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1. Introduction

For a finite group G, a prime number p, a non-negative integer k, and a p-block
B of G, we put

my(k, G, B) = |[{¢ € Irr(G) | v(((1)) = k,{ € B},

where Irr(G) is the set of irreducible complex characters of G and v is the expo-
nential valuation of some splitting field of G with v(p) = 1. The sum m,(k,G) =
Y- g my(k,G, B) over all p-blocks of G is called the k-th McKay number of G.

Let GL = GL(n,q) be the general linear group of degree n over the finite field
GF(q) with ¢ elements, where g = p°® is a power of the prime p. Let

Ly = Lp(n,q) = {:I) € GL(n, q) ' det(ac) € Uh}v

where U}, is the subgroup of the multiplicative group Fy of GF(q) of order h. (Thus
h is a divisor of ¢ — 1.) In particular, L,_;(n,q) is GL(n,q) and L,(n,q) is the spe-
cial linear group SL(n,q). In general, Lj(n,q) satisfies

GL(n,q) > Lp(n,q) > SL(n,q).

Moreover, we denote by PL, = PLp(n,q) the factor group of Lj(n,q) modulo its
center Z(Ly(n,q)).

In Section 4 of this paper, we write m,(k,G,B) concretely in terms of several
invariants of partitions, where G = Lj(n,q) or G = PLy(n,q).

In Section 5, we show the Alperin-McKay conjecture [1] holds for L, and PLy,.
Note that for Ly, or PL,, every p-block is of defect 0 or maximal defect. Thus it suf-
fices to prove the following. If a p-block B of G is not of defect zero, then for a
Sylow p-subgroup P of G and the p-block b of the normalizer Ng(P) of P corre-
sponding to B by Brauer’s first main theorem, we have

mP(OaG,B) = mp(OvNG(P)ab)
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Section 2 is devoted to stating several preliminary results, and Section 3 is devot-
ed a parametrization of irreducible characters of L;. Notations are standard. See, for
example, [7].

The author would like to thank Prof. K. Uno for his constant advice, and the ref-
eree for his careful reading of the manuscript.

2. Preliminaries

In this section, we mention several definitions and results which are importan-
t when studying irreducible characters of GL and related groups.

2.1. Polynomials and Simplices. Let n be a fixed integer. For each positive in-
teger k, denote by Fj the multiplicative group of GF(q*). We take K to be a fixed
copy of F,: and regard F} as a subgroup of K for each k with k < n. For each pos-
itive integer k and h, let F, and U}, denote the complex character group of Fj and
Uy, respectively.

Suppose k£ and [ are positive integers and k& divides [. Then Fj, < F; and we have
a surjective homomorphism Ny, : F; — F}, given by

Nie(p) = p™*  for all p € Fy,
where ny, = |Fi|/|Fi| = (¢ — 1)/(¢* — 1). Defining Iy, : F, — F by

Lu(@)(p) =9(p™) (¥ € Fx,p € Fy),

we can embed Fj in F. In this way, we embed F} in K for each integer k with
1 < k < n. This embedding is well-defined (See Lemma 3.1 in [5]).

Lemma 2.1 (Lemma 3.2 in [5]). For integers k,l with k | I, under the above
identifications, the surjection: ¢ — Y™ from F; to F}, is the same map as the re-
striction of characters.

In the same way, Uh is embedded in Fk and in K.

DEFINITION AND NOTATIONS.
(1) Let o denote the Frobenius map p — p? on K, and 6 the corresponding action
on K.
(2)  An irreducible polynomial f over GF(q) with the degree less than n will be
identified with its set of roots in GF(g™), which forms a o-orbit. If f(z) # z,
then f is a o-orbit in K. If p is an element of this orbit, we write f = (p).
(3) A simplex g over GF(q) is a 6-orbit in K. If ¢ € g, we write g = ().

We denote by F the set of irreducible polynomials regarded as o-orbits in K, and
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by G the set of simplices over GF(q). By the degree deg(f) of an irreducible poly-
nomial f, or deg(g) of simplex g, we mean the cardinality of the orbit concerned.

If we fix an isomorphism between K and K, then F’k and ﬁh correspond to Fj,
and Uy, respectively. Moreover, F and G correspond bijectively, and then a polynomial
and the corresponding simplex have the same degree.

2.2. Partitions. Let u = (all’,al;, .., ad &) be a partition of n. Here we put a; >
az > ...>as > 0 and [; # 0 is the multiplicity of a; as a part of u. (Thus n = la;+
laaz + ... + lsas.) For convenience sake, we also write u = (j™i), where m,, = [;,
and m; =0 if j # a; for any ¢.

We write |u| = n to indicate that u is a partition of n. Moreover I(u) = Y I; is
the length of u, A(n) = ged(ls,lz,- -+, 1s), A(p) = ged(ay, aq,---,as), 6( ) =4 is
the number of distinct parts in p, and n'(u) = Y (% )l;. The partition conjugate to
u is denoted by p'. Let P be the set of partitions of all nonnegative integers n. Here
we regard (0) as the only partition of 0.

2.3. Applications of the Clifford theory. Let G be a finite group and H be a
normal subgroup of G. For { € Irr(H) we denote by T(() the stabilizer of ( in G
and set

Irr(G | ¢) = {xe Irr(G) ’ Xla, On IHI > x@)¢E™) 7'“)}

z€EH

For x € Irr(G), let

Irr(H|x) = {¢ € Irr(H) | (x|m, ) # 0}-

Theorem 2.2 (Chapter 3, Theorem 3.8 in [7]). Let { € Irr(H) and T = T(¢).
For x € Irr(G | €), we have

X|H=C( Z C:t)»
zeT\G

where c is some positive integer.

Theorem 2.3 (Chapter 3, Theorem 5.12 in [7]). Ler ( € Irr(H) and T =
T (C). If ¢ extends to an irreducible character 1 of T, then we have

(T | ¢) = {6n |6 € Irx(T/H)} and
Irr(G | ¢) = {(6)° | 6 € Irx(T/H)}.
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Theorem 2.4.  With the above notation, each one of the following conditions im-
plies that ( is extendible to an irreducible character of T
(1) (Chapter 3, Theorem 5.11 in [7]) T/H is cyclic.
(2) (isof degree l, and T =S x H, where S is a certain group.

Lemma 2.5. If G/H is cyclic then the following hold.
(1) In the restriction of irreducible characters of G to H, the multiplicity of each
irreducible constituent is 1.
(2) Two irreducible characters of G either have the same restrictions to H, or have

restrictions without common irreducible constituents. ,
() For ( €Irr(H), x € Irr(G | ), we have |Irr(H | x)| = |G|/|H||Irx (G | €)].

Proof. Let T = T(¢). Note that T'/H is also cyclic.
(1) Irr(T/H) has only characters of degree 1. By Theorems 2.4(1) and 2.3, ¢ in
Theorem 2.2 is 1.
(2) It is clear from (1) and Theorem 2.2.
(3) By Theorem 2.3, we have |Irr(G | )| = |Irr(T'/H)| = |T/H]|, and by Theorem
2.2, we obtain |Irr(H | x)| = |G/T|. Thus the equality holds. O

2.4. p-blocks. Let G be a finite group, G, the set of elements of G whose or-
ders are prime to p, and Cl(G, ) the set of conjugate classes of G contained in G, .
For C € Cl(Gy), let C be the sum of all elements of C in the group algebra of G
over C, and d(C) the defect of C, i.e., d(C) = v(|Cg(z)|) for z € C. For a p-block
B of G, let d(B) be the defect of B. For x € Irr(G) and C € Cl(G,), we define

wx(C) by
wy(C) = |Clx(z)/x(1)

with z € C. Let p be the valuation ideal of v, i.e., p is the set of elements in the field
such that the values of » on them are positive.

Theorem 2.6 (Chapter 3, Theorem 6.28 in [7]).  Assume that x, X' € Irr(G)
belong to p-blocks of the same defect d. Then x and X' belong to the same p-block
if and only if

wy(C) =wy(C) (mod p)
for any C € Cl(G) with d(C) = d.

Theorem 2.7 (Chapter 3, Theorem 6.29 in [7]). Let B be a p-block of G and
let x € Irt(G) belong to B. Then the following three conditions are equivalent to each
other.
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(1) d(B)=0.
@ v(x(1) =v(G)).

(3) The number of irreducible characters belonging to B is 1.

Therefore the number of p-blocks of defect 0 is the number of characters satisfy-
ing the condition (2) above.

3. A parametrization of irreducible characters of Lj(n,q)

In this section, we treat Irr(Ly). We remark that the center Z(Ly) of Ly, is iso-
morphic t0 Ugcd(g—1,nn)- In particular, Z(GL) ~ F;.

3.1. A parametrization of Irr(GL) and Irr(L,). Green [3] showed in 1955
how an irreducible complex character of GL is given by a partition-valued function
A : G = P which satisfies

3.1) Y 1A(9)| deg(g) = n.

9€§G

In this subsection, we identify the set of all such functions with Irr(GL). An account
of how such a function determines an irreducible character may be found in Section 3
in [4] and Chapter IV in [6], too.

We explain properties of characters of GL which we need in this paper. We de-
note by deg(A) the degree of a character A. Let \' : G — P be the function such that
M (g) is the partition conjugate to A(g) for all g € G. We denote by £((¢)) the prod-
uct of all elements of (¥) € G, i.e. £((¥)) = ™ where d = deg((¢))). It is clear

that £(()) € F.

Theorem 3.1. Let A\ : G — P be an irreducible character of GL.
(1) (p444 in [3], (6.7) in IV of [6]) v(deg(N)) = €3, g deg(g)n’ (N (9))-
(2) (Example 2 in IV of [6], Theorem 5.4 in [5]) The restriction of X\ to Z(GL) is
a multiple of [],cq €(g)*@)1.

Let a € F} and (¥) € G. We define the parallel translation 7, : G — G as
To{¥) = (atp). Moreover, we define an action of @ € F; on Irr(GL) as follows. For
any irreducible character A : G — P of GL, the character A* is defined by A*({(¢))) =

A(Ta () = A((a)) for any (¥) € G.

Theorem 3.2 (Proposition 5.2 in [S]). Let A\, x € Irt(GL). Then A and x have
the same restrictions to Ly, if and only if \* = x for some o € Uy_1)/n-

For any irreducible character A : G — P of GL, we denote by A, the U(q_l) /h"
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orbit of Irr(GL) containing A. Let Irr(Ly | Aoo) denote Irr(Ly | A). (This notation is
well defined by virtue of Theorem 3.2.)

Theorem 3.3.
(1) TIrr(Lp) = UA Irr(Lp | Ao) (disjoint), where this union is over all Uiq_1)/n-
orbits in Irr(GL). Moreover, for each X € Irr(GL), we have

qg-1

|II'I'(Lh | /\OO)I = m

(2) For X € Irr(GL), the followings hold.
(i) Forany p € Irr(Lp, | Ao),

v(deg(p) =€) __ deg(g)n'(X'(9)).

(ii)  The restriction of each character in Irr(Ly | o) to Z(Ly) is a multiple

of

2 ()@ (a—1)/gcd (g—1,hn)
II,..¢@ :

Proof. (1) Since GL/L; is a cyclic group, the first half is clear from Lemma
2.5(2).

Therefore, for A € Irr(GL) and ¢ € Irr(Ly | A), we have Irt(GL | {) = Ao. SO
we have the latter half by Lemma 2.5(3).

(2)@) By Theorem 2.2 and Lemma 2.5(1), for ¢ € Irr(Lp, | Ao),

deg(A) = [Tar($)\GL]| deg(¢).

Here, |TeL(¢)\GL| divides |L,\GL| = (g — 1)/h which is prime to p. So the p-part
of deg(({) equals that of deg(\). From Theorem 3.1(1), we have (i).

(ii) The irreducible constituent of a restriction of each character in Irr(Lp | Aso)
to Z(Ly) equals the irreducible constituent of A|z(p,). By Z(Lan) ~ Ugcd(g—1,nh)
Lemma 2.1 and Theorem 3.1(2), (ii) holds. O

By using the above, we can count the number of characters of Ly.

3.2. A parametrization of Irr(L;,) by polynomials. In order to count irre-
ducible characters effectively, we parametrize Irr(GL) and Irr(Lz) by polynomials
over GF(q).

Fix an isomorphism from K to K. Then, as is seen in 2.1, we have the bijec-
tion from F to G. Therefore elements in Irr(GL) are parametrized by partition-valued
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functions A : F — P which satisfy

(3.2) > M) deg(f) = n.
feF

We denote polynomials in F by fi, fo,---. Let N (f;) = (™)) where m(i, )
is a non negative integer. For )\ : 7 — P with (3.2), we define the sequence of poly-
nomials

(3.3) (H AN | P )

Then it is easy to see that this gives a bijection from the set of partition-valued func-
tions with (3.2) to the set of sequences (hy, ha,---) of monic polynomials over GF(q)
which satisfy the following.

(1) The constant term of each h; does not equal to 0, and

2 X ideg(h;) =mn, ie., u=(j*)) is a partition of n.

From now on, we identify the set of such sequences with Irr(GL).

Let g € G correspond to an irreducible monic polynomial f(z) = z? + byz4~1 +

-+ + by over GF(q) such that by # 0, and let a € F} correspond to p € Fy. As in
2.1, we regard an irreducible polynomial as the o-orbit consisting of its roots in K.
Because 7,(g) is the o-orbit obtained by multiplying all elements of the o-orbit g by
a, it corresponds to the o-orbit obtained by multiplying all roots of f by p, i.e., we
have

3.4) 7,(f(x)) = 2% + pbyz?~! + p?byz?=2 + - + p?by.

We apply this notation when f(z) is reducible, too. If p is a primitive m-th root of
unity, then

3.5) f(x) =7,(f(z)) © b =0 if m{k.
In particular, if this condition holds, then we have m | d because by # 0.
Let A = (hy,hs,---) € Irr(GL) and put h;(z) = 2% +b; ;z% =1+ .- +b; 4,. Note

that b; 4, # O for any 4. The action of a on A corresponds to the action of p in such
a way that

(3.6) AP = (Tp'l(hl))Tp—l(hZ)v'”)'
If p is a primitive m-th root of 1, then
3.7 /\=/\p<=>b,',j=0 1fm{]

In particular, if p stabilizes ), then m | gcd(deg(h,), deg(hz), - - ).
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By our identification, Ao, equals the Ui,_1)/n-orbit of Irr(GL) containing .
We restate Theorems 3.2 and 3.3 by using the above notation.

Corollary 3.4.
(1) X x € Irr(GL) have the same restrictions to Ly, if and only if A = x for some
P € Utg-1)/n-
2) Ir(Ly)=U a (L | Ao)  (disjoint),
where this union is over all U,_y)/p-orbits in Irr(GL). Moreover, we have

qg-—1
|_

'II‘I‘(Lh [ /\oo) = m

(3)  For A = (hi,ha,---) € Irr(GL) with hi(z) = z% + b; ;2% 1 +--- + b; 4, and
b; 4, # 0, the following hold.
(i) Forany ¢ €Irr(Ly | Ao),

v(deg(yp —ez ( )degh)—en(u)

where u is the partition (j48(hi)) of n.
(ii) The restriction of each character in Irr(Ly, | o) to Z(Ly) is a multiple
of the irreducible character of Ugca(g—1,nn) cOrresponding to

{(—1)n Hj(bj,dj )j }(q—l)/gcd(q_l’nh) |

Proof. (1) and (2) are clear from Theorems 3.2 and 3.3.
(3) Let us regard X as a function from F to P. We denote polynomials in F by
fi, f2,---. We write X (f;) = (j™(7)) where m(i,7) is a non negative integer. Then

hi =TI, £77) and deg(h;) = ¥, deg(fi)m(i, j).
(i) By Theorem 3.3(2)(i), the p-part of the degree of each character in Irr(Lp|Aco)
equals

¢S, deE NN () = e Y des() 3, (3 ) mind)
=3, (5) X destromtini) = <X () desths).

(i) If g € G corresponds to f € F, then £(g) corresponds to the product of all
roots of f, i.e., (—1)9¢8(f) £(0). We remark that (j4°8(*i)) is a partition of n. Then
the irreducible constituent of the restriction of A to Z(Ly) corresponds to

H {(—1)d8(1) 7 (0)}ANI(g=1)/ged(a—1,nh)
feF
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= TLA-1= £,(0) }(Zj im(i,3)) (4=1)/ged(g—1,nh)
— H H {(- deg(f. m(i,j) if:(0 )m(i,J‘)J‘}(q-l)/gcd(q—lmh)
ex(h-)i .y (9—1)/ged(g—1,nh)
{Hj(_l)d g(hJ)]hj(O)J}

e T} i

3.3. p-blocks of Lj(n,q). By Theorem 4 of [2], a defect group of any p-block
of Ly = SL(n,q) is a Sylow p-subgroup or trivial subgroup. The same argument as
for GL in the last paragraph of Section 4 in [2] yields that the same is true for L.
Therefore the defect d(B) of the block B of L; equals to 0 or v(|Ly|) = en(n—1)/2.
In the later case, we say that B is of maximal defect. By Theorem 2.7, any p-block of
defect 0 has a character the p-part of whose degree equals that of |Ly|, i.e. pc™(~1)/2,
On the other hand, characters in any p-block of the maximal defect have p-parts of
degree less than pen(n—1)/2,

Lemma 3.5. The number of blocks of Ly, of defect 0 is h. Moreover, for a non-
negative integer k and any block B of Ly of defect 0, we have

1, if k=en(n-1)/2

my(k, Ly, B) =
p(k: Ln, B) {0, otherwise.

Proof.  The latter half is clear by Theorem 2.7.
Let A\, = (1,1, ---,1,2—a) € Irr(GL) for a € F;. By Theorem 2.7 and Corollary
N s’

(n—1) times

3.4(3)(i), the set of p-blocks of defect 0 corresponds bijectively to

{¢ € Irr(La) | v(¢(1)) = v(|Ln]) = en(n - 1)/2}
= U Irr(Lh | Aa)
= U Irr (Lh | (Ma)oo) (disjoint)

where the last union is over all Ug,_;)/,-0rbit consisting of characters \,. Because
A, is stabilized only by 1, |(Aa)oo| = (¢ — 1)/h. Therefore, the number of Uy_1)/a-
orbit consisting of characters A, is h, and |Irr(Ly | (As)oo)| = 1 by Corollary 3.4(2).
Therefore the number of blocks of defect 0 is h. O

For characters belonging to p-blocks of maximal defect, we can determine their
distribution to p-blocks by looking at the values at C’s for all C € CI((Lp)y)
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with C, (z)(z € C) containing a Sylow p-subgroup of Lj. This is possible be-
cause of Theorem 2.6. Since an element of L, satisfying this condition is in the
center Z(Ly) of Ly, it is enough to see the character values on Z(Ly). Moreover
Z(Lp) =~ Uged(g—1,nn) is a cyclic group whose order is prime to p. So, it is enough
to look at their actual values, not those modulo p. Therefore we have the following.

Lemma 3.6. Let ¢, ' € Irr(Ly) belong to p-blocks of non-zero defect. Then (
and (' belong to the same block if and only if w¢(x) = we/(x) for all x € Z(Ly).

By this lemma, we can determine distribution of characters to p-blocks of L; of
maximal defect by looking at the irreducible constituent of their restriction to Z(Ly).
Therefore p-blocks of maximal defect are parametrized by the element of Z(Ijh). Be-
cause Zm) ~ Ang(q_l,nh) ~ Ugcd(q—1,nh)» P-blocks of L; of maximal defect are
parametrized by the element of Ugcq(q—1,nk)- The number of blocks of Ly of maxi-
mal defect is ged((g — 1),nh).A

We fix an isomorphism Z(Lp) =~ Ugcq(q—1,nh), and identify them via the iso-
morphism. We denote by B, the p-block of L, of maximal defect corresponding to
ac€ Ugcd(q—l,nh)~

In particular, the principal block is B;. Moreover, B; is the set of characters
in blocks of non-zero defect of L; such that restrictions of those to Z(Lj) equal
to multiples of the trivial character. So these characters are regarded as characters of
Lu/Z(Ly) = PLy,. Therefore, we can identify B; with the only p-block By of maxi-
mal defect of PLj. On the other hand, by Corollary 3.4 and the proof of Lemma 3.5,
the number of p-blocks of defect zero of PLj, is gcd(g —1,n)(g — 1)/ged(g — 1,nh).

Let A = (hy,h2,--+) € Irr(GL) and let a; be the constant term of h;. All charac-
ters in Irr(Ly|As) have the same restrictions to Z(Ly). So, all constituents belong to
the same p-block. By Corollary 3.4(3), characters in Irr(Ly|A) belong to B, if and
only if

(¢—1)/gcd(g—1,nh)

(38) a=((-0"][ (@)

Lemma 3.7 (Lemma 2.5 in [8]). Let a; (1 < i < §) be positive integers, A =
ged(aq,ag,---,as), and a € Fy. Then

I{(ml,x%"' ,iL‘J) € F{s ' a"‘lzlxgz o ‘a’? = a}| = (q - l)a_lﬂ(A’a)

A

where (3(A,a) is the number of solutions in Fy to the equation t“ = a, ie.,

ng(q - I,A)a ’f ac€ U(q—l)/gcd(q—l,A);

0, otherwise.

ﬂ(Av a) = {
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Let a be in Ugeq(q—1,nn) and p = (a’ll,al;,u-,afs‘) be a partition. By the above

lemma, we have

G {(z1,22,+,25) € FY | ((=1)"af'25? -~ o) @ D/ecd@lnh) = g}
= {(z1,22,,25) € F [ {((=1)"21)™ - -+ ((=1)'5) 0 a7 1/8edla=nt) = g}

_ - (g—1)A(p)
= =08 (i)

4. The McKay numbers of L

For a partition u = (all‘,alz’,-'-,afs") of n, a be in Ugcq(g—1,nn), and a pos-

itive integer s, we denote by Irr(GL,pu,a,s) the set of irreducible characters A =

(h1, ha,--) of GL satisfying the following.

(1)  The partition (jd¢&(h:)) equals ,

(2) TIrr(Lp | A) C B,, and

(3) X is stabilized by s-th roots of 1 in U(4_1)/4, but is not stabilized by s'-th roots
of 1 for any s’ > s with s | s, i.e., the restriction of A to L has s irreducible
constituents.

Note that by (3.6) and (3.7) Irr(GL, p, a, s) is closed under the action of Ug_1)/-

We denote by Irr(GL, u,a) the set of irreducible characters A of GL satisfying
(1) and (2) of the above, i.e.,

Irr(GL, p,a) = U Irr(GL, p,a,s) (disjoint).
s|(¢—=1)/h

And we denote by I’H‘(GL, i, a,s) the set of irreducible characters A of GL satisfying
(1),(2) above and the following.
(4) X is stabilized by s-th roots of 1 in U,_1)/s- (Thus X is stabilized by s'-th roots
of 1 for any s’ > s with s | ')
This means that

IrA;(GL, u,a,8) = U Irr(Lp, p, a, ).

s|s’
Moreover, we put

Irt(Lh, p, a,8) = {¢ € Irr(Ly) | ¢ € Irr(La|x), x € Irr(GL, p,a,s)},
Ire(Lh, p,a) = {¢ € Irr(L4) | € € Irr(Ln|x), x € Irr(GL, p,a)},
m(u,a,s) = |Irr(Ly, p,a,s)|, and
m(p,a) = |Irr(Ln, p, a)|-
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For an integer t > 1, we define II(t) b

ne) =] (1 - rl2>

where r runs over all prime numbers that divide ¢. For example, for any positive in-
tegers i, j, I1(2¢) = 3/4, TI(3") = 8/9, II(2¢37) = 24/36, etc. For convenience, we
put II(1) = 1.
At first, we show the following lemma. For a divisor s of A(u), we put
(i, 8) = ql(u)/s_é(u).
Note that if A = (hy,hy,---) € Irr(GL) is stabilized by s-th roots of 1 in Ug_1y/n.
then s divides ged((g — 1)/h, deg(h1), deg(hz), - ).

Lemma 4.1.

(1) |Irr(GL, p, a,8)| = (1, 5)(g — 1)°W=2B((q — 1) A(u)/ged(q — 1,nh), a).

(2) Let ged(A(p), (g — 1)/h) = pi*py*---py* be the prime decomposition of
ged(A(p), (g — 1)/h), s be a divisor of gcd(A(u), (g — 1)/h) with the prime
decomposition s = pi'py? - - - pi*, and set ¢;(1 < i < k) as follow. We put ¢; =0
if s;=r;and c; =1 if s; <r; Then

m(,u,as E (- 1d1+ +dg y( p;l'f‘dl“_p:k‘l‘dk)

0<d;<c;
1<i<k

_ 1\é(w)— (g—1)A(p) )

* (= )TES (gcd(q-l,nh)’a

Proof. (1) If (hy,hy,---) € Irt(GL,u,a) is stabilized by s-th roots of 1 in
U(g—1)/n> then we may write

l,-/s—l

4.1) he;(x) = zh + Z bj,,-:c"’

=0

for all j by (3.7). Moreover, because this character belongs to B,, by Corollary
3.4(3)(ii) we have

4.2) ((—1)"b‘1’j0b§f0 e bgfo)(q—l)/gcd(q—l,nh) —a

If ¢ # 0, then the possible of b, ; is any element in GF(q), and the number of all
possible of the set of b; ¢ is determined by (3.9). Thus
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6
|I;}(GL,/A,a,s)| = (Jl;[l ql’/s_l)(q— 1718 (gi%(%;j——)%(:?%’o

v(u,8)(g — 1)°W-18 (g——g(; 1_)?(:}1)@) .

(2) The above number includes characters stabilized by s’-th roots of 1 for some
s < s' with s | s'. Thus

[Irr(GL, p, @, 8)|
- — DA
— —1)+ +dk,.y ,p81+d1 ,,_p8k+dk g-1 8(p) 1,6( (g a).
O<;<Ci( ) (lu’ 1 k )( ) gcd(q— l,nh)
i<i<k

Each Ug_1)/p-orbit in Irr(GL, u,a,s) has (g — 1)/hs elements. So each orbit gives
s characters of L, by Corollary 3.4(2). Consequently, all characters in Irr(GL, u, a, s)
give

) dieda sitdy L sktdey (o 1)6(k)—2 _(_‘_I;M
hs? > (-1) v(u, p1 ") g - 1) ﬁ(gcd(q_th)’a

0<d;<c;
i<i<k

irreducible characters of Ly,. O
Theorem 4.2. For a partition y = (a’f,a’f, e ,af;’) of n and a € Ugcq(q—1,nh)

m(p,a) = h{ Z tzn(t)ql(#)/t—ts(u)}

tlged(A(),(a—1)/h)
8w -2 (g —1)A(w)
*a-1) ﬁ(gcd(q—l,nhr“

Proof. We obtain m(u,a) by summing m(u,a,s) for all s dividing ged(A(u),
(g—1)/h), ie., for all (s1,---,sk) (0 <s; <r;). Hence we may write by the previous
lemma,

- (g —1)A(p)
m(p,a) = h{ ) ey (i, t)}(q —1)W=2g (———a> ,
AT a-1)/) ged(g —1,nh)

for some e;. If t = ptll pi", then e; is in fact, obtained as follows.

e = Z (_1)d1+..‘+dkpf(t| —dl) .. 'pi(tk—dk),

0<d;<c}
1<i<k
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where ¢, =0 if ¢; =0, and ¢, =1 if ¢; > 0. Therefore,

er = [] 8% - p?) = £11(2)

t; #0

Consequently, we have the statement of the theorem. O

Note that each character ¢ in Irr(Ly, 1, a) satisfies v({(1)) = en'(u). Therefore,
we have the following theorem.

Theorem 4.3. For 0 <k <n(n-—1)/2,

my(ek, Ln(n,q), Ba) = 3 m(u,a),

where the sum is taken over all partitions p of n such that n'(u) = k. And if i # ek
for any k with 0 < k <n(n —1)/2, then my(ek, Lr(n,q), Ba) = 0.

Recall that By is the unique p-block of maximal defect of PL,. Because we can
identify B; with By, by Lemmas 3.7, 4.1, and Theorem 4.2, we have the following.

Corollary 44. For 0 <k <n(n-1)/2,

my(ck, PLi(n,4), Bo) = 3 m(u, 1)
cd(g — 1, A(w))

2 W) /t=8(w) Lo — 1)8(w)-18
P10 ba- gt =L 200,

/h {
tlged(A(n),(g—1)/h)
where the first sum is the same as in Theorem 4.3. And if i # ek for any k with
0 <k < n(n—1)/2, then my(ek, PLy(n,q), Bo) = 0.
5. The Alperin-McKay conjecture for L;,

In this section, we show the following theorem, i.e., we prove the Alperin-McKay
conjecture for Lj. The notations are the same as in the previous sections.

Theorem 5.1.  For a Sylow p-subgroup P of Ly, let b, be the p-block of N =
Ny, (P) corresponding to the p-block B, of maximal defect of Ly. Then we have

mp(0, Ly, B,) = my(0, N, b,).

Proof. We classify irreducible characters of L, and N respectively by sequences
t = (s9,81,82,*-,8k) of integers s; such that 0 = sp < 87 < 83 < -+ < 8 = n for
some k < n.



McKAY NUMBERS 191

By Corollary 3.4, the degree of { € Irr(Ljy) is not divisible by p if and only if ¢
is in Irr(Lp|Ao) for some A = (h(z),1,1,---) € Irr(GL) where h(z) is a polynomial
of degree n. For given ¢ = (sp,s1,:-,Sk), we consider characters (h(z),1,1,--:) €
Irr(GL) with

n—1 p e .

. a; 70, ifi=s; forsome 0<j<k-—1;

h(z) =z"™ + E a;z", where 7 .J =J ’
i=0 a; = 0, otherwise.

Thus the number of characters of this type is (¢ — 1)*. By (3.7), an element of
U(q—1)/n stabilizes characters of this type if and only if it is a gcd(s1 — o, -+, 8k —
Sk—1,(g—1)/h)-th roots of 1. By Corollary 3.4(2) the number of characters in Irr(Ly)
given by ¢ is

—~1\2
ged (31 — 80,8k — Sk—1, q_h_) h(q - 1)k_1-

By (3.8) the above characters belong to a p-block B,(a € Ugcd(q_l,nh)) if and only if
a((,q_l)/“d("_l’"h) = a. Note that for any a € Ugca(g—1,nr) the number of solutions ao
in U,_; to this equation is (¢ —1)/gcd(q — 1,nh). Since this number does not depend
on q, all B,’s have the same number of characters of this type given by «.

On the other hand, a Sylow p-subgroup P of L; is conjugate to the subgroup of
upper triangle matrices all of whose diagonal entries are 1. Thus we may assume that
N is the subgroup of upper triangle matrices in Lj.

But the degree of a character xy of NV is not divisible by p if and only if the ker-
nel of x contains the commutator subgroup P’ of P. Therefore we may consider such
characters as those of M = N/P'.

Let @ = P/P' and let D be the set of elements in N/P' corresponding to di-
agonal matrices in N. Then we have M = D x (). We denote an element a in D
by (ai,as,---,a,) where a; € F; and ajas---a, € U, in such a way that the
product of elements in D is the component-wise product. We denote an element b in
Q by (by,b2,---,by—1) where b; € GF(q), and the product of elements in @ is the
component-wise sum. Thus the action a on b is given by

a _ ,—1 — (=1 -1 -1
¥*=a ba—(al b1a2,02 b2a3,~-,an_1bn_1an).

Since D and @) are Abelian groups, every irreducible character of these groups is
of degree 1, and we fix an isomorphism from D (resp. @)) to the group of characters
of D (resp. Q).

We construct characters of M by using Theorems 2.3 and 2.4.

For the above sequence ¢ = (sg,---,Sk), we consider b = (by,ba,---,bn_1) €
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Irr(Q) such that

b; =0, ifi=s; forsome 1<j<k-1;
b; # 0, otherwise.

The number of such characters is (¢—1)"~*. Then, for a = (a1, az,---,a,) € Irr(D),
b® = b if and only if @y, 41 = ag;42 = --- = a,,,, (0 < j < k—1). And since
a € Irr(D), it is necessary that ai!=%0a$2=%1...qgx”**~' € Uj,. By Lemma 3.7, the
order of the stabilizer of b in D is

(q - 1)k_1 Z /B(m7c)
ceUp
= (g-1*! > ged(m,q — 1)

c€Ugcd(mh,q—1)/ged(m,q—1)

= (g—1)*'ged(mh,q — 1)

where m = gcd(s1—80,82—81," -+, Sk —8k—1). Since the order of D is h(qg—1)""!, the
number of elements contained in each orbit is (¢g—1)"~* /gcd(m, (¢—1)/h). Hence the
number of orbits in the set of irreducible characters given by ¢ is ged(m, (¢ — 1)/h).
From Theorems 2.3 and 2.4, the number of characters x of M such that the restriction
of x to @ is a sum of certain irreducible characters all of which have the type given
by ¢ is

g-1\°
ged (m’—h——) h(g - 1)*!
g-—1 2 k—1
= ged $17 80,82 = 81,77, 8k ~ Sk—1, h(g—-1)"*"".

The distribution of irreducible characters of N to p-blocks of maximal defect can
be seen by comparing the irreducible constituent of the restriction to the center Z(M)
of M. Note that Z(N) = Z(M). Recall that the same is true for Lj. See Lemma 3.6.
We fix an irreducible character b of @ given by ¢, and consider the distribution of
the characters in Irr(M | b) to p-blocks. The center Z(M) of M is contained in the
stabilizer T' of b in D and on the other hand we have Q N Z(M) = {1}. Thus, from
Theorem 2.3, for an irreducible character x in Irr(M | b), there exists an extension b
of b to T and an irreducible character 7 of T such that x = (bn)™. So, in order to
look at the restriction of x to Z(M), we may consider that of 5 to Z(M). Since T
is Abelian, by Theorems 2.3, 2.4, the characters in Irr(M | b) are distributed into p-
blocks in such a way that all blocks of M of maximal defect have the same numbers
of characters in Irr(M | b). Since the above argument can be applied for any character
b of @ given by ¢, all p-blocks of M of maximal defect have the same numbers of
characters given by ¢.
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Let B, and b, be the same as in the statement of Theorem 5.1. For a fixed ¢, the

above argument shows that the numbers of characters of L, given by ¢ belonging to
B, and that of N given by ¢ belonging to b, are equal. Since ¢ = (sq,s1,--+,Sk) is
arbitrary, we have

mp(07 Lh’Ba) = mp(o’ N’ ba)' U

We identify B; with By, and in the same way as we identify b; with the p-block

bo of Npr, (P). Therefore, we have the following.

Corollary 5.2. For a Sylow p-subgroup P of Ly/Z(Ly), let by be the p-block of

N =Ny, /2(Ly)(P) corresponding to the p-block By of maximal defect of Ly/Z(L4).

Then we have
mP(O» Lh/Z(Lh)v BO) = mp(oa N7 bO)
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