nonwandering)
points of f .

For a homeomorphismf on a metricG-spaceX, a sequencefxi 2 X : i 2 Zg is
called a (Æ, G)-pseudo orbitfor f provided that for eachi , there existsgi 2 G such
that d(gi f (xi ), xi +1) < Æ. A (Æ, G)-pseudo orbitfxi g for f is said to be�-traced by a
point x 2 X provided that for eachi , there existsgi 2 G such thatd( f i (x), gi xi ) < �.

DEFINITION 1.2 ([5]). A homeomorphismf : X ! X has theG-shadowing prop-
erty (GSP) provided that for any� > 0, there existsÆ > 0 such that every (Æ, G)-pseudo
orbit fxi g in X for f is �-traced by a pointx 2 X.

REMARK 1.3. It was proved by E. Shah that, whenX is a compact metricG-space
and the orbit map� : X ! X=G is a covering map, a pseudoequivariant homeomorphism
f on X has the GSP if and only if the induced mapf̂ : X=G ! X=G has the shadowing
property ([5]).

If a pseudoequivariant continuous onto mapf : X ! X has the GSP whereX is
a compact metricG-space withG compact, thenf j�G( f ) has the GSP ([5]).

The main purpose of this paper is to prove the following theorems on compact
metric G-spaces.

Theorem A. Let X be a compact metric G-space with G compact. If f : X ! X
is a pseudoequivariant G-expansive homeomorphism with theGSP, then �G( f ) con-
tains a finite sequence Bi (1 � i � n) of f -invariant, G-invariant, and closed subsets
such that
(1) f j�G( f ) is topologically G-transitive;
(2) �G( f ) =

Sn
i =1 Bi (disjoint union);

(3) f jBi has the GSP.

A homeomorphismf : X ! X is said to betopologically G-mixingprovided that
for every nonempty open subsetsU and V of X, there exists an integerN such that
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for eachn � N, there isgn 2 G satisfying gn f n(U ) \ V 6= ;.

Theorem B. Let f j�G( f ) : �G( f ) ! �G( f ) be a G-expansive homeomorphism
with the GSP. Then, for any f -invariant, G-invariant, open and closed subset B��G( f ) such that fjB : B ! B is topologically G-transitive, there are Xp � B and
a > 0 such that
(1) f a(Xp) = Xp;
(2) Xp \ f j (Xp) = ; (0< j < a);
(3) f ajXp : Xp ! Xp is topologically G-mixing;

(4) B =
Sa�1

j =0 f j (Xp).

DEFINITION 1.4. A homeomorphismf : X ! X on a metricG-spaceX is said
to be weak G-expansiveprovided that there existsÆ > 0 such that for everyx, y 2 X
with G(x) 6= G(y) if u 2 G(x) and v 2 G(y), there existsn = n(u, v) 2 Z such that

d( f n(u), f n(v)) > Æ.
The constantÆ is called aweak G-expansive constantfor f .

The weakG-expansivity is a generalization of both expansivity andG-expansivity.
Here, G-expansivity has been defined by R. Das ([4]). A homeomorphism f : X ! X
is said to beG-expansiveprovided that there existsÆ > 0 such that for everyx, y 2 X
with G(x) 6= G(y), there existsn 2 Z such that

d( f n(u), f n(v)) > Æ for all u 2 G(x), v 2 G(y).

The constantÆ is called aG-expansive constantfor f .

REMARK 1.5. R. Das proved that there is no implication betweenG-expansivity
and expansivity by giving counterexamples ([4]).

EXAMPLE 1.6 ([4]). Consider the compact spaceX = f1=n, 1�1=n: n 2 Ng with
the usual metric and let the topological groupG = f�1, 1g act on X with the action�
defined by�(1, x) = x and �(�1, x) = 1� x. Define a homeomorphismf : X ! X by

f (x) =

�
x if x = 0, 1;
next to the right ofx if x 2 X n f0, 1g.

Then f is an expansive map with expansive constantÆ (0< Æ < 1=6). But, it is easy
to see that forx, y 2 X n f1=2g with G(x) 6= G(y), there is non 2 Z such that

j f n(u)� f n(v)j > Æ for all u 2 G(x), v 2 G(y),

whateverÆ > 0 may be. This means thatf is not G-expansive.
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EXAMPLE 1.7 ([4]). Consider the compact spaceX =
Sn

i =1 Ci with the usual
metric, where eachCi is the circle in R2 with center the origin and radiusi . De-
note G = SO(2) by the set of all 2� 2 matrices whose determinants are�1 and define
an action� : G� X ! X by the usual rotations onX. Then the identity map onX is
G-expansive withG-expansive constantÆ (0< Æ < 1).

Therefore, all properties of the following diagram are distinguished as we see in
Examples 1.6 and 1.7:

DEFINITION 1.8. Let f : X ! X be a homeomorphism of a metricG-spaceX.
We define alocal G-stable set Ws� (x) and alocal G-unstable set Wu� (x) by

Ws� (x) = fy 2 X : for eachn � 0,

there isgn 2 G such thatd( f n(gnx), f n(y)) � �g,
Wu� (x) = fy 2 X : for eachn � 0

there isgn 2 G such thatd( f �n(gnx), f �n(y)) � �g.
We modify results of [3] into the following results by weakening the condition

“equivariant” into “pseudoequivariant” and deleting the condition “invariant metric”. A
metric d on a G-spaceX is called aninvariant metricprovided thatd(x, y) = d(gx, gy)
for all x, y 2 X and g 2 G.

REMARK 1.9. Let X be a compact metricG-space withG compact. If f : X !
X is a weakG-expansive pseudoequivariant homeomorphism with weakG-expansive
constantÆ > 0, then for every > 0, there isN > 0 such that for eachx 2 X and for
eachn � N,

f n(WsÆ (x)) � Ws ( f n(x))

and

f �n(WuÆ (x)) � Wu ( f �n(x)).

Proof. We shall prove only the case of a localG-stable set because the other case
can be proved similarly. To do it, suppose that there exists > 0 such that for all
N > 0, there arex 2 X and n � N satisfying

f n(WsÆ (x)) 6� Ws ( f n(x)).
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Let N > 0. Then there arex1 2 X and n � N satisfying

f n(WsÆ (x1)) 6� Ws ( f n(x1)),

that is, there existsy1 2 WsÆ (x1) such that f n(y1) =2 Ws ( f n(x1)). So there existsi � 0
such that for everyh 2 G,

d( f i (h f n(x1)), f i ( f n(y1))) >  .

Becausef is pseudoequivariant, there existsi � 0 such that for everyg 2 G,

d(g f i +n(x1), f i +n(y1)) >  .

Take m1 = i + n and chooseN = m1 + 1.
Continuing the process, we can find sequencesmn > 0, xn, and yn 2 X such that

(1) yn 2 WsÆ (xn);
(2) d(h f mn(xn), f mn(yn)) >  for all h 2 G;
(3) limn!1 mn = 1.
It follows from yn 2 WsÆ (xn) that for eachi � �mn, there existsgi +mn 2 G such that

d( f i +mn(gi +mn xn), f i +mn(yn)) � Æ.
Since f is pseudoequivariant, for eachgi +mn , there existshi +mn 2 G such that

d( f i (hi +mn f mn(xn)), f i ( f mn(yn))) = d( f i +mn(gi +mn xn), f i +mn(yn)).

Hence, for eachi � �mn,

d( f i (hi +mn f mn(xn)), f i ( f mn(yn))) � Æ.
If f mn(xn) ! x, f mn(yn) ! y, and hi +mn ! h as n !1, then

d( f i (hx), f i (y)) � Æ for all i 2 Z.

Since Æ is a weak G-expansive constant forf , G(x) = G(y). But d(hx, y) =
limn!1d(h f mn(xn), f mn(yn)) �  > 0 for all h 2 G by (2). Thushx 6= y for all h 2 G,
and henceG(x) 6= G(y). This is a contradiction.

For a homeomorphismf on a compact metricG-space, we define the following:

Ws(x) =
n

y 2 X : there exists a sequencegn 2 G such that

lim
n!1 d( f n(gnx), f n(y) = 0

o
;

Wu(x) =
n

y 2 X : there exists a sequencegn 2 G such that

lim
n!1 d( f �n(gnx), f �n(y) = 0

o
.
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Ws(x) (resp.Wu(x)) is called aG-stable set(resp.G-unstable set).

REMARK 1.10. LetX be a compact metricG-space withG compact. If f : X !
X is a weakG-expansive pseudoequivariant homeomorphism with weakG-expansive
constantÆ > 0, then for each� with 0< � < Æ,

Ws(x) =
[
n�0

f �n(Ws� ( f n(x)));

Wu(x) =
[
n�0

f n(Ws� ( f �n(x))).

Proof. (�): Let y 2 Ws(x) and 0< � < Æ. Then there existsN > 0 such that for
eachn � N, we can choosegn 2 G satisfying

d( f n(gnx), f n(y)) � �.
Thus,

d( f i ( f N(gi +N x)), f i ( f N(y))) � � for all i � 0.

Since f is pseudoequivariant,f N(y) 2 Ws� ( f N(x)). Therefore,

y 2 f �N(Ws� ( f N(x))) �[
n�0

f �n(Ws� ( f n(x))).

(�): Let y 2 f �n(Ws� ( f n(x))) for somen � 0. Then f n(y) 2 Ws� ( f n(x)). It fol-
lows from Remark 1.9 that for every > 0 there existsN > 0 such that for eachx 2 X
and m� N,

f m+n(y) 2 f m(Ws� ( f n(x))) � Ws ( f m+n(x)).

So for eachn � N, we can findgn 2 G such that

d( f m+n(gnx), f m+n(y)) �  .

Since f is pseudoequivariant,y 2 Ws(x). The proof is completed. The case of a
G-unstable set can be proved similarly.

2. Decomposition theorems

First we prepare the following four lemmas to show Theorem A.

Lemma 2.1 ([3]). Let (X, G, �) be a compact metric G-space with G compact.
Then for any� > 0, there is a finite open coverU = fU1, : : : , Usg of X such that
diam(gUi ) � � for all g 2 G and i with 1� i � s.
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In Lemma 2.1, notice that, for eachg 2 G, the open coverfgU : U 2 Ug of X
satisfies diam(hgUi ) � � for all h 2 G and i with 1� i � s.

Lemma 2.2. Let X be a compact metric G-space with G compact. If U is a
finite open cover of X, then there existsÆ > 0 such that for each subset A of X with
diam(A) � Æ, A � gU for some U2 U and g2 G.

Proof. Suppose not. Then for everyn > 0 there exists a subsetAn of X such
that diam(An) � 1=n and An 6� gU for all U 2 U and g 2 G. Choosexn 2 An for
eachn 2 N. Since X is compact, there exist a subsequencefxni g of fxng such that
xni ! x. We fix g 2 G. Then there isU 2 U with x 2 gU. Since X n gU is compact,
d(x, X n gU) > 0. Put � = d(x, X n gU) and takeni > 0 such that 1=ni < �=2 and
d(xni , x) < �=2. Then for anyy 2 Ani ,

d(y, x) � d(y, xni ) + d(xni , x) � 1

ni
+
�
2
< �.

So y 2 gU. Therefore,Ani � gU. This is a contradiction.

Lemma 2.3. Let X be a compact metric G-space with G compact. Then for any� > 0, there existsÆ > 0 (Æ < �) such that

d(x, y) < Æ ) d(gx, gy) < � for all g 2 G.

Proof. Let� > 0. Then it follows from Lemma 2.1 that, for any positive�1 < �,
there is a finite open coverU such that diam(gU ) � �1 for all g 2 G and U 2 U .
Also, by Lemma 2.2, there is a constantÆ = Æ(U) > 0 such that for any subsetA with
diam(A) � Æ, A� gU for someg 2 G andU 2 U . Let x and y in X with d(x, y) < Æ.
Then x, y 2 g0U0 for someg0 2 G and U0 2 U . Note thatfg0U : U 2 Ug is an open
cover of X. For any g 2 G, take g1 2 G such thatg1 = gg0. Then, by Lemma 2.1,
diam(gg0U ) � �1, that is, diam(g1U ) � �1 < � for all U 2 U . Sincegx, gy 2 gg0U0 =
g1U0, d(gx, gy) < �.

Lemma 2.4. Let X be a compact metric G-space with G compact and let f be
a pseudoequivariant homeomorphism on X. Then f has the GSP if and only if for
any � > 0, we can findÆ > 0 such that for every(Æ, G)-pseudo orbitfxi g of X for f ,
there exist x2 X and hi 2 G satisfying

d( f i (hi x), xi ) < � for all i 2 Z.

Proof. Suppose thatf has the GSP and let� > 0. Then, by Lemma 2.3, there
exists�0 > 0 (�0 < �) such that for eachx, y 2 X,

d(x, y) < �0 ) d(gx, gy) < � for all g 2 G.
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Let Æ be the constant corresponding to�0 in the definition of the GSP. Then every
(Æ, G)-pseudo orbitfxi g of X for f is �0-traced by a pointx 2 X, that is, for eachi ,
there existsgi 2 G such that

d( f i (x), gi xi ) < �0 for all i 2 Z.

Since f is pseudoequivariant, for eachgi 2 G, there existshi 2 G such that

g�1
i f i (x) = f i (hi x).

Moreover, d(g�1
i f i (x), xi ) < � and henced( f i (hi x), xi ) < � for all i 2 Z.

The converse can be proved similarly.

We have ([5]) thatf (�G( f )) = �G( f ) andCRG( f ) =�G( f ) for a pseudoequivariant
homeomorphismf with GSP on a compact metricG-spaceX whereG is compact.

For x, y 2 X and Æ > 0, x is said to be (Æ, G)-related to y(denoted byx
Æ�G y) if

there exist finite (Æ, G)-pseudo orbitsfx = x0, x1, : : : , xk = yg and fy = y0, y1, : : : , yn = xg
for f . If for every Æ > 0, x is (Æ, G)-related to y, then x is said to beG-related
to y (denoted byx �G y). A point x is said to be aG-chain recurrent pointof f
if x �G x. CRG( f ) is denoted by the set of allG-chain recurrent points off . A
homeomorphismf : X ! X is calledtopologically G-transitiveprovided that for every
nonempty open subsetsU and V of X, there exist an integern > 0 and g 2 G such
that g f n(U ) \ V 6= ;.

Proof of Theorem A. Since the pseudoequivariant homeomorphismf satisfies
the GSP,CRG( f ) = �G( f ). Thus�G( f ) =

S� B� where eachB� is an equivalence
class under the relation�G which is defined inCRG( f ).

Claim 1. Each B� is closed in�G( f ).

Proof. Letx 2 B�. Then we can find a sequencefxi g in B� which converges tox.
Let � > 0 be given. Then there exists a finite open coverfU1, : : : , Usg of X such that

diam(gUi ) � �
2

for all g 2 G and i with 1� i � s

by Lemma 2.1. Sof (x) 2 Ui for some i . Choose an�0-neighborhoodN�0( f (x)) of
f (x) such thatN�0( f (x)) � Ui . Then since f is uniformly continuous, there existsÆ0 > 0 such that

d(x, y) < Æ0 ) d( f (x), f (y)) < �0.
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Becausefxi g converges tox, there is J > 0 such thatd(xJ , x) < minf�=2, Æ0g. From
the fact thatxJ 2 CRG( f ), we can find a (�=2, G)-pseudo orbit

fxJ = y0, y1, : : : , yk�1, yk = xJg.
So d(g f (y0), y1) < �=2 for some g 2 G. Also d( f (y0), f (x)) < �0 and hence
d(g f (y0), g f (x)) < �=2. Thus,

d(g f (x), y1) � d(g f (x), g f (y0)) + d(g f (y0), y1) < �
2

+
�
2

= �.

Therefore, fx, y1, : : : , yk = xJg is an (�, G)-pseudo orbit. It is clear that there is an
(�, G)-pseudo orbit fromxJ to x by the uniform continuity of f . It follows from

x
��G xJ that x

��G xi for all i because eachxi 2 B�. Since� is arbitrary, x 2 B�.
Therefore, B� is closed.

Claim 2. Each B� is f -invariant.

Proof. To prove this, we firstly show thatx �G f (x) for all x 2 �G( f ). Let� > 0. Then there isÆ > 0 (Æ < �) such that

d(a, b) < Æ ) d( f 2(a), f 2(b)) < �.

Since x 2 �G( f ), there aren > 0 and g 2 G such that

g f n(NÆ(x)) \ NÆ(x) 6= ;
where NÆ(x) is a Æ-neighborhood ofx. Then there existsz 2 NÆ(x) such thatg f n(z) 2
NÆ(x). Hence

f f (x), f 2(z), : : : , f n�1(z), xg
is an (�, G)-pseudo orbit and thus,x �G f (x). Since f is a homeomorphism, we
can show thatx �G f �1(x) for all x 2 �G( f ) similarly. Therefore, f (B�) = B� for
each�.

Claim 3. PerG( f ) is dense in�G( f ).

Proof. Let� > 0 be aG-expansive constant forf and take� < �=2. Since f has
the GSP, there existsÆ > 0 (Æ < �) such that every (Æ, G)-pseudo orbit is�-traced by
a point in X. Since f is uniformly continuous, there exists a positive constant < Æ
such that if d(a, b) <  , then d( f (a), f (b)) < Æ. Let p 2 �G( f ). Then for every -neighborhoodN (p) of p, there exist an integern > 0 and g 2 G such that

g f n(N (p)) \ N (p) 6= ;.
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Choose a pointy 2 g f n(N (p)) \ N (p). Since f �n(g�1y) 2 N (p),

d( f (p), f ( f �n(g�1y))) < Æ.
Hence

f : : : , x0 = p, x1 = f �n+1(g�1y), x2 = f �n+2(g�1y), : : : , xn�1 = f �1(g�1y), xn = p, : : : g
is a (Æ, G)-pseudo orbit for f . Since f has the GSP, it follows from Lemma 2.4 that,
for eachi 2 Z, there existx 2 X and gi 2 G such that

d( f i (gi x), xi ) < � for all i 2 Z.

Thus,

d( f k( f n(gk+nx)), f k(gkx)) � d( f k( f n(gk+nx)), xk+n) + d(xk+n, f k(gkx))

= d( f k( f n(gk+nx)), xk+n) + d(xk, f k(gkx))

< 2� < �
for all k. Since� is a G-expansive constant forf ,

G( f n(x)) = G(x),

and hence

g0x 2 PerG( f ) \ N�(p)

where N�(p) is an �-neighborhood ofp. Therefore,PerG( f ) is dense in�G( f ).

Claim 4. Each B� is open in�G( f ).

Proof. Let� > 0 be aG-expansive constant forf and let� < �. Denote

NÆ(B�) = fy 2 �G( f ) : d(y, B�) < Æg
where Æ is the constant corresponding to� in the definition of the GSP forf j�G( f ).
Then for a pointp 2 NÆ(B�) \ PerG( f ), there existsy 2 B� such that

d(y, p) < Æ.
Since f j�G( f ) has the GSP, it follows from Remark 1.10 that

Wu(p) \ Ws(y) 6= ;
and

Ws(p) \ Wu(y) 6= ;.

Here, Ws(p) and Wu(p) are defined on�G( f ). So, there existsy0 2 B� (in particular,
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y0 belongs to the�-limit set �(y)) such thaty0 � p, that is, p 2 B�. Therefore,

B� � NÆ(B�) \ PerG( f ) � NÆ(B�) \ PerG( f ) = NÆ(B�),
that is, B� is open in�G( f ).

Since X is compact and�G( f ) is a closed subset ofX, �G( f ) can be covered
by finitely many B�’s, that is,�G( f ) =

Sn
i =1 Bi .

Claim 5. Each Bi is G-invariant.

Proof. Let x 2 Bi , g 2 G, andÆ > 0. We shall show thatgx 2 Bi . Sincex 2 Bi ,
there exists a (Æ, G)-pseudo orbitfx0 = x, x1, : : : , xn�1, xn = xg. Thend(g0 f (x), x1) < Æ
for someg0 2 G. Since f is pseudoequivariant, we can takeh 2 G such thatg0 f (x) =
h f (gx). Thus fgx, x1, : : : , xn�1, xn = xg is a (Æ, G)-pseudo orbit. By Lemma 2.3, there
exists > 0 ( < Æ) such that

d(x, y) <  ) d(gx, gy) < Æ for all g 2 G.

Let fx0 = x, x1, : : : , xn�1, xn = xg be a ( , G)-pseudo orbit. Then

d(gn�1 f (xn�1), x) <  for some gn�1 2 G

and henced(ggn�1 f (xn�1), gx) < Æ. Thus fx0 = x, x1, : : : , xn�1, gxg is a (Æ, G)-pseudo
orbit. SinceÆ is arbitrary, gx �G x. Therefore,gx 2 Bi .

Claim 6. f jBi has the GSP.

Proof. Let 0< � < minfd(Bi , B j ) : i 6= j , 1� i , j � ng be given. Sincef j�G( f )

has the GSP, there existsÆ < � such that every (Æ, G)-pseudo orbitfxkg � Bi is �-traced
by a point x 2 �G( f ). This means that, for eachk, there existsgk 2 G such that

d( f k(x), gkxk) < �.
Since Bi is G-invariant andx0 2 Bi , g0x0 2 Bi . Thereforex 2 Bi .

Claim 7. f jBi is topologically G-transitive.

Proof. Let U and V be nonempty open subsets ofBi . Take x 2 U and y 2 V .
Then x �G y. Let N�(x) and N�(y) be �-neighborhoods ofx and y respectively such
that N�(x) � U and N�(y) � V . Choose a positive�1 < � such that

d(a, b) < �1 ) d(ga, gb) < � for all g 2 G.
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Since f jBi has the GSP, there existsÆ1 > 0 such that every (Æ1, G)-pseudo orbit inBi

is �1-traced by a point inBi . Thus, a (Æ1, G)-pseudo orbitfx0 = x, : : : , xn = yg � Bi

from x to y is �1-traced by a pointz 2 Bi . In particular,

d(z, g0x) < �1 and d( f n(z), gny) < �1 for some g0, gn 2 G.

Sinced(g�1
0 z, x) < � and d(g�1

n f n(z), y) < �,
g�1

0 z 2 N�(x) � U

and

g�1
n f n(z) � N�(y) � V .

Since f n(g�1
0 z) 2 f n(U ) and f is pseudoequivariant,

g1 f n(z) 2 f n(U ) for some g1 2 G.

Chooseg 2 G such thatgg1 = g�1
n . Then g�1

n f n(z) 2 g f n(U ). Therefore,g f n(U ) \
V 6= ;.

We next prepare the following three lemmas to complete Theorem B.

Lemma 2.5. Let f : X ! X be a pseudoequivariant homeomorphism on a com-
pact metric G-space X with G compact. Then

Wi (x) = Wi (p) for any x2 Wi (p) (i = s, u).

Proof. We shall prove only the casei = s. Let y 2 Ws(x) and let � > 0. Since
y 2 Ws(x), there existsN1 2 N such thatn � N1 implies that

d( f n(hnx), f n(y)) < �
2

for some hn 2 G.

Let Æ > 0 be the constant satisfying the following:

d(x, y) < Æ ) d(gx, gy) < �
2

for all g 2 G.

Since x 2 Ws(p), there existsN2 2 N such thatn � N2 implies that

d( f n(g0n p), f n(x)) < Æ for some g0n 2 G.

Hence for someh0n 2 G with h0n f n(x) = f n(hnx),

d(h0n f n(g0n p), h0n f n(x)) < �
2

.
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Sinceh0n f n(g0n p) = f n(gn p) for somegn 2 G,

d( f n(gn p), f n(hnx)) < �
2

.

Take N = maxfN1, N2g. Then n � N implies that

d( f n(gn p), f n(y)) � d( f n(gn p), f n(hnx)) + d( f n(hnx), f n(y)) < �.
Therefore,Ws(x) � Ws(p). Similarly, one can proveWs(p) � Ws(x).

Lemma 2.6. Let f : X ! X be a pseudoequivariant homeomorphism on a com-
pact metric G-space X with G compact and let x2 Wi (p). Then

gx 2 Wi (p) for every g2 G,

and hence

G(Wi (p)) = Wi (p) (i = s, u).

Proof. Let x 2 Ws(p), g 2 G and let � > 0. Then there isÆ > 0 such that if
d(x, y) < Æ, then d(gx, gy) < � for all g 2 G. Since for eachn 2 Z, we havegn 2 G
such that

lim
n!1 d( f n(gn p), f n(x))) = 0,

that is, there existsN 2 N such that

n � N ) d( f n(gn p), f n(x)) < Æ.
Hence, forh0n 2 G with h0n f n(x) = f n(gx),

d(h0n f n(gn p), h0n f n(x)) < �.
Let h0n f n(gn p) = f n(hn p). Then

d( f n(hn p), f n(gx)) < �.
Therefore,gx 2 Ws(p). Similarly, one can prove the statement for the casei = u.

Lemma 2.7. Let f : X ! X be a pseudoequivariant homeomorphism on a com-
pact metric G-space X with G compact. Then for any� > 0, there exists a positive
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constantÆ < � satisfying the following: if x 2 WuÆ (y), then for all g2 G,

(1) gx 2 Wu� (y)

and

(2) gy 2 Wu� (x).

Proof. Let � > 0. Then, by Lemma 2.3, there exists a positive constantÆ < �
such that

d(x, y) < Æ ) d(gx, gy) < � for all g 2 G.

Let x 2 WuÆ (y) and let g 2 G. Then for eachn � 0, there existsgn 2 G such that

d( f �n(x), f �n(gny)) < Æ.
(1) Take g0n 2 G such thatg0n f �n(x) = f �n(gx). Then

d( f �n(gx), g0n f �n(gny)) < �.
Since f is pseudoequivariant,gx 2 Wu� (y).

(2) Take g0n 2 G such thatg0n f �n(gny) = f �n(gy). Then

d(g0n f �n(x), f �n(gy)) < �.
Since f is pseudoequivariant,gy 2 Wu� (x) for all g 2 G.

Proof of Theorem B. Let � > 0 be a constant which is less than theG-expansive
constant for f jB and letÆ > 0 (Æ < �) be the constant corresponding to� in the defini-
tion of the GSP. LetXp = Wu(p) \ B for p 2 B \ PerG( f ). We can see directly from
Lemmas 2.3 and 2.6 thatXp is G-invariant, that is, ifx 2 Xp, then gx 2 Xp for all
g 2 G.

Claim 1. Xp is open in B.

Proof. Since p 2 PerG( f ), we have an integerm > 0 and g1 2 G such that
g1 f m(p) = p. Denote NÆ(Xp) = fy 2 B : d(y, Xp) < Æg. Let q 2 NÆ(Xp) \ PerG( f ).
Then there isx 2 Wu(p)\ B with d(q, x) < Æ. Note thatg2 f n(q) = q for some integer
n > 0 and g2 2 G. Since f jB has the GSP, the (Æ, G)-pseudo orbit

f : : : , f �2(x), f �1(x), q, f (q), f 2(q), : : : g
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is �-traced by a pointx0 2 B, that is, for eacht 2 Z, there existsht 2 G such that
(a) d(x0, h0q) < �;
(b) d( f t (x0), ht f t (q)) < � (t > 0);
(c) d( f �t (x0), h�t f �t (x)) < � (t > 0).
Hence, it follows from Remark 1.10 thatx0 2 Ws(q) \ Wu(x) \ B.

Since f is pseudoequivariant andp 2 PerG( f ), for eachk 2 Z, we havegkmn 2
G such that f kmn(gkmnp) = p. Since Wu(x) = Wu(p) = Wu(gkmnp) by Lemmas 2.5
and 2.6,

f kmn(x0) 2 f kmn(Wu(gkmnp)) = Wu( f kmn(gkmnp)) = Wu(p).

Sinceq 2 Ws(x0), for eachk 2 Z, one can findhkmn 2 G such that

lim
k!1 d(hkmn f kmn(x0), f kmn(q)) = 0.

Take ikmn 2 G such thatikmn(hkmn)�1 f kmn(q) = q. Then

lim
k!1 d(ikmn f kmn(x0), ikmn(hkmn)

�1 f kmn(q)) = lim
k!1 d(ikmn f kmn(x0), q) = 0.

Hence, q 2 Wu(p) \ B = Xp becauseikmn f kmn(x0) 2 Wu(p) for eachk 2 Z by Lem-
ma 2.6. Therefore,

Xp � NÆ(Xp) \ PerG( f ) � NÆ(Xp) \ PerG( f ) = NÆ(Xp),

that is, Xp is open in B.

Note that f (Xp) = f (Wu(p) \ B) = f (Wu(p)) \ f (B) = Wu( f (p)) \ B = X f (p).
Since Xp = Xgp for any g 2 G and g1 f m(p) = p,

f m(Xp) = X f m(p) = Xg1 f m(p) = Xp.

Take the smallest integera > 0 such thata � m and f a(Xp) = Xp.

Claim 2. B =
Sa�1

j =0 f j (Xp).

Proof. Lety2B. Since f jB is topologicallyG-transitive, for each 1=n-neighborhood
N1=n(y) of y, there arek > 0 and hn 2 G such thathnN1=n(y) \ f k(Xp) 6= ;. So

hnN1=n(y) \ �Sa�1
j =0 f j (Xp)

� 6= ; for eachn 2 N. We may assume thathn ! h 2 G

becauseG is compact. Since
Sa�1

j =0 f j (Xp) is closed inB, hy 2Sa�1
j =0 f j (Xp). Since

G( f j (Xp)) = G(X f j (p)) = X f j (p) = f j (Xp), we havey 2Sa�1
j =0 f j (Xp).



102 T. CHOI AND J. KIM

Claim 3. Xp = Xq for q 2 Xp \ PerG( f ).

Proof. Letq 2 Xp \PerG( f ) and supposem and n are G-periodic numbers ofp
andq respectively. SinceNÆ(Xp) = Xp for the constantÆ > 0 in the above of Claim 1,
WuÆ (q) � Xp. We firstly show thatp 2 Xq. Suppose thatp =2 Xq. Thend(K , Xq) > 0

where K = Xp n Xq. Sinceq 2 Xp = Wu(p) \ B, there existsz 2 Wu(p)\ B such that
d(z, q) < d(K , Xq). Sincez 2 Xp and z =2 K , z 2 Xq. Furthermore, for eachj 2 Z,
there existsg0mnj 2 G such that

lim
j!1 d( f �mnj(z), f �mnj(g0mnj p)) = 0.

For each j 2 Z, choosegmnj 2 G with gmnj f �mnj(g0mnj p) = p. Then we have

lim
j!1 d(gmnj f �mnj(z), p) = 0.

So gmnj f �mnj(z) =2 Xq for sufficiently large j . Hence,

hmnjz =2 f mnj(Xq) = Xq

for hmnj 2 G with gmnj f �mnj(z) = f �mnj(hmnjz). Thus, z =2 Xq. This is a contradiction.
Therefore, p 2 Xq.

Let y 2 Wu(q) and let 0< Æ1 < Æ2 < Æ3 = Æ such that

d(x, y) < Æi ) d(gx, gy) < Æi +1 for all g 2 G (i = 1, 2).

Then there existsN 2 N such that ifk � N, then d( f �k(y), f �k(hkq) < Æ1 for some
hk 2 G. Choose j 2 N with mnj � N. Then

d(( f �i Æ f �mnj)(y), ( f �i Æ f �mnj)(hmnj+i q)) < Æ1 for all i � 0,

that is,

f �mnj(y) 2 WuÆ1
( f �mnj(q)).

By Lemma 2.7 (2),g f�mnj(q) 2 WuÆ2
( f �mnj(y)) for all g 2 G. Sinceq 2 PerG( f ), we

haveq 2 WuÆ2
( f �mnj(y)). Again, by Lemma 2.7 (2),g f�mnj(y) 2 WuÆ (q) for all g 2 G.

In particular, f �mnj(y) 2 WuÆ (q). This means thaty 2 f mnj(WuÆ (q)) for some j � 0.
So Wu(q) �S

j�0 f mnj(WuÆ (q)). Therefore,

Xq = Wu(q) \ B �[
j�0

f mnj(WuÆ (q)) \ B � Xp \ B = Xp \ B = Xp.

Similarly, we haveXp � Xq.
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Claim 4. Xp \ f j (Xp) = ; for 0< j < a.

Proof. SupposeXp \ f j (Xp) 6= ; for some j . Since Xp \ f j (Xp) is open in
B, we can findq 2 Xp \ f j (Xp) \ PerG( f ). Then Xq = Xp = f j (Xp), which is a
contradiction to the choice of the integera.

Claim 5. f ajXp is topologically G-mixing.

Proof. LetU and V be non-empty open subsets ofXp and letq 2 V \ PerG( f ).
Then f aj (q) 2 Xp \ PerG( f ) for all j 2 Z. Since Xp = X f aj (q) for all j 2 Z,

U \ Wu( f aj (q)) = U \ (Wu( f aj (q)) \ B) 6= ; for all j 2 Z.

Let n> 0 be aG-periodic number ofq. Then for eachj such that 0� j � n�1, there
existszj 2 U \Wu( f aj (q)). Since f is pseudoequivariant, we may take this statement:
for eacht 2 Z, there existsht 2 G such that

lim
t!1 d( f �ant(zj ), f aj (ht f �ant(q))) = 0.

For eacht 2 Z, choosegt 2 G such thatgt f aj (ht f �ant(q)) = f aj (q). Then we have

lim
t!1 d(gt f �ant(zj ), f aj (q)) = 0,

and thus

lim
t!1 gt f �ant(zj ) = f aj (q).

Since f aj (q) 2 f aj (V), for each j with 0 � j � n� 1, we may chooseN j > 0 such
that for all t � N j ,

gt f �ant(zj ) 2 f aj (V).

Let M = maxfN j : 0� j � n� 1g. For eacht � M, we gett = ns+ j . If s� M, then

f �at(iszj ) = f �aj (gs f �ans(zj )) 2 V

for eachis 2 G such that f �ans�aj (iszj ) = f �aj (gs f �ans(zj )). Hence,

iszj 2 f at(V) if s� M (that is, t � nM).

Thus, it follows fromzj 2 U that there existskt 2 G such that

kt f at(V) \U 6= ; for each t � nM.

Therefore, f ajXp is topologically G-mixing.



104 T. CHOI AND J. KIM

ACKNOWLEDGEMENT. The authors would like to thank the referee for very de-
tailed comments in improving the exposition of the paper.

References

[1] N. Aoki: On homeomorphisms with pseudo-orbit tracing property, Tokyo J. Math.6 (1983),
329–334.

[2] N. Aoki and K. Hiraide: Topological theory of dynamical systems, Recent advances, North-
Holland, Amsterdam, 1994.

[3] T. Choi and J. Kim: G-expansive homeomorphisms on compact metricG-spaces, preprint.
[4] R. Das: Expansive self-homeomorphisms onG-spaces, Period. Math. Hungar.31 (1995),

123–130.
[5] E. Shah: Dynamical properties of maps on topological spaces andG-spaces, Ph.D. Thesis,

2005.

Taeyoung Choi
Department of Mathematics
Chungnam National University
Daejeon 305–764
South Korea

Current address:
National Institute for Mathematical Sciences
628 Daeduk-Boulevard Yuseong-gu
Daejeon
South Korea
e-mail: shadowcty@gmail.com

Junhui Kim
Division of Mathematics & Informational Statistics
Wonkwang University
Iksan 570–749
South Korea
e-mail: junhikim@wonkwang.ac.kr


