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Introduction

For any p-local connective spectrum F (with p a prime number), the first
author discovered in [2] integers p, and maps F—3/*! H(z F, 0) between F
and Eilenberg-MacLane spectra such that the compositions

P
F— 3t H(n‘,-F, 0) _li, S+l H(”iF’ 0)
are trivial. 'This enabled him to prove that in the Atiyah-Hirzebruch-Dold spe-
ctral sequence for the F-homology of any bounded below spectrum, pid}*!=0
forallj>1,sand 2. Now, let us consider the Brown-Peterson spectrum BP with
BP,=Z,[v,, v,, -++], where the degree of v, is |v;]=2(p*—1) for k>1, and
denote as usual by BP{m) the spectrum such that BP{m>,=Z,[v, ©,, ***, 0]
for any m>1. This paper exploits a similar composite

(p+1)j+1

BP(2>/(vf) —> Z/%HBPL1> ~——> S-mIMBP(IS

which, as a consequence of calculations by the second author in [6] can be seen
to be trivial. As a result, we can construct maps

f;: BP(2) — S mIBP(1),

for all j >1, which we control on the homotopy level (see Theorem 2.1). These
maps induce maps between the Atiyah-Hirzebruch-Dold spectral sequences for
BP{2» and BP{1>-homology respectively which provide information about the
differentials in the Atiyah-Hirzebruch-Dold spectral sequence for BP{2) (see
Theorem 3.3). On the other hand, the triviality of the above composition implies
torsion results on the differentials in a modified Bockstein spectral sequence
for BP{2} analogous to the BP Bockstein spectral sequence of Johnson and Wil-
son [5] (see Theorem 4.5).

In order to illustrate how this new information might be used in calculation,
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we have considered the problem of constructing M(p, vi1, viz, «--, vis). M(p')
is the Moore spectrum having all integral homology groups trivial except for
Z/p' in dimension 0. Inductively, M(p%, vis, viz, -+, vjs) is the cofiber of a map
il M(pF, vi1, viz, -+, vin30)—>M(p, v, vi, -+, vi271) which induces multipli-
cation by vj» in BP-homology. This means that BP M(p', viy, viz, -+, vis) =
BP,/(p’, vi1, viz, -+, vis). The information about differentials in the spectral
sequences mentioned in the previous paragraph can be used to obtain lower
bounds on j, in terms of 7, and j, in terms of j,, if M(p, vi1, viz, -+, vis) exists.
It should be noted that better bounds than ours can be obtained from ideas in
Ravenel’s book [8] (see Remark 3.6; see also the conditions on j; and j, estab-
lished by Lin in [7]). Thus the main theorems of the present paper are Theo-
rems 3.3 and 4.1 giving information about the differentials in the different spec-
tral sequences. The results about the constructibility of M(p%, vi, viz, «-, vis)
are given simply to illustrate the use of these theorems. We hope that someone
else will be able to use this information in a more novel way.

The paper is organized as follows. In the first section we show how to use
the first author’s results in [2] to derive the condition that if M(p', v{, viz, +++, vir)
is constructible then j,>7. In the second section we introduce a general construc-
tion of maps from BP{m) to BP{m—1)>. We apply it in Section 3 to the case
m=2 in order to get the interesting maps between the Atiyah-Hirzebruch-Dold
spectral sequences for BP{2) and BP{1) respectively; we illustrate the use of

these maps by proving that if M(p, {1, v#2) is constructible, then j,> {,1_ T Fi-
p

nally, we discuss in the fourth section the set up and general use of the modified
Bockstein spectral sequence for BP{2> and obtain torsion results on its differen-
tials.

1. The Atiyah-Hirzebruch-Dold spectral sequence for C(m)

The existence of universal bounds for the additive order of the differentials
in the Atiyah-Hirzebruch-Dold spectral sequence was deduced in [2] from tor-
sion results on the Postnikov k-invariants of spectra which produced maps
between the Atiyah-Hirzebruch-Dold spectral sequence and a spectral sequence
having only one-non-trivial line in its E-term.

The purpose of this first section is to show that these results have direct con-
sequences as soon as we concentrate our attention on specific examples. But
our main goal is to motivate and illustrate the basic ideas of the method we shall
develop in the next sections.

If m is a positive integer, let C(m) be the spectrum such that

”*C(m)gBP*/(vb V25 ***s Um-15 Um+15 Um+2s "')%"Z(,)[‘l)m]

(see Yagita’s [9] for the existence of C(m)). The non-trivial Postnikov k-invari-



A DECOMPOSITION OF. BP{2)> AND v,-TORSION 569

ants of C(m) are R*°»1*Y(C(m)) € H"*n'*}(C(m)[h|v, | —1)]; Z(p) for h>1, where
we write C(m)[j] for the j-th Postnikov section of C(m). If we apply the method
of Theorem 1.4 of [2] to the spectrum C(m), we get:

Lemma 1.1. For any h>1, the k-invariant k**»'*Y(C(m)) has order dividing
.

Proof. The spectrum C(m)[k|v,|—1] has non-trivial homotopy groups
(which are isomorphic to Z,) only in dimensions 0, |v,|, 2|v,], =+, (B—1)| v, ]| ;
notice in particular that C(m)[%|v, | —1]=C(m)[(h—1)|v,|]. Therefore, we can
consider the cofibrations of spectra (where H(G, n) denotes the Eilenberg-Mac-
Lane spectrum having all homotopy groups trivial except for G in dimension #)

C(m)[d|vn|] = Cm)[(d—1)| vn|] = H(Z(p, d|va] +1)
and the corresponding long exact homology sequences

o> thu,,,|+2H(Z(p)’d lfvml _'_1) - Hh|u,,,l+1 C(m) [d lvm I] -
H.hlv,,,|+l C(m) [(d—— 1) I Um I ] > e

for d=1,2, .-, =—1. According to Cartan’s [4], Hy,1+2H(Zp, d|v,| +1) is a
direct sum of copies of Z/p, as is H,,,1+1C(m)[0]. By induction, it is then clear
that p* H,, 1..C(m)[k| v, | —1]=0, and analogously that p* H,,, C(m)[k|v, | —1]
=0. Finally, the universal coefficient theorem implies that the exponent of the
cohomology group H**»*Y(C(m)[k|v,|—1];Z) divides p* and the proof is
complete.

Now, consider the Atiyah-Hirzebruch-Dold spectral sequence for C(m)
E.zs.t = H:(X) ”tC(m)) = H3X®7[‘C(m) = C(m)s+t(X) ’

where X is any bounded below spectrum. The non-trival differentials in this
spectral sequence are d*'*»!*! for A>1.

Corollary 1.2. In the Atiyah-Hirzebruch-Dold spectral sequence for C(m),
the differentials satisfy

prdtm*t =0 for any h>1, s and t.

Proof. Because of Lemma 1.1, this is a consequence of Proposition 2.1 of
[2] if £==0 and of the idea explained in Lemma 2.3 of [2] in the general case.

ExampLE 1.3. We want to apply this result to the problem of the construc-
tibility of M(p', vi1, vis, ---, vjx). With m an integer between 1 and n, let us
compute C(m)M(p, vi1, viz, -+, vjr). Studying the C(m)-homology exact se-
quences of the cofibrations defining M(p, v{1, vi2, -+, vi»), we find an additive
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isomorphism
C(M)*M(P', ‘v{l) ‘Z}é;z, °tty .v'l;,,) = Z/PT‘U,,,]/("(){;{")@A(‘Z(}I, Way ***y W1y Wiyt1y *°°y wn) ’

where A denotes an exterior algebra over Z and |w,|=j,|v;| +1. On the other
hand, we can calculate C(m)sM(p’, v{1, vi2, -++, vi") via the Atiyah-Hirzebruch-
Dold spectral sequence for C(m). For this, we first need to know the integral
homology of M(p’, vi1, viz, -++, vi*): it is not hard to check that, additively,

H*M(Pl'7 ‘v{l, 7)%2’ oty 7)']1.") = Z/Pi'a0®A(a1’ ayy an) )
where |a,| =0 and |a,|=j,|v;|+1 for k=1, 2, .-, n. But in order to get the

right answer for C(m)M(p, vi1, vis, --+, vin), there must be a differential which
kills vj»; more precisely, the differential d’»'?»!*! must verify

dj:::,::::,o(am®l) =] xa()@‘v:;’m ,
where \ is a generator of Z/p'. Now, it follows from Corollary 1.2 that
Pi,,.)\,a(,@q)i;‘m =0

and consequently that p/»\ must vanish in Z/p’. This implies the following
assertion:

If the spectrum M(p', vi, viz, -+, vin) is constructible, then j,>i for m=
1,2, ., n.

One should say that this result is not very strong (see Remark 3.6 and notice that
in the special case of M(p*, v{1) for an odd prime number p, the exact answer to
the question of the constructibility may be deduced from Theorem 12.1 of
Adams’ [1]: M(p', v{1) is constructible if and only if j, is divisible by pi-Y),
but it is given here as an example. However, our argument produces the fol-
lowing more general statement: if X is a connective spectrum and m an integer
such that C(m)yX =<Z[p'[v,]/(v4)RA for some A (as C(m)y-modules) and HyX ==
Zp'QA(a)QA, where |a| =j|v,| +1, then j >i.

2. A decomposition of BP{m)

For every integer m>2, let BP{m> denote as usual the spectrum with
BP{myy=ZLy[vy, vy, +++, v,]. Now, for j a positive integer, consider the cofib-
ration

S/al BPm 2’1;' BP{m)> ﬁ BP<m[(vh),

where the first arrow indicates a map inducing multiplication by v on homotopy
and where the spectrum BP{m)/(v}) is such that BP{m>[(v})s ==
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Z([v1, vy +*, Vy]/(v4); notice the homotopy equivalence BP{m)/(v,,)==BP{m—1}.
This section describes a decomposition of BP{m) in terms of the spectra
BP{m>/(vj) for j=1,2, ... Look at the following commutative diagram

719, &
2(]+1)|pm|BP<m> ___) EJIVMIBP<m> .z—-> E"”mlBP<m—'1>

| oz | v |

BP(m> -—> BP{md ——> *

A |

BP{m>/|(vi+! _g,__) BP{m>((v}) —-—-l—> S/l BP{m—1>
in which rows and columns are cofibrations of spectra, the map g; is determined
by the top left square and /; is the cofiber of g;. These maps /; explain how to
build the BP{m)|(v3'')’s using BP{m—1) as the building blocks (instead of the
Eilenberg-MacLane spectra in a Postnikov tower). Notice that /; is actually
an element of BP{m—1)/"»'"*Y(BP{m}>[(v})). Especially interesting is the next
result which describes connections between BP{m) and BP<{m—1>.

Theorem 2.1. Let j be any positive integer and assume that there is an
integer e; such that vy - BP{m—1Y"u*Y(BP{m>|(v}))=0, then there exists a
map

f;: BE{m) — 371! =¢i1*m-1l BR{m—1>
with the property that the homomorphism (f;)sx induced by f; on homotopy acts on
an element v v%2--- vit* € BP{m)y as follows :

j vhivgee vpmRogma i if k=0,
; B % e {n+k { me2 Umei
(f’)*(vll g ¢ ) 0 > tf k>0

Proof. First, if we compose the last two columns of the above diagram with
maps inducing multiplication by v;i_, in homotopy, we obtain the following
diagram in which only the columns are cofibrations:

/1ol BP{m) Ejl—l» S/l BP{m—1> —> U 3/1ml=¢j10m-1l BP{m—1)
BP{m) ——> * —_— *
o | |

‘!

[
BP{m)|(vi) ——> Sin*1BP(m—1> Pl siloplti=¢jlon_ | BRm— 1.
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If the hypothesis of the proposition is verified, the bottom composition vji_,ol;
is trivial and we get a map

f;: BP<m)y — Z71%l=¢1n-1l BP{m—1)

such that f;0vj,=0v}j_05/"slg;. The homomorphism vj_,(Z/""l¢), induced by
v;]_ 031"l on homotopy satisfies:

, ) . . 7)‘”10”2.-. Q);’i—l+‘j ’ if j+k:0’
'I)"{_l(Ellv,.la'l)*(.vll‘vu---‘Z){,.”) = {01 ’ 1 , 1f]—}-k>0

Consequently,

vfivg2e-e0ina*i o if k=0,

0 , if k>0.

RemMARK 2.2. In the case when m is 1, the fact that p/ HZ, "'*}(BP<1)/
(v{))=0 (follow the argument of the proof of Lemma 1.1) makes it possible to
use the decomposition of BP{1} and obtain maps f;: BP1y—>3/"\HZ,, for
j=1, such that

(f;)x (@hr052 0iH*) = {

) P, if k=0,
J+k =
(/) (1) {0, if k>0,

3. Maps between the Atiyah-Hirzebruch-Dold spectral sequences
for BP{2> and BP{1)

Now, let us consider the decomposition explained in the previous section
in the case m=2 and show that the hypothesis of Theorem 2.1 is verified for
any positive integer j.

Proposition 3.1. For every positive integer j, the v,-torsion-free part of
BP{1>*(BPL2)/(v})) is concentrated in even degrees and the v,-torsion part of
BP1)*(BPL2)[(v})) is concentrated in positive degrees.

Proof. Corollary 10 of [6] implies that the assertion holds for BP{1)*
BP{1». Then, use inductively the long exact sequences in BP{1>-cohomology
associated with the cofibrations

. l.
BPC2y/(0i™) 54 BP(25/(0d) 5 S+ BRI

given by the bottom sequence in the first diagram of Section 2, for j=1, 2, «-
(and recall that BP{2>/(v,)=BP<1>):

+++ > BP{IY¥(BPC2)(04))—BP Iy (BPC 25| (04#))—>BPIY* I BP {1y — oo
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This produces the statement of the proposition for BP{1>*(BP<2)/(v$)) for
allj >1.
Corollary 3.2. For all positive integers k and j, viri- BP{1)**(BP{2>/

(04))=0 if &, , is an integer >2|k+, L In particular, o'i-BP{1Y®*Y(BPL2))|
(41

(v4))=0 for each integer e,>(p+-1)j.

Proof. An element x& BP{1>**(BP<2>/(v$)) must be v,-torsion because
it is in odd degree and o;+.x=0 since its degree is negative.

This assertion enables us to apply Theorem 2.1 for m=2 and e¢;=(p+1);
+1: it produces maps

f;: BP<2> — 33~ BP<1)

for all positive integers j. For any bounded below spectrum X, let us look at the
Atiyah-Hirzebruch-Dold spectral sequences for BP{2> and BP<1>-homology

3.0 = H(X; 7, BP{2)) = H, X Qu;BP{2> = BP{2>,.(X)
and

E%, = H(X; =, BP{1>) = H,X @z, BP{1> = BP{1),,(X)

respectively. The f;’s induce homomorphisms E?% ,—E? ,,,;; and hence maps
between these spectral sequences: we then obtain immediately the next result.

Theorem 3.3. There are maps of spectral sequences
(Fa: Ere = B oy, j=1
(r=2, t>0) with the following property : if E}.ﬁ@v‘{k v4** belongs to E% , (where
the sum is taken over a finite number of k’s, X, is represented by an element x, of H.X,
h is a positive integer and t=d,|v,| +(h+k)|v,|), then
(F)w(Zm@etiot™) =0, if j<h
and

(f")*(g;) %, Quirvltk) is the class of x,Q@vist @V iy BT 110y

RemARk 3.4. This theorem provides infinitely many ways to compare the
Atiyah-Hirzebruch-Dold spectral sequence for BP{2> with that for BP{1>. If
one is dealing with a specific problem, it is generally advantageous to use several
of the maps (f,)x. This method may be of special interest in order to understand
the differentials d5 ,: E; ,—E’_, ;.,-1 in the spectral sequence for BP<{2>: for
instance, if we choose j<#, the vanishing of ( fj)*(éﬁk®v§kvé“”) gives the
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equality
(f,)* °d§,t(’§ %, Q@vivs**) =0 in E;-r,t+lvll+r—1 .

ExampLE 3.5. We present here a more explicit application of our compar-
ison method. We have seen in Section 1 that if the spectrum M(2f, v{1, vie,
-«+, vjn) is constructible, then j, and j, are forced to be >i. But now, we can
prove that there must also exist a relation between j; and j,.

If we compute BP{2>, M(p’, v, v{2) via the BF<{2>-homology exact se-
quences associated with the cofibrations defining M(p’, v{1, v4z), we find that
BP{2>, M(p', vit, vi2)=Z[p'[v,, v,]/(v]1, vi2). On the other hand, if we per-
form this calculation via the Atiyah-Hirzebruch-Dold spectral sequence

E3 , = H(M(p', vi, vi2); m,BP{2>) = H,M(p', vi1, v{2)@m,BP{2)> =
BP{2,.,M(p', v, 7)5‘2)

(recall that Hy M(p', vi1, vi2)=Z[p' - ay@ A(a,, @;) with |ag| =0 and |a,|=j,| |
+1 for k=1 and 2), we observe as in Example 1.3 that
dizv2l+1 (a2®1) — 7\,00®’U£2 ,

j2lv2|+1,0

where  is a generator of Z/p'. 'Then, take the map f;,: BP{2)—3""BP<1>
and notice that the homomorphism (f;,)x induced by f;, on homotopy maps 1
onto a multiple of v,, say pv, with pEZ,, since (fj,)«(1) belongs to 7z, BP1>.
The homomorphism (fj,)y: Ej2'zsi+'—E Z44 given by Theorem 3.3 provides
the diagram

. . (fix .
Ia Jalval+1 Jolvgl+1
A, Qi € Eo.izl"zl 0,720l +|v,1
):2|92I+1 jalvg|+1
lezlﬂzlﬂ.‘! dj2|u2|+1,|v,|
. (fids
Jalval+1 > J21vzl+1
a2®1 = Ei2|°z|+1.° Eizl"zl“.l'lll .

Consequently, the commutativity of the diagram shows that d/2/”2!*! = (a,® uv,)

Jalval+1,1v,]

is exactly the class of Ag®v{¢*D72+! in ng;:,zgltr,vll. But recall that BP{1)4

M(p, vy, vi2)=Zp[v,]/(v{1)@A(w,) (see Example 1.3). Therefore, there are
only two systems of non-trivial differentials in the spectral sequence E¥ 4:

flogl+1 kY ji+k
d;;|y:|+l,k|vl|(al®‘vl) - A'Izao®7)'l,"+
and

jylogg+1 B\ __ N7/ itk
‘iz’}nvhuzluzuz.uu,l(aﬂz@”l) = M@ Qi

for all k=0, where A, and A; are generators of Z/p'. Thus, we conclude

jalvg|+1 : i (p+1)jg+1 3o [Fizlval+1
that Jizl"al“.l";l is trivial and that the class of Ag®o{?*"72*! in Eo_].zn,zl“,,ll
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is 0. However, it turns out that the only differential which may kill it is
dilnl+ starting from a,®o{’*V/2*'=/1 (provided (p+1)j,+1—j,>

F11911 41, (P4 1)ja+1=j1)|vq]

0). This produces the following inequality in order to be in the right E":

Jelv] +1> gyl vy | 41,

or in other words,

-2>j1|7’1| _ N
| 5] p+1

(observe that the condition (p+1)j,+1—j; >0 is then trivially verified). There-
fore we have deduced very easily from our general argument the following condi-
tion on the constructibility of M(p*, vi1, vi2):

If the specrtum M( P, vi1, vi2) is constructible, then j,>1, j, >1i and

LN
P pT
ReEMARK 3.6. Stronger results may be deduced from the fact that for any
ideal I C BP,, the realizability of BP,/I as the BP-homology of a spectrum implies
that / is an invariant ideal (see pages 138 and 319 of [8]). Thus the full power
of BP,BP cooperations can be brought to bear on the problem. Notice also

that Lin gives conditions for the realizability of M(p’, v{1, v4?) for the case p=>5
in [7].

RemARK 3.7. The method presented in the above example provides in gen-
eral new information on the existence of connective spectra X such that

BP{2>, X =Z[p'[v,, v,]/(v]1, vi2) @A for some A.

ReEMARK 3.8. In the case when m is 1, Remark 2.2 allows us to compare
the Atiyah-Hirzebruch-Dold spectral sequence for BP<1>-homology with that
for ordinary homology with Z,-coefficients (whose E’-term has only one
non-trivial line).

REMARK 3.9. Of course, we would like to generalize our argument and ob-
tain maps between the Atiyah-Hirzebruch-Dold spectral sequences for BP<{m)>
and BP{m—1) for any m>1. In particular, if we were able to check the
hypothesis of Theorem 2.1, i.e., to show that for any m>2 some power of v,,-,
annihilates BP{m—1)""""*{(BP<{m>|(v},)) for appropriate j’s, then we could
conclude that

L dmelOanl TRt e pt]
Jm | O | _]m-lpm-1+Pm-2+ |

for 2<m<m in a constructible M(p’, vi1, viz, -+, vin).
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4. A modified Bockstein spectral sequence for BP{2)>
In Proposition 5.14 of [5], Johnson and Wilson introduce a spectral sequen-
ce coming from the BP Bockstein cofibration sequence
SYosl BRSn> 22 BP(n> — BP{n—1>.

A similar spectral sequence can be obtained by gluing together the cofibrations
in the bottom row of the first diagram in Section 2 to get the following tower of
cofibrations.

!

BP{2)[(v5*?)
1gs+l N

BP{2>/(v3*Y) LN SE+Dle+1 BP(1Y
1 2 N

BP{2>/(v3) =, Seivlt BPL1D
|

P

BPQ2|(w) —» SHHBRCI
130 N
* —>  ZBPD

The diagonal maps, A,, are the cofibers of the /’s and have degree one. If
we smash everything with a spectrum X and then take homotopy, we get a
spectral sequence with

E;, ¢ = (3 BPLD)(X)

r . r r
s,pe Lg ¢ ™ Es+r,l—-1

(see Boardman’s [3], Section 4). We call this the modified Bockstein spectral
sequence for BP{2>4X, because, as we will show later, its E~-term is analogous
to that of the ordinary Bockstein spectral sequence. It has the same E'-term,
up to a change of grading, as the spectral sequence of [5]. Note that the inverse
limit of the vertical maps in the tower is BP{2>.

Let us analyze the convergence of this spectral sequence. For convenience
we will assume that X is (—1)-connected and we set M=BP{2>,X and write
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A, ; for BP{2)/(v3),X, and for any graded module D, write D, to mean the ele-
ments of degree ¢ in D, so that we have the short exact sequence

i‘ s -
0— (M|v3-M), — A, , £> (Ker{-v3: M — M}),—g1p-1—> 0.

In the terminology of [3], this is a right half plane spectral sequence so that, by
Theorem 9.2 of [3], if Rlim Z7,=0, where Z%7,=A7(Im{g,4;10°* 0ge1,-1:
«—r

Ay, —>Ag,)), this spectral sequence converges strongly to ELiE_(BP<2>/
]
(v4)xX), filtered by F,=XKer{lim 4 —>Ag}. We have two jobs, show that
—i

Rlim Z% ,=0 and determine F,/F,,,, which is of more interest than the group
P a—

being filtered, as is usual for Bockstein spectral sequences.

The whole strategy for both computations, is to work with the much sim-
pler systems, C;=M/v;-M and B,=Ker{-v;: M—M} and then use the short
exact sequence of inverse systems

L1 Ps-H
0—-Ciyy—> 44— B,y >0

lgé | lgs lgi’

bs

0—- C, = A, — B, -0

to derive the results for 4,.
Lemma 4.1. lim A4,=lim C,.
s s

Proof. If x is an element of B,,,, then gi{/(x)=v,xE B, because of the
definition of g, given by the first diagram of Section 2. Now use the exact
sequence (see 1.8 of [3])

4 :
0—lim B, - II,B,— II, B,—~ Rlim B,—~ 0, (*)
“«—s s
where (dx),=x,—g!(%;41)=%,—0,%,4;. But since My=0 for %<0, for any
xE M, there exists an integer k (with 0< ksl—tl—) and an element y € M,_,,, such
T2

that x=ov%y and y&Im{.v,}. This shows that d is injective and that

lim B,=0. Finally, from the six term exact sequence
«—S

0— lim C,— lim 4,— lim B, > Rlim C,— Rlim 4, Rlim B,— 0,
€5 s 5 €S €5 €5

we get the desired isomorphism.
Now we want to identify F,/F,,,. First, define F(=Ker {lim C;—Cj}.
«ij
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A diagram chase around

0
V

Fi{<lim C;—>C,
i

| =

F, < lim 4,—> 4,
«j

(where the two rows and the last column are exact), shows that F,=F{: so

it is sufficient to identify F{/F{,,. If x&M, let us call x; the class of x in C,:

it is then clear that g{(x{,,)=x:. Now from the sequence (%) for lim C,, we see
s

that lim C, is the usual (v,)-adic completion of M. Thus F;/F{,;=v3+M[v$*'.
L e 3

M and we have proved the following
Lemma 4.2, F,|F,,=vs-M/[v;*- M.

Finally we have to show that the spectral sequence converges. Although
we only really need weak convergence, Theorem 9.2 of [3] implies that our filt-
ration makes weak convergence equivalent to strong convergence and that we
may verify the convergence of the spectral sequence to EliE.(BP<2>/(*v£)*X)z

t

3 BP{2>,X (see Lemma 4.1) by checking that Rlim Z} ,=0. Here we definite-
«—r

ly need to fix a value of ¢ before taking these limits. Since the maps in the B
system change ¢, we are going to regrade B, taking B,, to mean the image of
4,, i.e. B,; means elements of degree t—s|v,| —1 annihilated by multiplication
by o3 so that B, ,=0 for t<s|v,|. Having fixed s and ¢, pick r to be any integer
with (r+-s)|v,| >t+1. Now, a non-zero element x in Z% , corresponds to an ele-
ment Xy, in Ay, , With y=sg,0---0g,1,1(x,4,) %0 but g(y)==0. Let Z77, be
defined similarly: Z¢/,=A7 (Im {1 08441000844 s 12 Copyy=>Ciiri}). For x'=
0€Z;’, we have an element x{,, in C,,,, with analogous conditions about the
action of the g/’s: y'=ig08{ 10 08!, 1(xi+,)F0 but g(y')=0. But since
B,.,,=0, we deduce that i ,,: C,;,—>A4,,, is an isomorphism and it follows from
the fact that g oi;,, =i 0g] for all j that

Z5 =271, for all r> t|+|1 —s.

Uy

Now, because C,., maps surjectively onto C,, Z4’;}' maps onto Z', so that from
() we get

Lemma 4.3. Rlim Z7 ,=Rlim Z{’,=0.
<« «—7
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Finally, what we have proved is

Theorem 4.4. The modified Bockstein spectral sequence for BP{2),X,
where X is (—1)-connected, converges strongly to BP{2>x X filtered by F,,=
Ker{lim BP<2)/(v$),X—>BP{2>((v3),X} with

i

ET 0 = Fs,t/F:+l,t = 'v;'BP<2>t—s|uz| X/v§+l°BP<2>t-(s+1)lnle .

Being a kind of Bockstein spectral sequence, although it is meant to give us
a schema for computing BP<2>-homology from BP{1>-homology, in practice
what is of interest are the differentials. Since

,v(lp+1)j+1°lj =0

(see Corollary 3.2), we get:

Theorem 4.5. In the modified Bockstein spectral sequence for BP<{2>4 X,

‘U(lp+l)(r+s)+1d:" =0.

Proof. Notice that the horizontal arrows, [, in the tower of cofibrations
are elements of the groups which Corollary 3.2 tells us are killed by appropriate
powers of ;. Since the definition of the diffeiential 45, involves composing a
certain class of maps in BP{2>/(v5*")x(X) with the homomorphism induced by

l,.,.,: BP<2>/(‘ZJ§+r) —_ 2(s+r)lv2|+1BP<1> ,

we get the desired result. Notice that the same result holds for the cohomology
versior of this spectral sequence.

ExampLE 4.6. Again we apply this result to the study of the constructibili-
ty of M(p!, v{1, vi2) and not surprisingly get a similar result. First, setting
=Z/p'[v,)/(v]2) so that BP{1>M(p', vi1, viz)== JPS/*1 ], we find that

E:* —_ 2"”2'“]'a,@z(’+j2)|"2'+2_]'ﬁ, .

Then, for degree reasons, d; «(a)=0 for all  and s as well as d} 4=0 for all
r>j,. Since BP{2 4« M(p', vi1, vi2)=Z/[p[v,, v,]/(v]1, vi2), we get:

2‘1"2""1], lf S<j2

E54==v3-BP2>:M(p', vhr, vi) 03! BPL2DM(p', vi1, Z)52)’%’{ o
' 0 , if s>7,.

The first case tells us that d7_, =0 for s<(j, (i.e. no multiple of e, is in the ima-
ge of a differential when s<j,), while the second case coupled with the fact that
d =0 for >, tells us that d{2(B,)=»na;, where A generates Z[p’. Finally,
by Theorem 4.5 we have
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d3%(8) = A,
l <P+ izl l Cp{prizel
0 = aP*Viztlg; e Zp[v,]/(v]).

Therefore, we must have (p+1)j,+1>j5—1, ie., j,> ?I? in a constructible
M(p', vf, vi2).

(1
[2]

(31
[4]

(3]
[6]
(7]
(8]
9]
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