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1. Introduction

We consider a bounded domain Q in R? with smooth boundary 7. Let
B, be the &-disk whose center is WeQ. We put Q.=Q\B,. We consider
the following eigenvalue problems (1.1) and (1.2):

(1.1) —Au(x) = ME)u(x) , xEQ,,
u(x) =0 N €Y,
=0, xE0B,,
ov

where 8/0v denotes the derivative along the inner normal vector at x with re-
spect to the domain Q,.

(1.2) —Au(x) = au(x) , x=Q,
wx)=0, xEY.

Let 0<p,(8)<uy(€)<--- be the eigenvalues of (1.1). Let 0<p,<p,<---
be the eigenvalues of (1.2). We arrange them repeatedly according to their
multiplicities. Denote by {@;(€)}7-1 ({®;}7-1, respectively) a complete ortho-
nomal basis of L*Q,) (L*Q), respectively) consisting of eigenfunction of —A
associated with {u;(€)}7-1 ({®,} 7-1, respectively).

In this note we consider the following problem:

Problem. What can one say about asymptotic behaviour of ¢;(€) as & tends
to zero?

It is well known that x;(€) tends to x; as € tends to zero. See Rauch-
Taylor [8], Ozawa [5]. As a consequence, u;(€) is simple for small £>0, if we
assume that u; is simple. Thus @;(€) is uniquely determined up to the arbi-
tratiness of multiplication by +1 or —1.

We have the following Theorem 1. Theorem 2 is our main result.
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Theorem 1. Fix j. Assume that p; is simple. Then, the following state-

ments (i) and (ii) hold.
(i) We can choose @ ;(€) for €0 so that

lim | (p/E))px)dr = 1.

(i) If we choose @;(€) as in (i), then

(1.3) lle(€)—;ll =@ = O(E) -

We introduce the polar coordinate 2—@=(r cos @, rsin ) to state the

following

Theorem 2. Fix j. Assume that p; is a simple eigenvalue. If @;(€) is

chosen as in Theorem 1, then

(14) (5% 0) )(e cos 8, & sin 0)

=2 _a@; (¢j<r cos (94—%)’ e (9+%))

for an arbitrary s>0.

(1/2)-s
_ 00

r

ReMARK. 1) Proofs of Theorems 1 and 2 are given in the section 2.

2) The remainder estimates in (1.3) and (1.4) are not uniform with respect

to J.

3) Theorems 1 and 2 prove the conjecture stated in the previous work [5]

of the author.

4) The celebrated Hadamard variational formula (See Garabedian-Schiffer [4])

says that
15 Zue)= - (lenad p0@ I —uE)pENEda,

holds when y; is simple, where do; denotes the line element on 0B,.
apply Theorems 1 and 2 to (1.5), then

0

—ui(€) = 0(8).

0 w(e)=0e)
Hence p;(€)—p;=0(€%). Using (1.5) once more, we can prove that
(1.6) pi(€)—n; = —(2r|grad @@y —n pp (W))E+0(E~),
while we have already obtained in [5] much stronger result

pi(€)—n; = —(2z|grad o, (@) |*—np jp(@)")€+0(€* | log €]7) .

If we
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However, discussion in [5] was very complicated. Present proof via Hadamard’s
variational formula (1.5) is much simpler.

See Ozawa [6], [7], Figari-Orlandi-Teta [2] for other recent developments
on the asymptotic behaviour of the eigenvalues of the Laplacian under singular
variation of domains.

A part of this work was done while I stayed at Courant Institute of Mathe-
matical Sciences. I here express my sincere thanks to C.I.M.S., Professor
G. Papanicolaou and Ms. Vogelsang for their hospitality.

2. Sketch of the proof

Let G(x, y) be the Green function of the Laplacian in Q under the Dirich-
let condition on v. Let Gy(x, y) be the Green function of the Laplacian in Q,
satisfying

—AGy(x, y) = 8(x—y), x, yEQ,

G!(x) y)IxE’Y =0 ) yEQe
9 G',(x, y)lzeng =0 ’ yE'Q'e .
ov,

Let G (G,, respectively) be the bounded linear operator on L*Q) (LX(Q,),
respectively) defined by

(61)x) = |Gl 9)f()dy,
C8)) = | Gulx ey,
respectively. Then, (1.1) and (1.2) are transformed into the problems
(Ga)(x) = ME) ()
(Go)(x) = A"0(x) .

We want to compare G, and G. It should be remarked that the Green opera-
tors G, and G act on different spaces L*(Q,) and L*). One of technical
difficulties arises from here.

In order to relate G, with G, we introduce the operators R, and R, To
describe integral kernel of R, and R,, we put

0 0
6w,~ a(x’ w) 6w,~

2
Vua (%, w), Vb(w, y)) = Z-‘{ b(w, y)
for any a, b€ C QX Q\(QXQ),), where (2XQ), denotes the diagonal set of
QxQ. Then, <V,, V,> is invariant under any orthogonal transformation of
an orthonomal coordinates (w;, w;). We define
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re(%, ¥; w) = G(x, y)+27EXV,G(x, w), V,G(w, y)>
and

re(x’ y) = re(x’ Y ZT)) .

Also we set
77,(.%', y) = G(x) y)+27[82<va(x’ iU), VwG(w’ y)>|w=ﬁ§e(x)ge(y) ’

where £,&C~(R?) satisfies 0<&,(x)<1, £(x)=1 for x&R’\B, and &,(x)=0
for x& By,
The operators R, and R, are defined by

(Reg)®) = | o e0)y, sz,

(R = | _7s )My,  wea,

respectively. Roughly speaking, R, is a very good approximation of G,. By
definition it is not difficult to compare R, with R,. Since R, acts on L¥(Q)
and not on LX), we can easily compare R, with G. As a consequence we
can compare G, with G.

Proof of Theorems 1, 2 are divided into several steps.

First we show

IGe— Rl 120 = 0(€*~°)

for any fixed s>0 as € tends to zero. Here ||| |||,#(q, denotes the operator norm
on L?(Q,). This will be done in the section 4.

Second we consider R, as a perturbation of G. We construct an approxi-
mate eigenfunction r*(€) and an approximate eigenvalue A*(€) of R,. Here
A¥(E), Y*(€) are explicitly constructed by usual perturbation method so that
they satisfy

|(Re—2*(€))¥r* ()l 2 = O(€*[log €])
and

[Ir*(E)| 2y = 14-0(€%| log €] ) .

Since A¥(€) and +*(€) are constructed by perturbation theory, A*(€) is close
to p; and yr¥(€) is close to ;.
A key step is to examine the following decomposition of @;(€).

?:(&) = 537u6),

where
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Ji(€) = 1i(€)(G.—R,)(2;(€))
J2(E) = pi(E)Ry(Pi(€)—1 XA (€))
J3(€) = pi(E)tR (XA (E)) -

Here X, is the characteristic function of Q, and
t=sen | (@,€) @ x)ds.

We can prove the following facts. Here s is an arbitrary fixed positive
constant:

(2.1) 1 JiE=cap I JAE) 2@ = O(E*%) .
(2.2) [12,(8)* Jo() —tepe, @il 1@ = O(E) .
(2.3) max |grad, (/(€))(z) | = 0(6™*™) .
(2.4) max |grad, (/,(€))(2) | = 0(&"™).

(25) RETZOO) P——

= 20417 (2 (217 cos(O+(x/2), 7 in(O+ (x/2)) ) mart0(E).

These will be proved in the section 6.
Here we assume (2.1)~(2.5) and we would like to prove Theorems 1 and
2. From (2.1) and (2.2) we obtain

(2.6) l1p;(8)— et (&) 17 Pl 1@y = O(E) -
It follows from (2.3), (2.4) and (2.5) that

@.7) A6 (6@0(%(5)) ) (e cos 6, & sin 6)
— 2,5 a% (@(r cos(0--(/2)), 7 sin(O-+(x/2)))i,—o--0(EVD9) .

We put (2.6) and (2.7) into (1.6) and we obtain

(2.8) p(€)—n; = 0(€%).
This together with (2.6) proves Theorem 1. Theorem 2 follows from (2.7)
and (2.8).

Thus, our effort to get Theorems 1, 2 will be concentrated on showing
(2.1)~(2.5). 'This will be completed in the section 6.

Before going further, we explain the reason why r7(x, ) approximates
G(x, y) well. Put
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2e(%, ¥) = 1(%, y)—Go(%, ¥) -

Then,
AzQa(x» y) =0, x, yEQ,
%(*,y)=0, xE7,yEQ,
and
0 0
(29) (x; y)lx=(e,0)__G(x) y)lz=(e,0)
v, ox,

—27&? "a— <VwS(x) w)’ VwG(w’ y)>IW='u7=o,:=(c,o)

2 /1 o
— 278 (_ log | x— G,
€ o, \2r By glx wl (w, ¥)

1
+§—5;10g]x—w| —G( y))

|w=%=0,2=(e,0)

== G ’ w=w=0 )
61(wy)l 0

where S(x, y) =G(x, ¥)+(1/2z)log|x—y|. And using (2.9) the L’(Q,)-norm
of the operator G,— R, will be estimated in the section 4.

3. Preliminary lemmas

We recall the following:

Lemma 1 (Ozawa [5]). Assume that u,& C=(Q,) is harmonic in Q, ty(x)=0
for x& and

max { | 0uy(x)/0v | ; xE0B} = M
Then,
| ug(x)| <CEM(1+ |log(|x—w]|/E)]), xEQ,

holds for a constant C independent of €.
For any periodic function (@) of 60, 2z] with the Fourier expansion
a(f) = u0+g (4, sin k92, cos k),
we put
Ky(a) = i'. BS(ui12)2 .
Lemma 2. Consider the equation

3.1) Av(x) =0, x€R’\B,
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(3.2) g—v(x)lx=(c050,sin0)=a(0)
14

for given a(6). Then, there exists at least one solution v of (3.1), (3.2) satisfying

(3:3) lo(x)| <C max|a(6)|(1+ [log|x| )
and
(34) 525“311 grad v(x) | < Cy(max | x(6) | K(a)

for (1, o).

Proof. We know that

w43 (4 <2n max | a(9) .

Put
v(x) = u, log r—{—lﬁ] (—F&)~Y(w, sin kOt cos kO)r=* .
Then, v(x) satisfies (3.1), (3.2), (3.3) and (3.4). q.e.d.

Lemma 3. Fix q=(1/2, o). Then, under the same assumption as in
Lemma 1,

5232\;(' grad e (x) l <€ (M+K2q ((g_:l! (2’) )Iz= (ecose, tsin-))) ’

Proof. In the following we write (€ cos 6, & sin 8)==&e(6).

Applying the similarity transformation of coordinates to Lemma 1, we
have the following:
There exists at least one solution of

Avy(x) =0, xe R\B,
(g—f,’:)(ee(é’)) - (g—:‘:)(ee(a)) . 6es'(=0B)

satisfying

[0e(%) | se05. < CE max

<%)(se(9)) \ (1+ [log(|x—| [€]))

and

max| grad 0,(2) | -u < c( max (g%) (€e(8)) ‘+qu (( aa’: )(Ee( ) ))

for g€ (1/2, o).
Then, the function v, may not satisfy v,(x)=0 for x&vy. Overcome this
difficulty, we apply the same argument as in Ozawa [5; Proposition 1], and
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we obtain the desired result. g-e.d.

We wish to replace the semi-norm Ky(a) by a Holder norm. To do this
we let H%%S") denote the L?-Sobolev space of order . Here ¢ may not be an
integer. It is well known that

Cillal] gz <|la|] z2shy+Kazq(cx)
< Cyllel gozst

holds for a constant C), C, independent of « if ¢>0. We know that H%*S")-
norm of u is equivalent to the following norm:

2¢-1 2
IIuI'L2(31)+(SSslxsl |u(x)—u(y)|2|x—y| %~ dxdy)
when 0<<g<<1. See, for example Adams [1]. Thus, we have

(28] | 0,205 < (||l | 2¢sty - [2el [ co+ o (s1y)

for any 0>0. Here || ||c#s denotes the usual Holder norm on S
We know the interpolation inequality

1—(u/k (u/ B
llerssy < Cllulgay™ | 242,

for any 0<p<p<l1.
Summing up these facts, we get

Koy(a) <O(lletl | 2sn el lgassy Dl |E(S2)

for g=(1/2, 1), 12<¥<E<]1.
Applying this to Lemma 3 we get the following

Corollary 1. Fix 1/2<&'<€<1. Under the assumption of Lemma 1,
(3.5) max | grad uy(x) | <C(M~+ M~ E1O Ly ()E1D)
€ 4
Here

L(e) = ” < gu' >(z)|z=!e(°)

v

cé(sh)

4. Approximate Green’s function ry(x, y)

We use the following properties of the Green function frequently, so we
here write them:
(+.1) |G(x, y)| <C|log|x—y]|
(4.2) IV.G(x, y)| <C|x—y|".
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Thus,
CX) [(Gf)(x)| <CllIfll2@ (p>1)
(4.4) lgrad, (Gf)(x) | <ClIfllpy  (p>2).

First we obtain the following

Lemma 5. Let pE(2, o). Then, there exists a constant C>>0 independent
of & such that

[|Re— G| | 120 K CE~ P |log €.

Proof. Fix feC7(Q,). Then g,=(R,—G,)f satisfies Ag,(x)=0 for xQ,
and g,(x)=0 for x€7.
By (2.9) we have

#5 el

|z=(e,0)

N x _0 7 2 0 X w
= @A)~ @)+ 208 LTS5, ), V(G ()

for w=w (=0).
By the Sobolev embedding theorem we have

(4.6) G fllcr+a@ < Cll fllzrcae

if a=1—(2/p), 2<p<<oo. Here || ||,2oy denotes the L?(Q,)-norm. There-
fore, (4.5) and (4.6) imply

ig.(x)

SCEI-(ZIP) .
ov ”f”Lﬁ(og)

max
*€0B,

By Lemma 1 we get the desired result. q.e.d.
The next lemma is stated in the introduction.
Lemma 6. Fix pe(l, oo]. Then,
1R, —Gelll . = 0(€*)
holds for any fixed s>0 as € tends to zero.

Proof. Assume that pE(l, ). Put @ =R,—G,. The operator Q, is
self-adjoint on L*Q,). Thus, we get

11Qelllr0 = llQelll:r @ (7'+(g) ' =1).

By the Riesz-Thorin interpolation theorem we know that
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1@l | |Lf’(ng) <11Qell |L“(ng)

for any pe(q’, q), ¢>2. We take sufficiently large ¢>2 and apply Lemma 5.
Then we have Lemma 6 for p=1, co.

Assume that p=oco. Then, we get Lemma 6 with p=occ by the same
argument as in the proof of Lemma 5. q.e.d.

Now we wish to compare R, with R,. We denote by )AC, the characteristic

function of the set B,. Then, 92,=1——X,.
We have the following

Lemma 7. Let pe(l, ), gE(2, ) and r&(2, o). Then, there exists
a constant C such that for any ve L'(Q)

Ilev_Re(xzv)llL’(ﬂg)
SC(GZ_(ZM) |log €| “7)||Lq(0)+8(2//) [log &[|2]lreze) -

Proof. Put k,=Xj2,v—R,(X,v). Then, A,k(x)=0 for x&Q, and ky(x)=0
for x=vy.
We have

(47) a—avke(x)lx=(e,o)
= aixl(Go“c,v))(x).,,:(..o)—é—fu—l(G@e&v)xw)
—|—27[82 aix<va(x, ‘ZU), VWG(AXQE!‘U)(ZU)>|Z=(8,0).w*—‘w'

The first term minus the second term in the right hand side of (4.7) does not
exceed

A e S CCACEEADC)

for 6 (0, 1). By (4.2) we see that

|V, G(XE0) @) |+ | V.G (X1 —E )0) (@) |
<SCEU Y |9]| sy »

where (r')"'=1—7"". Thus, Lemma 7 follows from these estimates and
Lemma 1. q.e.d.

The following Lemma 8 asserts that @;(€) behaves well even in L’ space
as € goes to zero.

Lemma 8. Fixjand pe(l, oo]. Then,
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llpi(E)ll 2@y <Cp<<oo
holds for a constant C, independent of €.
Proof. We devide @;(€) as follows:

(4.8) Pi(E) = 1i(€) (Reps(€))+ 11(€)(Ge— Ro)94(€))) -
Rauch-Taylor [8] proved that
(4.9) lim j(€) = p; -

By Lemma 6 we have
l2/(€)" (Ge—Re)P;(E)ll .20 < O(E**)l;(E)l] oo -
This together with (4.8) proves that
lle;(E)ll 2 <CIRp;(E)ll 2 -
By the definition of R, we have
IR @;(E)ll 220 < CF(1+-¢log &[2)l|@;(€)l] 2ae)
for pe(1, oo]. Since @;(€) is a normalized eigenfunction we get the desired

result. q.ed.

5. An approximate eigenfunction of R,
Let G, denote the functional v(x)+— (Gv)(w). Put

A(E): v 22KV, G(+, w), V,Go(EO)D | u=i -

Then, R,—=G-+¢&?4A(€). We wish to construct an approximate eigenvalue A*(€)
and an approximate eigenfunction y+*(€) of R, in such a way that

(5.1) l|(B—2*(E))¥r*()l] 20 = 0(€?)
and
(5.2) [*(E)l 12y = 1+0(€|log €])

By virtue of perturbation theory, we may take
A¥(E) = u3'+ENE),

where A (€)=(A4(€)p;, ;). Here (, )2 denotes the inner product on L*Q).
And we may assume that {r*(€) is of the form

V() = @;+E(E),
where Jr(€) should satisfy (5.3) and (5.4):
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(53) (6—k7)H(E) = (ME)— A€
(54 [ @rEnEe,@ax=0.

Note that G is a compact operator and that the right hand side of (5.3) is ortho-
gonal to @;. Thus, the unique solution (&) of (5.3), (5.4) exists.
We see that

(5:5) (R—A¥E)W(E) = E(AE)—NMENWE) -
To estimate the left hand sides of (5.1) and (5.2), we need the following

Lemma 9. For a constant C independent of &, we have

(5.6) HAE 2@ < CE* P2 log €2, (p>2)
(5.7) HAEN 2 <C |log €|
and

[ (E)llLoy S CEEP?|log €2, (p>2)
(&)l 2 < C |log €].

Proof. By a Holder inequality and (4.1) we obtain (5.6) and (5.7). Using
(5.7) we have

[I(ME)—A(E)) @il 12y < C'||| Al 2260
<Clogé&].

Thus, by virtue of the Fredholm theory we obtain a bound for L*Q)-norm
of y(€). Similarly we get L’ estimates. q.e.d.

By (5.5) and Lemma 9 we have the following fact, which is stronger than
(5.1).

Lemma 10. For a constant C independent of &
(5.8) [I(Be—2¥(E)W*(E)ll 2 < CE* | log €17

Since G, is approximated by R, (Lemma 6) and R, is approximated by
R, (Lemma 7), we may consider y-*(€) as an approximate eigenfunction of G,.
More precisely we have

Lemma 11. For a constant C independent of &
(5.9) (Ge—2*(ENXed*(E))l]2@0 = O(€*)
holds, where s being an arbitrary fixed positivé constant.

Proof. We see that the left hand side of (5.6) does not exceed
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(5.10) |!(G,—R,)(X.«lr*(e))Hmogﬁ—lIﬁitlf*(e)—Re(XexIr*(é))lILzme)
(R —1*(E)¥*(E)ll 200 -

The last term is estimated by Lemma 10. By Lemma 7, the second term of
(5.10) does not exceed

Ce @0 |log &|[l*(E)llL1@+C X | log & [[l*(E)ll iz -
We see from the definition of y»*(€) that
) vz < ljll ez +ETN(E r s -
We apply Lemma 9 to this and we have
[N *(@)llzrzo < C(E¥7 00" [log €|'7)

for r>2. Thus, the second term of (5.10) is 0(€>7%). The first term of (5.10)
is also 0(&%"*), since we have Lemma 6 and |[y*(€)|.2p=0(1). Summing up
these facts we obtain (5.9). q.e.d.

The next Lemma states that u;(€) is close to A*(€) and @;(€) is close to
X (€).

Lemma 12. Under the same assumption as in Theorem 1

(5.11) A*(E)—ps(€) = 0(&*™)

and

(5.12) llp;(&)—2:X e ™*(€)ll 20 =0(""")
hold.

Proof. We know from (5.9) and a spectral theory of compact self-adjoint
operator that there exists at least one eigenvalue A4(€) of G, satisfying

Ax(E)—A¥(€) = 0(6%7) .
Rauch-Taylor [8] showed that p,(€) tends to u, as € tends to zero for any k.
Thus, we get Ay (€)=p;(€)™"
By the eigenfunction expansion
Gof = 33 e Kul®), Oul8),
we have
[(Ge—2*(E)) (X *(€))l 220
= 2| (&) AXE) < @u(€), Xedr* (€D 1

Since A¥(€) = uj! and (€)' — pi' as €—0, we have
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3 Keue), X H (e = 0(E ™).
This implies

IXAH(E)—<p (€ ), X (EDpi(E)an = O(E).
Thus,

[<@p;(E), Xr*(&)Y*—1]| = 0(6*°%)

and we obtain (5.12). q.e.d.

6. Proof of (2.1)~(2.5)
In this section we shall complete the proof of Theorems 1, 2 by giving
proofs of (2.1)~(2.5).
Recall the definition of J,(€).
Ji(€) = pi(E)NG—R,)(p;(€))
JA€) = pi(E)Rpi(€)—Xe*(€))
Jo(&) = pi(E)R(Xel*(€)) -

Here we should state that we choose @;(€) so that #,=1, because we see in the
final part of the section 5 that ;=1 for small £>0.

Lemma 13. Fix an arbitrary s>0. Then,
HJI(E)HL'”(QE) = 0(82—3)
and (2.3) hold.

Proof. Let @;(€) be the extension of @;(€) to Q putting its value zero
on B,. We know that J;(€) is harmonic in Q, and zero on v. We have

il
ov,

= i((ngj(E)))(r cos @, rsin 6),_,
or

(6.1) #1(E) = (J1(€)(2)1z=ee0

—%((G(pj (&))(r cos 8, 7 sin 8))),-,
12762 (_887<VWS(x, ), Vo(GP;(E)) (W) s=ec0), 0= -

Thus, by the same argument as in the proof of Lemma 5 we have

(6.2) max

B (&) @) |<Ce-|p,()ll ran
zedB, | Qv
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for p>2. By Lemma 8 we see that (6.2) does not exceed C’'€~®?, This
fact together with Lemma 1 show that

HJI(G)HL"(Qg) = 0(52_3) .
We now wish to apply Corollary 1 to J(€) to prove (2.3). We know that

S(x, w)eC=(Q). Then, C4S') norm of the third term in the right hand side
of (6.1) (considering it as a function of d) does not exceed C. Here we used
(44) and Lemma 8. By the fact

G flle+t @ <Cllflli=@ (<)

we see that the C¢(S") norm of the first and the second term in the right hand
side of (6.1) do not exceed C'%’ for £<1. From Corollary 1 we obtain

(63) max| grad, (J4(€))(z)| < C(E"*+Ce(&!~)0=E)
We take £'>1/2, £<1 such that |£'—1/2| +|E—1] is sufficiently small and we
get (2.3). q.e.d.
We have the following
Lemma 14. Fix an arbitrary s>0. Then
(6.4) I Jo(E)] a0 = O(€*7%)
and (2.4) hold.

Proof. Put X,=@;()—X*(E). Then, Jy(€)=p;(E)R.x,. By the defini-
tion of R, and (4.2), (4.3) and (4.4) we have

(6.5) | J(E)l a0 < C(ll el | 2@+ Ell el | 2500)
for pe(2, o). Lemma 8 asserts that

(6.6) ledlran<C's  pE(, o),

while Lemma 12 gives us the estimate

(6.7) llzell 20 =0(6") .

Let s’ be an arbitrary fixed number. Then, by the Riesz-Thorin interpolation
theorem we get

(6.8) Ilel 20 = 0(€*)
for p>2 close to 2. Thus, (6.4) is proved by (6.5), (6.6) and (6.7).
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By the definition of /,(¢),
(6.9) 10:,0:,G(x, )| <C |x—y|™*
and (4.4) we have
max [grad, (Jx(€))(2) | <Cllxell e
for p&(2, ). Thus, (2.;) is proved by (6.8). q.e.d.
Finally we have the following
Lemma 15. Fix an arbitrary s>0. Then, (2.2) and (2.5) hold.
Proof. We see that u;(€)7!/4(€) can be written as I1(€)+1II'(€). Here
TI(€) = Gp;+22EXV,G(+, w), V.G (Xe,) (@) 105

and
IT(€) = G((Xe— 1)) +-E'G(Xe\r(€))
1278V ,G(+5 w), VuG(XAr(E)) (@)D 1= -
We have
(6.10) T (@)@ < C (ll@;ll 2250 +E ()| ra)
for p>1, r>2. Thus, (6.10) is estimated by Lemma 9 and we get
(6.11) ITT'()ll 2220 =0(&")
for any s>0.
On the other hand, by (4.4) we have
(6.12) IIT1(€)— 17" @jll =20y = O(E) -

Thus, (6.11) and (6.12) imply (2.2).
We wish to show (2.5). By (4.4) and (6.9) we see that max{|grad, (IT’
(8))(?)]; 2=0B,} does not exceed

Cll@;llr €N (E)l @)
for r>2. Thus,

(6.13) mgc[grad, (T1'(€))(2) | = 0(&~*)
by Lemma 9. By the similar calculation as in (2.9) we see that
(6.14) (%(27:82<VwG(-, @), V(Gp,)(®)1a-3) ) (€ c0s 0, & sin 6)

= <% » ,.) (& cos 6, € sin 8)+-0(%) | V.(Go;)(@)]
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Thus,

0

(6.15) (—(n(e)—ﬂyl <p,.))(e cos 0, & sin 6)

a0
= pj? (—§—¢j)(8 cos 8, € sin 0)+0(&%)||@;llr

00
1-0(1) | Vo G(Xe2:)) ()

for r>2. Thus, by Lemma 9, (4.4), (6.15) and

0

(6.16) (~——¢,-)(8 cos 6, € sin 0)

a0
=2 (p/(r cos (O+(x/2)), 75in 6+ e/ -u+0E)

we get (2.5). q.e.d.

We have thus proved all of (2.1)~(2.5) which were stated in the section

2. Therefore our proofs of Theorem 1 and 2 are complete.
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(4]
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