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1. Introduction and main results

Let U C Rd, d > 3, U open (not necessarily bounded), and let dx denote
Lebesgue measure on U. Below all functions are supposed to be real-valued. Let
al™ b(") d(") ™ e LL (U;dz), 1 <1i,j <d,n € NU{oo} satisfying the following

1_7 Y
conditions:
(1.1) There exists 6 €]0, oo[ such that for all n € NU {0} and dz-a.e. z € U

d
Z ) g,§J>6Z§1 for all £&1,...,&4 € R.

=1

(1.2) There exists M € [0, 00[ such that for all n € N and dz—a.e. z € U
‘ (m)( |<M 1<i,j<d.
(1.3) There exist pp ;, Pa,i» Pc € [d,00], 1 < i < d, such that for all n € NU {oco}
B € LPi(Usdz), d\™ € [P+ (U;dz), <™ e LP</*(U;dx).
Note that (1.1) is a condition only on the symmetric part of (a;;)1<i,j<4. Conditions
(1.1)—(1.3) allow to construct the corresponding coercive closed forms (cf. e.g. [3,
Chap. I, Sect. 2]) as follows. Let C§°(U) denote the set of all infinitely differentiable

functions with compact support in U. Fix n € NU {oo} and set §; := 9/0z;,
1 < i < d. Define

(1.4) E()uv = Z/@uava( )d:c—l-Z/uc')vd ™ dz

i,j=1

+Z/8iuvb§n)d:c+/uvc(")d:c ; u,v € C§P(U).
=1
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For a €]0, oof set

EM (u,v) := EM™ (u,v) + a(u, V) L2 (Usda); U, ¥ € C5O(U).
E.g. by [4, Theorem 2.2] we know that there exists a, €]0,00[ such that (8&2),
CS°(U)) is closable on L2(U; dz) and its closure (E5), D(EY)) is a coercive closed
form on L%(U;dz) in the sense of 3, Chap. I, Definition 2.4]. It is well-known (and
can e.g. easily be extracted from the proof of [4, Theorem 2.2], or more precisely

from the proof of the underlying [6, Theorem 1.7]) that there exist ,, €]0, oo such
that for all u,v € C§°(U)

(1.5) £ (,0)| < 9 ()25 (v,0)/2
(1.6) Yo lulz < EL) (u,u)'/? < ynfuly,z.

Here | |12 is the norm on the classical Sobolev space Ha>(U;dz) of order 1 in
L?(U; dz), defined as the completion of C§°(U) w.r.t. | |12 which is given by

d
[ul? 5 = Z/(&iu)zdx + /u2dw ; u € C5o(U).
=1

In particular, D(£{Y) = HY?(U, dz) and (1.5), (1.6) hold for all u € HY?(U; dz).

REMARK 1.1. ~, in (1.5), (1.6) only depends on c,,,8, M and the LP—norms
of bg"), dg"), ¢, 1 <4 < d, (cf. condition (1.3)). This can also be seen e.g. from
the respective proofs in [4], [6] mentioned above. In particular, o, and 7, can be
chosen to be independent of n, if all the LP—norms in condition (1.3) are bounded
uniformly in n.

Let (La,,D(La,)), (Ta,,t)t>0 be the generator resp. the strongly continuous
contraction semigroup associated with (8&?,D(8§2))) (cf. e.g. [3, Chap. I, Sect.
2]). Define

(1.7) T\ = * T, , t>0,
(1.8) L™ = Ly +a,, D(L™):=D(Ly,).

Then (L™, D(L(™) generates (T\™)¢0 (on L2(U; dz)).

REMARK 1.2.
i) Obviously, (L™, D(L(™)) and (Tt("))t>0 are independent of the special choice
of ay,.
ii)  Informally, we have for u € C§°(U) that
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d d
(1.9) LWu= 5" 8,0 0; +d)u— 3" b 0u — ™.

1,j=1 =1

Though (1.9) is very suggestive, it is, of course, informal since C§°(U) will in
general not be a subset of D(L(™).

iii) Note that e.g. by [3, Chap. I, Theorem 2.20] T\"f € D(E{Y) = HY?(U; dx)
for all f € L?(U;dzx), t > 0.

Let n € NU {oo} and let (G,(,”))a>an be the strongly continuous resolvent
associated with (Tt("))t>o on L?(U;dz), ie., for a > ay,

oo
(1.10) G f .= / e~ TMfdt,  f e L2(U;dz),
0

(where the integral is a Bochner integral in L?(U;dz)). Note that for a > a, and
f € L?(U;dx)

(1.11) GMf e DEM) = Hy?(U; d)
and EM(GM f,v) = (f,v) = EM (v, GV f) for all v € Hy?(U; dz)
(cf. e.g. [3, Chap. 1., Theorem 2.8] and recall (1.7)). Here for a densely defined

operator (T, D(T)) on L?(U;dz) we denote its adjoint by (T, D(T))
Consider for 1 < 7,5 < d the following conditions:

(1.12) agf) n S a,(-;-x’) =: a;;  dz—ae. on U.

(1.13) p™  — b = b; weakly* in LP*i (U;dz).
(1.14) d™ = dl® = d; weakly* in LP4+(U; da).
(1.15) ™ = ™) = ¢ weakly* in LP</?(U;dz).

Now we can formulate the main results of this paper.

Theorem 1.3. Suppose that for 1 < i,j < d conditions (1.12), (1.13), and (1.15)
are satisfied and that
(1.16)

d\™ —d;| =0 weakly* in LP*(U;dz), forall1<i<d.

Then there exists ag €)0, 0o such that for all o > g and all f € L?(U;dx) :

(i) G f .G f = Guof and GV f ,— G f =: Gof

n — oo
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weakly in H3’2(U; dz);

(ii) GWf — Gof in L*(U;dz) ,

n — oo

and hence for allt > 0

Tif = Tuf in L*(U; dz).

REMARK 1.4.
(i)  We use the notion “weakly*” rather than “weakly” since pp i, Pd,i» Pc Can be
equal to +oo. Clearly, if we assume (1.14) then (1.16) holds if dg") n S ho di
in dz—measure for all 1 < ¢ < d. Note that (1.16), of course, implies (1.14).
(ii) Note that the last part of Theorem 1.3 (ii) is trivial, since (as is well-known

and quite easy to prove) that strong convergence of strongly continuous con-

%99

traction semigroups, (such as e“’“’Tt(") nSho€ Tyt > 0, in our case) is
equivalent to the strong convergence of their associated resolvents. (cf. e.g. [5,

Satz 1.7]).
(iii) If conditions (1.12), (1.14), and (1.15) hold and if, in addition,

(1.17) 6™ = b;| , =0 weakly* in LP*¢(U;dz) for all 1 <i < d,

n — oo

then by duality the assertion in part (i) of Theorem 1.3 still holds while part
(i1) holds with all operators replaced by their adjoints on L?(U;dz).

By Rellich’s compact embedding theorem we get the following as an immediate
consequence of Theorem 1.3 (i).

Corollary 1.5. Suppose the U is bounded and that conditions (1.12)—(1.15)
and (1.16) or (1.17) hold. Then there exists oy €]0,00[ such that for all o > v,
t > 0, both Tt(") n o Tt and G n oo Ga strongly on L?(U; dx). The same holds

for their adjoints on L*(U;dz).
As another consequence we obtain:

Corollary 1.6. Assume that (1.12) holds and that for all1 <1 < d, b — b,

T N — 00

in LPvi(Usda), d\™ =% d; in P2+ (U; dz), and ™ — c in LP</2(U; dz). Then:

n — oo

i) There exists o €]0, 00 such that for all f € L?(U;dzx) and a > oy,
GV f = Gaf and GV f = Gof in Hy?(U;dz).

iil) Forallt>0 andall f € L?>(U;dz)

Ty Tof and TV f o= Tof in Hy? (U da).
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Our proofs of all results above are purely analytic. They are presented in the next
section. Theorem 1.3 extends a result by D.W. Stroock (cf. [7, Theorem 11.3.13],
where the case where U = R%, ¢ =0, dg”) =0,pp; =00 foralll1 <i<d, neN,
was treated and the bz("), 1 <i<d,n €N, were assumed to be uniformly bounded.
In contrast to Stroock’s our proofs are not based on heat kernel estimates. Finally,
we note that we expect that by virtue of [8], [9] the results in this paper extend
to the case of time—dependent coefficients (again without any uniform boundedness
assumptions).

2. Proofs

Proof of Theorem 1.3. (i) For g € [1,00] let || || denote the usual norm
in L4(U;dz). By the conditions and Remark 1.1, o, and 7, can be chosen to be
independent of n, i.e., v, =: v0 > 0 and a := a9 > 0 for all n € NU {00}, say. In
particular, for all o > ag

sup ‘aé&") =:Cy < 00
where || || denotes operator norm on L?(U;dz). Hence by (1.11)
@1 ENG G 1) = (£,GF) < o Cal £

Fix f € L?(U;dz), a > ap. Since vy, =7 for all n € N, (1.6) and (2.1) imply that

(2.2) sup

@fj’f’l =10 <.

Then by the Banach—Alaoglu theorem there exists a subsequence (ng)xen and G fe
Hy*(U; dx) such that

G f, = Gf weakly in Hy*(U;dz).
So, it remains to show that G f= G. f. For simplicity of notation we replace (ng)xen
again by (n),en and, since (G(a")f)neN converges (strongly) in L?(V;dz) for every

open ball V in U by Rellich’s theorem, we may also assume that

(2.3) GWf— Gf dz-ae.

CLamm 1. Let v € C§°(U). Then

lim [E,(v, G f) — £ (v, G £)] = 0.
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Suppose Claim 1 has been proven. Then by the weak convergence of (é&") f)nen in
Hy*(U;dx) and (1.5), (1.6) it follows that

E,(v,Gf) = lim 4 (v, GMf) = lim () (, GV f) = (v, f)

= ga(”«: Gaf)

for all v € C§°(U), hence G.f = Gf and the proof is complete.
To prove Claim 1 note that for n € N

24) Ealv, c?*<">f)—8<"’( @<">f)

1.]1

+ Z / (b; — B{"™)0;vG™ fdx + / (c — ™G fda.
=1

By the Cauchy—Schwarz inequality and (2.2) the first summand converges to zero
as n — oo because of Lebesgue’s dominated convergence theorem.

Let us recall that by Sobolev’s Lemma if ) := (2%/3(d — 1))/((d — 2)d*/?), then
for all u € C§°(U)

1/2
2.5) Jull gs, < A ( / Ve dm)

(cf. e.g. [2, Theorem 1.7.1]). For K := supp v (2.2) and (2.5) imply that {@((,")f |
n € N} is uniformly d/(d — 2)—integrable on K w.r.t. dz. Hence by (2.3)

(2.6) GMf — Gfin L77(K;dz).

Since for all 1 € {1,...,d}

L4/2(K;dx)
and

=

Li/2(K;dzx)

(because py; > d > d/2 and p, > d/2), it follows that both 5™ —=_b; and

™ —_c weakly* in L42(K;dz). Hence (2.6) implies that both the third and
fourth summand on the right hand side of (2.4) converge to zero. To prove that the
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same holds for the second, fix 7 € {1,...,d} and note that

‘/ (di — &™), G fda

1/2 1/2
5( / (di—d§">)2v2dx) ( / (Biég")f)zdm> .

Hence by (2.2) it is sufficient to realize that by the Cauchy—Schwarz inequality

(applied to the measure |d; — d\™ |v2dz)
1/2
v'-’dx) ( / ‘di —d™

/ (d; — d™)?*v2dz < ( / ,di —d™
—.0 weakly* in LP4i(U;dz) and thus,

and to recall that by (1.16) |d; — d™| , =2,
because pq,; > d > 3, and suppv is compact,

3 1/2
'vzd.r) ,

3
sup/ ‘di - df.")l vidz < oo.

Now Claim 1 is proved. To show that also Gf,")f n o Gof weakly in H&’z(U; dzr)
we note that by (1.11) for alln € N

EMGM G f) = (f,GIf) < a7 Ca| I3

So, as above

sup G(a")f}l2=:C< 00

and

G f , 7 Gf weakly in H)*(U;dz), hence weakly in L?(U;dz)

for some subsequence (nk)ren and some Gf € Hé’2(U ;dz). Again we only have
to show that Gf = Gof. But we know that G{V f . —_ Gof weakly in L2(U;dz),

n — o0
hence G{Vf  —_Gaf weakly in L2(U;dz), so

n — oo
Gof =Gf,

and the proof of assertion (i) is complete.
(i1) By Remark 1.4 (i) it suffices to prove the first statement.
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CLamM 2. Let f, € L?(U;dz), n € N, such that f,, ,—>_ 0 weakly in L?(U; dz).
Then

Gy, — n o0 weakly in Hy’ 2(U; da).

Suppose Claim 2 has been proven, then for a > ag (where aq is as in assertion (i)),
fe€L?U;dz) and all n € N

||Gg"> f”z - / GofG™ fda + / GW(GM f — Gof) fdz.

By part (i) the first summand converges to |G, f||3 while by Claim 2 the second
summand converges to zero. Using part (i) again we conclude that

G f = Gof in L*(U;dz).
To prove the claim, by (1.6) and Remark 1.1 as well as (2.2) it suffices to show that
lim E4(v, G5 fa) = 0 for all v € C3° (D).
So, let v € C§°(U), then by (1.11)
Ea(v, GG fn) = (v, fn) + Ea(v, GEV fn) — € (0, G ).
So, it remains to be shown that
lim (€a(v, G0 fa) — E0) (0, G £2)) =

But

Eqa(v, 6;(") fn )—8(")(1) G g

Z / aij — a{})0wd; GV fada + Z / (di — d™)wd,G fudz

7,j=1

N Z/ (n) )8, vG(")fndﬂC + /(c _ c("))vég")fndx'

By (2.1) (@E,")fn)neN is bounded in H&’Z(U;dx), hence by exactly the same argu-
ments as in the proof of Claim 1 (with K := suppv) we obtain that

Gy, — n S hoh in Ltz (K;dz)

for some h € Hy?(U;dx). Now also the rest of the proof of Claim 2 is entirely
analogous to that of Claim 1.
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Thus the proof of assertion (ii) is complete. O

Proof of Corollary 1.6. (i) Let ag €]0, 00[ be as in Theorem 1.3. Fix o > oy
and f € L%(U;dz). Then by Remark 1.1 (cf. the beginning of the proof for Theorem
1.3) it suffices to prove

@7 lim MG f = Gaf, G f — Gaf) =0,

n—o0

since by duality the same then holds for G, f, @,(ln)f, n € N. But by applying (1.11)
twice we have for all n € N

EMGCMf - Guof,GMf — Gof)
= &, ( of, GV f = Gof) — EM(Gof, GV f — Gof)

_y [ @55 = 610,601 0(G S - Gapie

,Jl

+ Z / (di — d™)GafO{GIV f — Guf)da
=1

d
Yy / (b; = b)0,Gaf (G f = Gof)da
i=1
+ / (c = NG f(GW f — Gy f)da.
Since by Theorem 1.3, G(")fn — Gof weakly in Hy?(U;dz), it is clear that the
first summand converges to zero as n — oo. To see that the same is true for the

others we only have to realize that after applying Holder’s inequality we have to
deal with integrals of type

I, = /gnundx n €N,

where g, — 0in LP(U; dz), p € [d, oo[, un, € Hy*(U; dz) such that sup,, [unl; 5 < 00
But using Holder’s inequality and (2.5) we obtain that

d/p
(/ 2p/d 2dl‘)

)\2d/p IU |2d/p ,

P—¢

(Jow)’

(p—
lunlly > llgnll;

In

IA

IA

hence I, , =70 and the proof of assertion (i) is complete.
(i) E.g. by [l, Theorem 3.4 (iii)], (1.6) and Remark 1.1 it follows that
(Tt("))neN is a strongly continuous semigroup on Hy'?(U;dz) and that (G(" a>ao

is the associated resolvent. Hence assertion (ii) follows by Remark 1.4 (ii). J
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