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ON A GENERALIZATION OF LUKES’ THEOREM
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0. In the classical potential theory, M.V. Keldych [4] proved the ex-
istence of positive harmonic function % in a bounded domain D possessing the
property that % can be extended continuously onto D and takes the value zero
only at the prescribed regular boundary point. In virtue of this result it is
possible to obtain interesting results such as characterization of generalized
Dirichlet solutions H by its functional aspect and identity of the set of regular
boundary points with the Choquet boundary. In the axiomatic framework,
the former problem was studied by J. Lukes [5] thoroughly and it was cleared
up that for a relatively compact open set the classical result holds as well only
when the axiom of polarity is assured. As for the latter one, Bliedtner-Hansen
[1] proved completely in their deep result that it remains valid under some
condition even in an open set not necessarily relatively compact. In view of
this, it seems to be adequate to investigate the former problem for an arbitrary
open set. The purpose of this note is to extend Lukes$’ theorem to an open set
and normalized solutions of Dirichlet problem.

1. Let X be a P-harmonic space with countable base in the sense of [3],
and let P be the set of all continuous potentials on X. We consider an open
subset U of X with non-empty boundary 9U. We define

Cy(E): ={f; f is continuous on E, ApcP such that |f|<p} for ECX,
S(U): = {sCp(U); s is superharmonic on U}.
For an extended real valued function f on dU, we consider

B J hyperharmonic on U, bounded below,
#(a): =inf{v(a); lim inf 9> f on 08U, v>0 outside a compact
subset of X

and

Hjy: =—H
If H}=HY and is harmonic, f is called resolutive and H}=H?=H? is called
a normalized solution. It is known that all functions of Cp(0U) are resolutive,
thus, for each a& U there exists a Borel measure )\, such that

M(f)=H}a) forevery feCH0U).
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A, is nothing but the balayaged measure V. A point x€0U is called
regular if

lim H Ha) =f(x)  for every fECHOU).

The set of all regular points is denoted by Ulg.
From the deep result of [1], we know that
(1) S(U) is simplicial;
(2) the following (i) and (ii) are equivalent:
() p,:&fU for every x U,
(i) EEYOU\U,.g)=0 for every x€ U;
(3) (i) implies ChsyU=U,q,
where g, is the unique minimal measure of #,: = {u; positive measure on U,

w(s)<s(x)VseS(U)} with respect to the order defined by S(U).

2. Resorting to the above result of Bliedtner-Hansen, J. Lukes [5] obtained
the following theorem in the case where U is relatively compact:

Theorem (Lukes). The following statements are equivalent:
() OU\Chsw)U is negligible;
(i) if L s a Keldych operator then L ,—=H
(i) OU\U,eg s megligible.
Here, a Keldych operator L is a mapping of C(0U) into the space of all harmonic
function on U such that
1) L is linear and positive,
2) L <s for every s S(U).

Our purpose is to extend this theorem for arbitrary U. To this end, we
define a Keldych operator L is to be a mapping of Cp(0U) into the space of
harmonic functions on U satisfying above 1), 2).

3. We remark that H}=HY where

AY(a): — inf{v(a), hyperharmonic on U, lim inf 9> f on 8U, }

Ap> P such that v>—p

In fact, let v be hyperharmonic on U, lower bounded, liminfo>f on 80U
and v>0 on U\K for a compact subset K of X. Then inf{o; UNK}>—«
for a positive number «. We have a potential p on X such that p>a on U N K,
thus HA}>HY. Next, let v be hyperharmonic on U, liminfv> f on U and
v=>—p for some potent1a1 p, and let {K,} be a compect exhaustion of X such
that K CK,,H Pu= K+ decreases to zero. It is readily seen that v+p, is
lower bounded and 7)—[—;[),,20 on U\K,,,, thus v4p,>HY and finally HY > H?.



GENERALISATION OF LUKES’ THEOREM 701

From the above observation it is obvious that the normalized solutions H }
form a Keldych operator.

4. A Keldych operator .L/(a) defines a measure », on 9U, i.e.,
v(f) =-La) forevery fEC,(0U).
We define UZ,: ={x€0U; lim .L,(a) =f(x) V€ C,@U)}. It is clear that
x€UL if and only if £1_g1 2(a)=s(x) for every s&S(U). We prove the

following:

Proposition (Lukes).

ChsyUc UL, cU,.,.
Proof. We show first
(%) Ba<V, <N, for every ac U,

where p, is the unique minimal measure of J{, and A, is the harmonic
measure and the order < is introduced by S(U). If s&S(U) and |s| <p with
pEP, then lim sup, L, <s(x) and L, <L, <p implies that L, <H{<s, thus we
conclude (*).
Since p,(s) is lower semi-continuous on U,

() < Tim inf pz,(s) <lim inf v,(s) <lim sup v,(s) < s(x) .

LI=1/a T T

From this we have Chyq,UC U;fg, similarly we have U;fgc U,eg.

5. Now we shall prove Lukes’ theorem (n°2) for an arbitrary open set U:
the equivalence of (i) and (iii) is due to the result of Blidetner-Hansen (n°1).

()=(ii): let fECHOU) and | f|<p with pEP. There exists p,=P such
that for every £€>0 there is a compact subset K, of X with p<&p, on X\K,. By
hypothesis, we may find a non-negative hyperharmonic function @ on U such
that = is finite at a prescribed point of U and lim, w=+ o for every x€0U \
ChsyU. The function v=2€p,+E&w-+[H}—L,] is hyperharmonic on U, v>0
on U\K, and lim inf 9>0 on 9U. Thus, by boundary minimum principle,
>0 on U and letting €0 we have H}>_[;, similarly L, >H?3.

(i)=(i): suppose that 0U\Chs»U is not negligible. Since there is a
sequence {s,} of S(U) such that

ChsyU = N {x€0U; pyfs) = s,(x)}

we may find s€S(U) and ¢€ U such that
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A ({xE0U; pr(s) *s(x)})>0.

We note that f*(x)=p.(f) is a Borel function on dU and thus resolutive [2]
for every f€Cp(0U). Thus if we define

’Cf(a) - H}(‘)*(a) ’
then L, is a Keldych operator. However, L, is not H}, since
L) = H3(a) = N(s¥) F0o(s) = Hi(a) .

6. It seems to be an interesting problem to extend Lukes’ theorem to a
resolutive compactification of X.
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