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1. Introduction

The class of univalent linear operators is unstable under the operations closure, in-
verse and adjoint. This is not the case if we consider the more general class of multi-
valued linear operators.

On the other hand, Favini and Yagi [7] and Yagi [15] have proved existence and
uniqueness theorems of the strict solutions of degenerate evolution equations by means
of this class of operators.

For these reasons, it is interesting to extend some results of functional calculus
to the multivalued linear case as well as obtaining a theory of fractional powers for
multivalued linear operators.

This problem has already been studied by Alaarabiou [1, 2]. He extended the
well-known Hirsch functional calculus (see [8, 9]) to the set M of multivalued non-
negative linear operators in a Banach space. His main idea was to endow M with an
appropriate topology so that if f € 7, (that is, f(1/z) is a Stieltjes transform of a
non-negative Radon measure), then f : M — M is continuous.

The basic properties of a functional calculus were proved in [1] by the above
mentioned continuity. Nevertheless, this kind of reasoning does not allow us to ob-
tain two fundamental properties: the product formula and the spectral mapping theo-
rem. Moreover, this functional calculus does not generate interesting operators such as
the fractional powers of complex exponent, or the semigroup generated by the frac-
tional powers either, because the functions z%, 0 < Rea < 1, and e™* T 0<a<1 /2
and ¢t > 0, do not belong to the class 7.

Sections 3 and 4 of this paper are devoted to improving a functional calculus valid
for a wider class of functions 7 which contains the earlier mentioned functions. This
process is not trivial because we have neither f(M) C M nor continuity of f. So
we have developed an original method to obtain the main properties of a functional
calculus.

First of all, in Theorem 3.2 we study the inverse operator of f(A). Then, in
Proposition 3.5, we relate f(A) and f (A +¢) for ¢ > 0. These results enable us to
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extend the functional calculus on £(X) N M to M.
Afterwards, in Theorem 3.10 we show a result that will be essential from now on:
for a subclass of functions that includes the fractional powers, f(A) is given by

(1.1) f(A)=10+A)f(Ap)1+Ap)~",

where Ap denotes the restriction of A to the Banach space D(A). By means of (1.1)
we prove the product formula, the stability under composition and the spectral map-
ping theorem.

In the third part of [1], Alaarabiou constructed a theory of fractional powers valid
for exponents «, 0 < @ < 1, that verifies the following fundamental properties:

i A H=@n"

(i) (AP)Y*=AP*for0<pB < 1.

(iii) A%AP = A**P for a, 8 > 0 with a + B < 1.

(iv) A =liminf,_, A%.

Nevertheless, the following basic ones remain unanswered:

V) oA ={":1z€0(A)}

(vi) If A is w-sectorial and 0 < Bw < 7, then A? € M and (AP)* = AP2,
(vi)) (A%)* =(A")".

In section 5 we give a new definition of fractional powers A%, Rea > 0, based
on formula (1.1). By applying our functional calculus to the function z%, 0 < Rea <
1, and by means of the theory of fractional powers of densely defined operators (see
[5, 10]), we get the properties (i) to (vii). Finally, we extend this theory to exponents
ae€C, Rea < 0.

2. Multivalued linear operators and Stieltjes transforms.

Throughout this paper (X, || ||) will be a complex Banach space.

DEerINITION 2.1. A linear subspace A of X x X is said to be a multivalued linear
operator in X. From now on, we use the following notation about A:

D(A) = {u € X : Jv € X such that (u,v) € A},
Au={ve X:(u,v)e A}, ue D(A),
R(A) ={ve Au:u e D(A)} and kerA={u € D(A):0e€ Au}.

When AO = {0}, we say that A is a univalent linear operator.

By L£(X) we denote the Banach algebra of bounded univalent linear operators de-
fined on all X.

If A and B denote multivalued linear operators and a € C, we can also consider
the multivalued operators:
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A+B ={u,v+w)e X x X:(u,v)e A, (u,w) € B},
AB = {(u,v) € X x X : 3w € X such that (u, w) € B and (w, v) € A},
and
aA={(u,av)e X x X : (u,v) € A}.

In short, the operator {(#,au) € X x X : u € X} will be denoted by a.
Moreover, we can always consider the inverse of A

A7 ' ={(u,v) € X x X : (v, u) € A},
and the adjoint of A
A* = {(u*,v*) € X* x X*: (v*, u) = (u*,v), V(u,v)e Al

Note that A~! is univalent if and only if A is one-to-one, and, by the Hahn-Banach
theorem, A* is univalent if and only if D(A) = X.
By p(A) we denote the resolvent set of A, that is,

p(A)={zeC:(z—A)" e LX)}

and by o(A) = C\ p(A) the spectrum of A. As in the univalent case, p(A) is open,
the resolvent (z—A)~! is a holomorphic function from p(A) to £(X) and the resolvent
identity

QD @A -A'=0-2e-A'(y—-A"", Vz,y e p(A),
holds (see [7, Theorem 2.6]).

DeriNiTION 2.2, Given w €]0, ], we say that a multivalued linear operator A is
w—sectorial if

o(A)C S, :={ze€C:|argz| < w}U{0},
and there is a constant K > 0 such that
2.2) lzz — A" < K, VYzeC\S,.

If w =7, we say that A is non-negative. We denote by M(X) (M for short) the
set of non-negative multivalued linear operators in X.

RemARk 2.1. By (2.1) it is not hard to show that the condition (2.2) is equivalent
to that

M) =supAr|(re’® — A)7!| < o0, for w<|0] <.
A>0

Moreover, if A is w—sectorial, then A~! and A* also are.
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We associate to A € M the family of bounded operators
1
A, = X(l —-JY, vaA>0,

usually called Yosida’s regularization of A, where Jf = (1 +AA)7!, and the constant
M(A) = sup,., ||JA"‘|| < 00. Note that if A = {0} x X, then M(A) = 0. Otherwise
M(A) > 1. It is easy to check that

AJu = Au+ A0, Yu € X, and Ayu = J*Au, Yu € D(A).

By (2.1), {A,}i>0 is a resolvent family.

ExampLE 2.1. We can obtain multivalued operators by considering the inverse of
a univalent non-negative linear operator which is not one-to-one. For example, let us
consider the Banach space L*°(]0, +oo[; C). The integral operator Z given by:

D@) = [f e L™ :/Oxf(s)ds € L°°},
If = {—/Oxf(s)ds+K:K€(C}, Vf e D),
belongs to M(L*) with
(JEg)(x) = f 00(1 —g(s)e ¥ ds, Vx>0 and Vg € L.
x
It is evident that —Z is the inverse of the derivative operator.

ExampLE 2.2. Let  C R” be an open set with a smooth boundary 92, and X =
(L*(Q))" = X, ® Xv, where

X, ={ue(CPQ)y divu=0in Q] and Xy={Vp:pe H(Q)

In [7, Example 6.2], in order to formulate the Stokes equation in multivalued form,
the multivalued linear operator

D(A) = (H*(2))" N (Hy ()" N X,
Au=—-Au+ Xy

was introduced. It is proved that A € M(X). Note that A is not one-to-one.

DerINITION 2.3, Let {A;}icz be a net of multivalued linear operators in X. As in
[1], we call liminfz A; to the multivalued linear operator in X given by
limIian[ = {(u,v) € X x X : I{(u;, vi)}ier convergent to (u, v)

in X x X, where (u;,v;) € A;, Vi GI}
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Remark 2.2. Note that, if A; € £(X), Vi € I, and limsupy ||A;|| < +oo, then
liminfz A; is a univalent linear operator.

In the following proposition we have collected the main properties of operators
in the class M. The proof can be found in [2, Proposition 1.I]. However, we give a
constructive proof of (iii) that will be very useful in next section.

Proposition 2.1. Let A € M. The following assertions hold:

(i) A is closed.
(i) If A >0, then A, € L(X)N M with

JAl —

A
w = m()\.‘*‘ﬂjlﬁ_k), V/,t > O,

and M(A,) < max{M(A), 1}. Moreover,
(A)y = Apsp, Yu>0.

(iii) A =liminf;_( Aj;.
@(iv) D(A)={u € X :lim)_ qu =u} = D(A"), Vn € N. Hence,

(2.3) A0ND(A) = {0}.

(v)  The univalent linear operator Ap = AN (D(A) X D(A)) is non-negative and

densely defined on the Banach space D(A).
(vi) If X is reflexive, then X = A0 @ D(A).

Proof. (iii) First of all,
)lti_r)%]lf*u = Jlfu, Yu >0 and Yu € X,
since
1 — TAull < MM(A) + DI Apull + 15,0 — T2ul.
Let (u,v) € A. We have
tim (1% + v), AJ{ @+ 0)) = @, v),

and therefore (1, v) € liminf,_,o Ax. Let us now suppose that (u,v) € liminfy_,¢ A;,
that is, there is a net {u;},~o that satisfies

lim(u}n AA,”)\.) = (uv U).
A—>0
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It is easily seen that

lim T+ ADus = T +v),

and then u = J*(u + v). Therefore (u,v) € A. O

RemMARK 2.3. From (2.3) it follows that if A € M is a densely defined operator,
then A is univalent, and if A has dense range, then A is one-to-one. Moreover, from
(vi) of the previous theorem it is deduced that in reflexive Banach spaces the converses
are also true.

In the following definition we introduce the class of functions we shall use to con-
struct our functional calculus. We will denote by R, = [0, +oo[ and by R_ =] — o0, 0].

DerINITION 2.4. Let u be a complex Radon measure on R, satisfying that there
is zo € C\ R_ such that

1
(2.4) / d|u|(t) < o0,
k. o+t H

where |u| denotes the total variation of u. Let a € C be a complex number. We call
Stieltjes transform of the measure p with value a at infinity the function f : C\R_ —
C given by:

1
f(Z)=a+/R+-ZTth(I)'

Condition (2.4) states that f is well-defined. Moreover, f is holomorphic in C \
R_.

The Stieltjes transforms are determined by the measure p and its value a at +oo.
For this reason, we will use the notation f(z) = (a, u)(z). By S we denote the set of
Stieltjes transforms and by S, the subset of S of the functions f(z) = (a, n)(z) with
value a > 0 and measure p > 0. Finally,

1
So = {f(z) =(a, n)(z) € S : u({0}) =0 and / T dlul@) < OO}.
10,00(
In [13, Theorem 1.2] the following result is proved:

Theorem 2.2. Let f € S,. The functions f,(z) = f(2)/(1 + Lf(2)), L > 0, and
F@) =1/f1/2), if f does not vanish, belong to S..

REMARK 2.4. By monotone convergence, f € Sp, too.
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Now, we introduce the following classes of functions:

T={f:f(1/n) eS8}, T.={f: f(1/2) € S},
T={feT:feT) and Ty={feT: f(0)=0}.

It is not hard to see that Sy C 7 and that 7, C 75U S.

From Theorem 2.2 we have 7, \ {0} C 7, but, in general, it is not true that if
f € T does not vanish, then f € 7. In fact, the function f(z) = 1/(1 +z) € T and
f(2) ¢ T since f(0) does not exist.

The product of two functions of 7 does not belong, in general, to 7. For exam-
ple, z € 7, but z> ¢ T (see the remark next to [13, Lemma 2.1]).

As in [8, Theorem 3.3] the following result holds:

Theorem 2.3. If f €T (7,) and g € T,, then (fog) e T (T).

ExampLE 2.3. Let f(z) be an absolutely concave function (also named non-
negative operator monotone function in the literature). That is, f is continuous and
non-negative on ]0, oo[, lim,_,¢+ f(z) < 0o and f has an analytic continuation into the
upper half-plane Imz > 0 such that Im f(z) > 0. By the Nevanlinna integral represen-
tation for functions preserving the upper half-plane (see [6, Theorem. I, p. 20] or [14,
p. 84]), it is not hard to check that f € 7.. The converse is also true.

Consequently, z%, 0 < @ < 1, In(l + z) and /zarctan(B+/z), B8 > 0, belong to
7. N Ty. We can also prove this fact by means of the integral representations:

: o0
sinaw z _
¥ = f t7%dt,
T 0 1 +1z

|
f *_ar,
0 1+tZ

B z 1
Jz arctan(B+/7) = _/0‘ e mdt.

The first one is due to Cauchy’s integral formula. It is also true for « € C, 0 < Rea <
1. Therefore, we have that z* € 7y for 0 < Rea < 1.

In(1 +2)

ExampLE 2.4. Let f : C\ R_. — C be holomorphic such that f(e?) have an
analytic continuation to |Imz| < 7 + & for some § > 0. We will say that f belongs to
the class Fy if

lim f(z) exists and lim f(z)/z=0.
z—0 |z]—>00
We will say that f belongs to the class F if

limzf(z)=0 and lim f(z) exists.
z—0 |z]—>00
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Let f € Fy U Fy. For all A > 0 there exist the limits

$(1) = lim f(z) and $H})= lim f(2).

Imz>0 Imz<0

We will write ¢(A) = (¢1(A) — ¢2(1))/(2mi). We define the classes
Ho={fe€Fo:17"¢ lone L'(10,11) and r72¢ € L'(]1, 00D},
Hy={feFi:2""¢eL']0,00D}.

We have Ho C 7 and H; C Sy (see [12, Proposition 2.1]).
By this result, it is a simple matter to show that z* € 75, 0 < Rea < 1, and that
e ' eS8, 0<a<1 /2 and v € S(;/2)—qx. Nevertheless, the reader can directly prove

that

—vz¢ 1 * 1 —vi*cosam o: o
e = — —e sin(vt® sinam) dt,
T Jo Z+t

by Cauchy’s integral formula.

Note that (z +&)* € 7 and (z + €)™ € &, but these functions do not belong to
Ho U H; because (e*+¢)* and (e +¢)~* have not an analytic continuation to |Imz| <
m + 6 for any é§ > 0.

3. Construction of the functional calculus.

In the sequel, A € M. If we write f € 7 we understand that f(z) = (a, u)(1/z2),
and if moreover f € T, then f(z) = (@, ii)(1/2).
Following [13], we associate to f € 7 and A € £(X) N M the operator

(3.1) f(A)=a +/ A, du(t),
understanding that the integral, convergent in £(X), takes the value A for ¢ = 0. From
[13] it follows:
(i If fe7 and 0 € p(A), then f(A)~! = F(A™)).
(i) IfgeT and h=fgeT, then h(A) = f(A) g(A).
(iii) If g € Ty, then f(g(A)) = (f o g)(A).
(iv) o(f(A)={f@):z€ (A}
The reader can easily check that f(A) = liminfy_¢ f(A,). So the following defi-
nition makes sense.

DeriniTION 3.1, For f € 7 and A € M we define the multivalued linear operator
f(A) by

f(A) =liminf f(A))=a +/ A, du(t) +1iminf/ Ajy du(t).
A—>0 11,00[ r—0 [0,1]
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RemARk 3.1. In [1] the functional calculus is constructed by applying the Dunford:
Riesz functional calculus to the functions of 7, and to the operators A; + A, and dealt
the general case by means of the definition f(A) =liminf,_ o f(Ax+A). It is not hard
to see that this concept agrees with the above definition. In [13] the previous proper-
ties (i) to (iii) were proved without techniques of Banach algebras. So, this standpoint
will allow us to extend our functional calculus to any sequentially complete locally
convex space.

ReMARrk 3.2. If f(2) =(a, u)z) € Sy, then

f(A)=a+/

(t+A) 'du) e L(X),
10,00[

as is easy to check. Moreover, if {A;};c7 is a net in M satisfying
A= lirrjlziani and limsup M(A;) < oo,
I

then f(A)=liminfz f(A;). This “continuity” property remains valid in 7.

The following operators will be very useful in the sequel.

Given f € 7 and A € M we define the multivalued linear operator W;(A) by
D(W¢(A)) = D(A) and

We(Au = au +/ Ajudu(t)+ u({0}) Au, Vu € D(A).
10,00(

If S, T € L(X) are given by
S=a +/ Adu(t) and T =/ JAdu),
11,00[ [0,1]

then, the multivalued linear operator S+ AT is closed and extends to W;(A).
Proposition 3.1. Let f € 7. The following assertions hold:
(i) f(A) < AO.
(i) If z € p(A), then
fAz— A u=@—A) " f(Au+ f(AO, Vu e D(f(A)).
(iii) Ws(A) C f(A) S (1 +AW(A(1+A)""

Proof. (i) Let v € f(A)O. There is a net {u;}y~o in X such that

lim (ux,f (A uy, du(t)) = (0, v).
A—0 R,
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Since

< M(AMA)+ 1) [lus |l

1
x [w([o, 1+ f —dlul(t)],
1,00[ £

then, by letting A — 0, J{*v =0, that is, v € AO0.
(ii) Given (u, v) € f(A), there is {u;}y>0 in X such that

[ st

}i_)n%(ux, S(ADu) = (u, v).
Since f(A;) and (z — A)~! commute, then
(z—A)u,z—Aa)"v) e liminf £(A;) = f(A).

(iii) Let (u, w) € W¢(A) and (u,v) € A such that
w=au + / JAvdu(t) + n({0))v.
10,00[

In part (iii) of Proposition 2.1 we have proved that

}in})(ll’“(u +v), Aps1(u +v)) = (u, v).
By dominated convergence

lim At I (u + 0) d ) = f JAvdu(),
A=0J10.17 10,11

and therefore

(u, / J,Avdu(t)w({om) € liminf / A du(t).
10,1] [0,1]

A—0

Consequently, (4, w) € f(A).
Finally, the second inclusion follows from the previous one and part (ii). d

ReMaRrk 3.3. Note that if ©({0}) # 0, then A0 = f(A)O, and that if f(0) = 0,
then R(f(A)) S R(A).

Theorem 3.2. If f € 7T, then

fA™" = fa™h.
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Proof. If A > 0, then Ay + X € L(X)N M and 0 € p(A, + A). Hence
FA+ 0 = F(a+ 0.
Since liminf, ¢ f(Ax +10)7 = F(A)~!, the proof is completed by showing that

lim inf flA,+0)H=fAYH, VfeT.

For t > 0 we have

1 1
(A +2)7h, = Py (1 iy Am/(m\)) ,

and then, formula (2.1) yields

_ _ A
(Ar+2)h = (A = m Ans1/(40) A1j+n)-

Therefore
/R 1A+ 2™ = (A e 12l 0)

A
2 o~
=MA)+1) /112<+ 1+A(t+A)d|“'(t)’

where, by dominated convergence, the last integral converges to zero as A — 0. From
this, it is concluded that

lim inf f((AA+A)_‘)=1i}r\ni61f FUA ™) = (A7, O

Corollary 3.3. If f € T, then:
(i) ker f(A) < kerA. Moreover, if lim,, .~02/f(z) # O, then the identity
ker f(A) =ker A holds.
(i) R(A) S R(f(A)).

Proof. The proof easily follows by applying Proposition 3.1 to f and A~!, and
by Theorem 3.2. O

Corollary 34. If f € Ty, then D(f(A)) € D(A).

Proof. By Theorem 3.2 we know that D(f(A)) = R(f(A™")), and as f(0) = 0,
then R(f(A™!)) € D(A). This completes the proof. d
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Proposition 3.5. Let f € T with u({0}) =0, or let f € T. For all ¢ > 0O there
exists an operator F, € L(X) such that

f(A+e)=f(A)+F,,
and limg_,¢ || F¢|| = 0. Moreover,

F(A) =liminf f(A +e).

Proof. Let &, A be two positive real numbers, and let us consider the bounded
operator

She = (A +&)sr — An)du(t)
10,1]
_ £ A A
= /};Ml T+ei+0) Jiar Joany ey AT).

It is clear that

&

S, :=liminf$, , = f TA T ey An(t) € L(X).

10,11 1+et

So, to prove the first assertion it is sufficient to show that

3.2) lim inf (A +8)py du(t) = & u({0}) + S¢ + lim inf/ Ajper du(t).
A—0 [0,1] A—>0 [0,1]

Obviously this is the case if w({0}) = 0. Otherwise, we have f € 7y, and therefore, by

Corollary 3.4, D(f(A +¢)), D(f(A)) C D(A). Moreover, for every net {u;}y~o such

that limy_,ou; = u € D(A), we have

|7 Tsenn = ul| = M ws — wll + M(A) [ S eu — u|

+ |7~
and so
P_‘f}) Ve J;\A}mex)“k =u.

This enables us to obtain (3.2).
On account of the above, we have f(A +¢)= f(A)+ F, where

€
’ /[o,oo[ 1+gg 1 “t/+en) u(t) (X)

Obviously, lim,_¢ || F¢|| = 0.
Now, the last assertion follows from the definition of f(A). |
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Corollary 3.6. If f € T, then
f(A") = f(A)".
Proof. The result easily follows if A € L(X)NM. Therefore,
F@+an™hH=[Fa+a],
and taking inverses,
FA+A)=[f1+A)]".

By Proposition 3.5 we obtain

1 N
A+ =[f(A+ A" = f(A) +f — I T du(t)

R, 1+1
and
FUr A%y = fan+ [ A A du).
R, 1+1
Thus, as the common addend belongs to £(X*), the desired relation is proved. O

Corollary 3.7. If f € 1y, then f(A) € L(X) if and only if A € L(X).

Proof. If A € L(X) we know that f(A) € L(X). Conversely, let us suppose that
A ¢ L(X). By the spectral mapping theorem for operators of £(X)NM and by Theo-
rem 3.2 we have

0=70) e {f(@):zea(@+A) N =o(fA+A)),

and hence f(1+ A) ¢ L£(X). By Proposition 3.5 we now conclude that f(A) ¢ L(X).
O

Theorem 3.8. Let f € 1. The following assertions hold:
(i)  f(A) is closed. In particular

f(A) = ligliglff(A +é).
(i) If A is univalent, then
fA)=A+AWH(A)(1+A)" =5 +AT.
Moreover, if A is densely defined, then

f(A) = Wy (A).
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Proof. (i) By Theorem 3.2 we know that f(1+A) has closed inverse and there-
fore it is closed. Consequently, by Proposition 3.5, f(A) is closed.
(i) Firstly, as

W A1 +A) ' =(1+A)7'[S-T1+T,

the second identity holds. By part (iii) of Proposition 3.1 we only need to prove that
if u € X and v=Ws(A)1+A)'u € D(A), then u € D(f(A)).
If 0 € p(A), then, being w = (1 + A)v, we have

A+A)7 = FAHa+4) w

a(l+A)'w +/ (AN +A) "wda).
[0,00[

As (1+A)~!' commutes with f(A~"), then
(3.3) 1+A)(FA™Hw —u) =0,

and therefore w = f(A)u.
Let A € M be arbitrary. By the previous case,

fA+D=Q+AW(A+1)(2+ Al

Moreover, asv € D(A), it is very easy to check that Wy(A)(2 + A)'u € D(A). Now,
by Proposition 3.5

WA+ DR+ A) u=WiAQR+A) u+ Fi2+A) 'y,
and, as F; and (2+ A)~' commute, we conclude that u € D(f(A+1)) = D(f(A)).
To prove the second assertion, as f(A) is closed, it is sufficient to prove that S +

AT C Wy(A). Let u € X such that Tu € D(A). As D(A) = X, then
}irr%) JAu=u and }in% Wr(A)J u = }in}) JAS + AT)u = (S + AT)u,
and therefore W¢(A) is an extension of AT + S. O
REMARK 3.4. Part (ii) of previous theorem states that our functional calculus co-
incides on the class 7US, with the one given in [13] for univalent non-negative linear
operators.

Corollary 3.9. If f € 1y, then

f(A)p = f(Ap).
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Moreover; if 1({0}) =0, then W¢(A) is closable and
Ws(A) = f(A)p.

Proof. By Corollary 3.4 we know that D(f(A)) = D(A) and by the previous the-
orem

f(Ap)=Ws(Ap) € f(A)p.

On the other hand, if (u,v) € f(A)p, then, as J v
W;(Ap). This proves the first identity.

Finally, if w({0}) =0, then the inclusion W¢(A) € f(A)p holds. So, we have the
second assertion. |

W(Ap)Ju, we have (u,v) €

IN

Theorem 3.10. If f € Ty, then A0 = f(A)0 and
3.4) f(A):(l+A)Wf(AD)(1+AD)_1 =S+ AT | Ay,
where T | peay is the restriction of T to D(A).

Proof. In part (i) of Proposition 3.1 we have proved that f(A)0 € AQ, Vf € 7.
So, we only need to prove that if (0, v) € A, then (v,0) € f(A)"!. As

lim (AAHU’ f (A_I)A+tAA+lvdﬁ(t)> = (v, 0),
r—0 [0,1]
then

(v, 0) € liminf f (A~ di2),
A—0 [0,1]

and therefore, as f(0) = 0, we conclude that (v,0) € f(A™).

The proof of the first identity in (3.4) runs as in Theorem 3.8, part (ii), since
F(A)0 = (1 + A)W,(Ap)(1 + A)"'0 and F(A) € (1 + AW (Ap)(1 + Ap)~'. Only the
case 0 € p(A) is slightly different: if u € D(A), v = W;(Ap)(1+ Ap)~'u € D(A) and
w € (1+ A)v, then (3.3) holds, which, by (2.3) and the fact that f(A"")w € D(A),
implies that u = f(A™"w.

Finally, as VYu € D(A),

Wi(Ap)(1+Ap)'u=(1+A) " [Su—Tul+Tu,

we obtain the second identity of (3.4). O
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ReMARk 3.5. If f € 7; we also have

f(A)=a +/ Ad (1) + Af JAd w(t) | oy, Vb > 0.
1b,00[ [0,5]

Note that for this class of functions we do not have, as in the univalent case (see The-
orem 3.8), f(A)=(1+A)W,(Ap)(1 +A)~!, since this identity implies that A is univa-
lent. Indeed, if this identity holds, then AQ C f)_(zT), and therefore AQ = {0}. However,
if moreover w({0}) #0, then f(A)=S + AT.

Corollary 3.11. If f € T and f(0) =0, then
ker A = ker f(A).

4. Main properties of the functional calculus.

Theorem 4.1 (Product formula). The following assertions hold:
Q) IffeTy,geT andh=fgeT, then

4.1) h(A) = f(A)g(A).
() IffeT, geSoandh=fgeT, then
8(A)f(A) € h(A) C f(A)g(A).
(iii) If f.g € To, do not vanish, and h = f g € T,, then (4.1) holds.

Proof. (i) Let ¢ be a positive real number. By the product formula for operators
of L(X)N M, we have

h(A+e)™)=g(A+e) HF(A+e)™h,
and taking inverses
h(A+¢e)= f(A+¢e)g(A+e).
Let (4, v) € h(A) and H, be the operator associated to 4 in Proposition 3.5. There is
we € g(A+e)unN D(f(A+¢)) € D(A) so that (w,, v+ Hu) € f(A + ¢). Again by
Proposition 3.5 it is readily verified that lim,_,o w, = g(A)u N D(A), and hence

(g(A)u N D(A),v) € limiglff(A +¢) = f(A),

so that (u,v) € f(A)g(A). Therefore, h(A) < f(A)g(A) and, as h(A)0 = AO0 =
f(A)g(A)0, we conclude the proof by showing that D(f(A)g(A)) € D(h(A)). To
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prove this, let (u, w) € g(A) and (w, v) € f(A). As
1+A)7 e fFLAI+A) " 'w=hA)1+A) u,
then,
h(A)(1+ A)~'unN D(A) # 0,

which, by Theorem 3.10, implies that u € D(h(A)).

(i) It is a straightforward consequence of the product formula for operators of
the class £(X)N M.

(ili) By (i) and (ii), we only need to consider the case f € Sy and g € 7y. In
this case we have

F(A)g(A) € h(A) = g(A) f(A).

Moreover, as f € Sy, then f(A)g(A)0 = AO. So, to prove that f(A) and g(A) com-
mute we only need to show that if u € X and f(A)u € D(g(A)), then u € D(g(A)).
By Proposition 3.5

f(+ Ay € D(g(A)) = D(g(1 + A)),

and hence, as f(1+ A) and g(1 + A) commute, we have u € D(g(A)). O

REMARK 4.1. In general, the product formula (4.1) is not true. To see this it is
sufficient to consider the functions f(z) = (1+2) € Ty, g(z) = 1/(1 +z) € Sy and
h(z) =1¢€ 7,. If {0} & AO, then both inclusions of part (ii) are strict.

As a consequence of (ii) we have if « € R, 0 < o < 1/2, then the family of
bounded operators {S(v)}vesy ., determined by

« 1 [ «
S(w)=(e7")A) = - / eV ST gin(us® sina)(s + A) " ds,
0
satisfies the semigroup property:

S()S(2) = Sy +v2), Y1, v2 € Sir/2)—an-

This semigroup, associated to the fractional power —A®, will be studied in a later pa-
per.

The following result is proved in [2, Proposition 3.II] as a consequence of the sta-
bility under composition. It can also be proved by means of the product formula in Sp.

Corollary 4.2. If f € 7, then f(A) € M with M(f(A)) < M(A) and f(A)) =
fr(A), VA > 0.
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Theorem 4.3 (Stability under composition). If f € 7o U Sy and g € T, then
F(g(A)) = (f o g)(A).

Proof. The operators f(g(A)) and (f o g)(A) are well-defined, respectively, by
Corollary 4.2 and Theorem 2.3.

Firstly, let us suppose that f € 75. We may assume that f o g € 7, since if g
vanishes the result is evident. Consequently, from the bounded case it is deduced that

fg(A+e)=(fog)A+e), Ve>O0.
By Theorem 3.8, part (i), we only need to prove that
“.2) liminf f(g(A +¢) = f(g(A)).

Let € be a positive real number and G, be the operator associated to g in Proposition
3.5. Then

GFD = JEd () = f tJEVGe JEVd ),

[0.1] [0,1]

and hence, as g(A) is closed, Yu € X we have

< (JED — J8 AN aue), (1 = JEMG, JEAy du(t)) € g(A).
[0,1] [0,1]

Therefore, by (3.4) we conclude that

f(g(A+¢)) = f(g(A) +/ (8(A +e); — g(A))d ()

J1,00[

+ / JEDG, 184 du).
[0,1]

If we denote by F, the last two terms in the above expression, then F, € £(X) with

&

I Fell < M(AY [lIGe [l 12e1([O, 1])+/ (/ 1 dv,(S)) dlul(t)] ,
1,00l \J]0,00[ 1 &S

where v, denotes the measure associated to the function g,. By dominated convergence
the last term tends to zero as ¢ — 0 since

&€
/ 1 dv,(s) < g/(1) — g(0), Ve <1,
10,00[ + s

and g,(1) — g,(0) is |u|(¢)—integrable in ]1, oo[. Thus, lim,_¢ ||F¢|| = 0, and from this
(4.2) follows easily.
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Finally, if f € Sp, by continuity (see Remark 3.2), it is sufficient to take limits as
A — 0 in the expression

f(g(A)) =(f o g)Ax), VA=>D0. o
In the following theorem we exclude the well-known case A € L(X).
Theorem 4.4 (Spectral mapping theorem). Let A € M such that A ¢ L(X). The
following assertions hold:
(i) If f €T, then
{f(s):s € a(A)} S a(f(A)).
@Gi) If f €8y, then
o(f(A) ={f(s):s € 0 (A} U{f(c0)}.
Gii) If f € T, \ So, then
o(f(A) ={f(s):s € a(A)}.
Proof. (i) If s € 0(A) is not zero, then
f(@) = f(s) = (z = $)h(2),
where h(z) € Sp. Therefore, by Theorem 4.1, part (ii), the following inclusions hold:
h(AXA —5) € f(A) — f(s) S (A —$)h(A).
If f(s) € p(f(A)), from the first inclusion it is deduced that A — s is a one-to-one
operator, and from the second one that it is surjective. Consequently, (A—s)"! € £(X),
which is a contradiction. So, we have f(s) € o(f(A)).

Let us now consider the case 0 € o(A). The proof is completed by showing that
a = f(0) € a(f(A)). If we suppose that a € p(f(A)), then, by Remark 3.5, we have

B = A/ JA dp®) ey
[0,b]
= [1 —/]b [A, (f(A)—a)“du(t)] (f(A) —a).

So, by choosing b > 0 large enough, the operator B~! € £(X). This gives 0 € p(A),
which contradicts our assumption.
(i) This part runs as in [8, Theorem 3.1] by the Gelfand theory.



570 C. MARTINEZ, M. SANZ AND J. PASTOR

(i) If f € 7, \ So, then we know that f(A) € M and f(A), = fi(A), VA > 0
(see Corollary 4.2). Moreover, by Corollary 3.7, f(A) ¢ L£(X), and as a consequence
of this it is not hard to show that

4.3) o(f(Am =] 1 fks ts e o(fap}u [%]

On the other hand, by applying part (ii) to the function f, we have

1
(4.4) (i) = 1fi(s):s eaanu ]3],
since f(oo) = 0o. Now, the proof follows from equalizing (4.3) and (4.4). O

5. Fractional powers of multivalued non-negative linear operators.

By applying the functional calculus developed in the previous sections to the func-
tion z% 0 < Rea < 1 (see Example 2.3), we can obtain a theory of fractional powers
for multivalued non negative linear operators and for this kind of exponents.

In this section we extend this theory of fractional powers to exponents with Re o
#0.

The concept of fractional power that we introduce is based on formula (3.4),
which points out a relationship between the theory of fractional powers of non-
negative densely defined operators and the multivalued case. However, the proof of
some of the main results for the multivalued case is based on the functional calculus.

Throughout this section @ € C, Reax > 0, and A € M.

DEerINITION 5.1.  We define the fractional power A% with base A and exponent o
to be the multivalued linear operator given by

A=+ A)[Apl*A + Ap)~ L.

REMARK 5.1. If 0 < Rea < 1, then A% = z%(A) = liminf,;_,¢ z%(A,) (see Theorem
3.10), and therefore, our concept extends the one given in [1]. On the other hand, this
definition is also an extension of the well-known univalent case (see [11]).

Theorem 5.1. A% is closed.

Proof. The proof is a straightforward consequence of the fact that [Ap]® is a
closed operator. O

Lemma 5.2. If u € D([Ap]*) and there is z € C such that zu —[Ap]*u € D(A),
then u € D(Ap).
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Proof. Let us suppose that 0 < Rea < 1. Let n € N such that § = (1 — a)/n
satisfies Re 8 < Rew. By the additivity of fractional powers of Ap (see [10, Theorem
7.11), D([Ap]*) € D([Ap]?). Moreover, by Corollary 3.9, we have

zu — [Ap]*u € D(A) € D([AP1p) = D([Ap)?).
Therefore, [Ap]®u € D([Ap]?) and, again by additivity, it follows that
u € D([Ap]**?) € D((Ap)*).

Reiterating this argument it is concluded that u € D([A p1¥"8) = D(Ap).

If Rea > 1 we choose B with 0 < ReB < 1, and reasoning as in the previous
case we find that u € D([Ap]**#) C D(Ap). O

Theorem 5.3 (Additivity). If Rea > 0, Re > 0, then

AYAP = A%,

Proof. It is evident that A*A# C A**#. Moreover, as A2APQ = A0 = A**POQ, it is
sufficient to show that D(A%*#) C D(A%AP). Let u € D(A**P). By definition,

(1+Ap)~'u € D([Ap)***) = D([Ap]*[Ap)P) and
[Ap]*[AplP(1 + Ap)~'u € D(A).

By Lemma 5.2 we have u € D(A?) and there is w € APu N D(A). It is easy to show
that w € D(A%) and, consequently, u € D(A*AP). O

Theorem 5.4. The following assertions hold:
() A" = A" me)A Vn e N
(i) (A9)~'=he
(iii) D(A%) = D(A), R(A%) = R(A), A%0 = A0 and ker A% = ker A.
(iv) If0 < B <1, then AP € M and (AP)* = AP* (Multiplicativity).

Proof. Part (i) is trivial. (ii) is deduced from additivity and the fact that the result
is true for 0 < Rea < 1 (see Theorem 3.2). (iii) easily follows from the definition of
A% and (ii). Regarding (iv), Corollary 4.2 assures the non-negativity of A®, and mul-
tiplicativity follows from additivity and Theorem 4.3. 4

Proposition 5.5. The following properties hold:

[Ap)* =[A%]p, p(A")=p([Ap]*) and
(5.1 (z— A" =(1+Ap)z —[Ap])'(1+ A7, Vz e p(A%).
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Proof. It is a simple matter to check the validity of first identity.

Let us now prove that p(A%) = p([Ap]*). The inclusion p(A%) € p([Ap]*) is
trivial. Let now z € p([Ap]¥). Then z — A® is a one-to-one operator, since if (u, v) €
A% and 0 = zu — v, then (u, v) € [Ap]® and therefore u = 0. To prove that z — A% is
surjective let u € X. If

v=(z—[Ap]") "1+ A)~'u € D(Ap]*),

then zv — [Ap]® v € D(A), and so, by Lemma 5.2, we have v € D(Ap). The element
w=(1+ Ap)v belongs to D(A®) since

[Apl*(1+A) 'w=zv—(1+A)"'u € DA),

and moreover u € (z — A*)w. Consequently, z — A® is surjective and as it is closed,
then z € p(A%).
Now, it is already evident that (5.1) holds. ]

Corollary 5.6 (Spectral mapping theorem). If o(A) is empty, then o(A%) also is.
Otherwise,

o(A")={z" : z € 0 (A)}.

Proof. The proof follows from Proposition 5.5 and the spectral mapping theorem
to the dense case (see [12, Theorem 3.5]) O

ReEMARK 5.2. Thanks to part (ii) of Theorems 4.1 and 4.4, the last Theorem can
also be proved by means of the Balakrishnan technique (see [5, Theorem 3.1]). This
proof is only valid in Banach spaces. However, the proof in [12] is based on integral
representations of the resolvent of the operator A®. For this reason, our proof is valid
in any sequentially complete locally convex space. Through (5.1), we extend these in-
tegral representations (see [12, Theorem 3.2]) to the multivalued case in the following
Corollary.

Corollary 5.7. Let a € C such that |a|*> < Rea. The following properties hold:
i) IfzeC\{r%"?% :1A>0and —w <0 <}, then

: 00 a—1
SInomw t
(z—A"'=— / 5 — J{), dt.
b4 o 2% —2ztYcosam + 1>
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(i) Ifz=s* with s € (C\R_)N p(A), then

1
(Z _ Acl)—l = _sl—ct(s _A)—l
o

sinaw [ 2! A
- 5 5= Jidt.
b4 0 S$%Y —2s%%*cosam +1t%¢

@iii) Ifr >0, then

(rote:i:mn _ Aa)—l - r—ae:annJ]/}r

sin o f°° 127 2(r — 1)
+
o (

T o _ ra)(tot _ e:!:2ia7rra)

(= Ji)JIf, dr.

In the next two results we study the sectorial property of fractional powers and
we extend the multiplicativity (see part (iv) of Theorem 5.4) to exponents, depending
on A, greater than unit.

Proposition 5.8. If A is w-sectorial, w €10, x], and B > 0 such that fw < m,
then AP is Bw—sectorial. In particular, AP € M.

Proof. By the spectral mapping theorem we have o(Af) C Sg,. It remains to
prove that for Bw < || < m, the operators A(Ae’® — AP)~!, A > 0, are uniformly
bounded (see Remark 2.1). For 8 < 1, the result follows from the integral formulas
given in Corollary 5.7. For the general case, let n be a positive integer such that n >
B. Let z ¢ Sg,, and let {z;};_, its n-roots. The operator AP/" verifies (2.3) and from
this relation is not hard to check that

(5.2) AP —z =[P = 2.
k=1
So, we have
n
lzz — AH7 < [ ] lzwGe — A#H710,
k=1

and, as z; ¢ Sg,/m and AP/ is Bw/n-sectorial, we conclude the proof. O

ReEMARK 5.3. Regarding the property (5.2), remember that the product formula is
valid for multivalued linear operators and for polynomials with coefficients in C (see
[4, Theorem 2.3]).

Theorem 5.9 (Multiplicativity). If A is w—sectorial, w €]0, ], and f > 0 such
that Bw < m, then

(AP)* = AP,
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Proof. This result easily follows from the dense case (see [10, Theorem 10.6]).
O

The identity (A*)* = (A*)*, Rea > 0, has already been proved in the densely
defined operators case (see [11, Theorem 4.2]), where the statement made sense. In
the following theorem we extend this result to the multivalued case. By Corollary 3.6,
if 0 < Rea < 1, then the mentioned property holds.

Theorem 5.10. Suppose either that AO+ D(A) = X, or ker A+ R(A) = X. Then
(A*)Ot = (Aa)*.

Proof. Let n € N, n > Rea. By additivity and by the properties of adjoint oper-
ator we have

(AN = (AN = ((AYy* " < (A%)*.

As (A*)*0 = (A*)*0, then the proof is completed by showing that D((A%)*) C
D((A*)*).

Let us suppose that AO+D(A) = X. We will show that the operator (A%)* satisfies
(2.3). Let u* € (A%)*0 N D((A%)*) and {(u}, v;)}sen be a sequence in (A%*)* such that
lim, o0 u} = u*. As (1}, w) =0, Yw € A®0, then u* also vanishes on A0, and therefore
u*=0.

Let now u* € D((A*)*). Due to the fact that J2A* € A*J{* and that J! € L(X)
we have

J]A"(Aa)* g (AaJIA)* g (J]AA(I)* = (Aa)*JlA*.
Hence,
(AT)nu* € (A*)n(J] *)nu* = (A*)n—a(A*)ot(JlA*)nu*
= (A7 AN W,
and then, there is w* € A*0 satisfying (A})"u* + w* € D((A*)*). Since (A])"u* =
u* +v*, with v* € D(A*) C D((A*)*) € D((A%)*), we can state that w* = {0}. This

gives (A})'u* € D((A*)*), which implies that u* € D((A*)%), as is easy to check.
If ker A + R(A) = X holds, then A~! satisfies the above condition and therefore

(A7H"H* = (a™hmH~.
The result now follows by taking inverses in this expression. O

REMARK 5.4. Remember that the hypothesis on operator A in this theorem is sat-
isfied if X is a reflexive Banach space (see (vi) of Proposition 2.1). Moreover, from
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the proof of the above theorem it is evident that, in general, the identity
(A" = (A%)* N (D(A%) x X*)
holds.

REMARK 5.5. For exponents o € C, Rea < 0, we define A = (A~H~. From the
case Rea > 0 we easily obtain the fundamental properties for this kind of fractional
powers.
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