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ON C-PROJECTIVE 8 AND 10 STEMS
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In [9] the author computed the stable C-projective homotopy of spheres
through the 13-stem but left the 8-stem 73,5 ,(S? ") for n=0,6 mod (8) and the
10-stem 75,59(S?*™!) for n=2 mod (3) unsolved. The purpose of this note is
to determine these stems. These stems are also dealt with by Snow [11] and
Gilbert and Zvengrwoski [3] which is a part of a master’s thesis by Gilbert [7].
Our method is rather more elementary than the methods of [3] and [11] in the
sense that their main tools are the spectral sequences but we do not use any
spectral sequences.

Our results are the followings.

Theorem.
) w35 (S? ) = { G l;fnzé mod (8)
Zy{ne} ifn=0mod (8),
Zo{np}  if n=5 mod (6)
SC Sz”_l _
- e { 0 if n=2 mod (6).

We use the notations in [8], [9] and [12] freely.
By Atiyah’s S-duality theorem we have

Lemma 1.
inr21-1(S™7F) = Ker [ip: #imr2140-1(S™) = Thmszrsk1(Prrsrin,111)]
where m=jM ,,(C)—n—I—1 for large j, and k=0 or 1. In particular,
7o 1(S?Y) = Ker[ig: wimss(S™) = w3ms8(Ppss)], m = jM(C)—n—5
and

755,6(S?1) = Ker [igs: Zms10(S™) = Timsr1o(Prmice)ls m = jM(C)—n—6

for large j.
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Proof.

nzsﬁz:_l(Sz""')
= Im [(Epn+l,1)*: n?”"‘“(EPﬁ,J) - ”';’ﬂ—k+1(S2(n+l))]
= Ker[g,e: 7"~ "+1(S%"*D) — 72'3"_“1(1)"+1+1,1+1)]

= Ker [il*: ”%m+2l+k—l(szm) - ”§m+21+k—1(Pm+1+1,1+1)]

for large j and m=jM,.,(C)—n—I—1. Here the first equality follows from
(1.3) of [9], the second one from the stable cohomotopy exact sequence associated

. . Pn+1,1 51
with the cofibration §***V'—SP,,,——>P,, ., 14, and the last one does

from Atiyah’s S-duality theorem [1] (or see (4.4) and (4.5) of [8]).

This lemma says that for our purpose it is enough to calculate some stable
homotopy groups of the stunted complex projective spaces. Those we need are
easily computed by the methods of [10], but they have been done in [2], [4], [5]
and [6] so that we do not give proofs of (i), (ii), -+, (xiii) except (iv) below.

We explain some notations used below. We denote an element of
im+i(Pwr,) DY [@]; which is mapped to a€G; 542 bY i1t Zimsi(Ppis)
Tomei(SX™H™)=G,;_y,,. For a prime number p, ?z§( ) denotes the p-primary
component of z§( ).

Lemma 2. For m odd we have
(@) Z3m+5(Pi,2) =Zs{[V]} D Zs {2},
(i1) Tim+8(Pmiz2) =Zi{[v]7},
(i)  dpep=i€=2[v]w,
Z{ip[v]w} if m=3 mod (8)
(iv)  imrs(Ppass)=Z {[Q° {m+5, 5}e]s} B4 Z,{iss[v]w} if m=7 mod (8)
0 if m=1mod (4).
Proof of (iv). Put
(1 if m=1mod (4)
“=12 ifm=3mod 4.
Then we have
(v) 27"§m+7(1—"m+,33)=Zus {iz*a'} @Zslem{[em”]s} ,
(vi) 2”§m+7(Pm+4,4)=Z16 {i3*0'} EBZUe,,, {il*[em”]s} ’
(vii)  [env]sn=((m+3)en/2)i [ ]v,
Z {in[v]2} if m=3 mod (8)
(viil) 73mas(Ppisa)=1 Zo{in[v]w} if m=7 mod (8)
0 if m=1 mod (4).

By (T,) and (T); of [10] we can choose an element p’' € z3y47(Pyys3) With
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U =Ppisg and gup'= ((m+5)/2)(v+a,). We can put p'=a,ipo+b,[e,v]+
odd torsions for some integers a,, and b,. Then
(1) Dmrss=0ylxa+b,i[e,v];+odd torsions
and

((m+-5)/2)v+-odd torsions = gup’

= b,.e,v+odd torsions
so that
(2) byen=(m-+>5)/2 mod (8).
Consider the exact sequence (.S5) of [10]:

Pm gy
= G, = Z,{n} _‘14’ 73m+8(Pta,4) _"”Zm+8(Pm+5,5) - Gy=Z{c}—-

We have
Pmias(1) = apipon+byinle,wln, by (1)
= Aylg(5+E)+bile,v]m
= b,i[e,v]m, by (iii) and (viii)
= b,((m+3)/2)e,ixn[v]w, by (vii)
= ((m4-3)(m+5)/4)in[v]w, by (2) and (viii)
=0, by (viii).

Then we have a short exact sequence:

Ty
0= mhmss(Prss ) —> hmrs(Prsss) o Z{Q" fm+-5, 5}} =0,

since #p,+q=0'{m+5, 5}. Of course this splits. Thus the proof of (iv) is
completed.

Now we prove (I). Since 7,s=1ix, by (iii) and (iv) we have

Ker [in: w5mas(S™) = 7imss(Poiss)]
G, if m=1 mod (4) or 7 mod (8)
Zy{p+€} if m=3 mod (8).

Then (I) follows from (iii) of (2.8) of [9], since My(C)=2°-32-5=0 mod (8),
=—n—>5 mod (8), and no=r-¢€.

For (IT) we only consider the 3-primary component by (2.11) of [9].

Lemma 3.
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. s s . Zo{[en]s} i m=%0 mod (3)
() bR '"“'3)‘{23{@*0:2} ®Z{wl} if m=0mod(3),
Zy{ip[ay]s} if m==0 mod (3)

®  arlPud= { Zy{ipa} ©Zs{is[a))s} if m=0 mod (3),
(xi)  *7imer0(Puiss)=2Zs {i»B:}

) (4328, if m=1mod (2)
() [“‘]3“1—{ — (m[2)inf, if m=0 mod (2),

(xiil)  *Z3ms10(Pors,)=Zs{isBn} -

Note that p,.,, is an element of z3u.7(Ppiq4). If m=0 mod (3), then
[t );,=0 by (xii) so that by (x)

(3) Pmralon) =0 if m=0 mod (3)

since a0, =0.
As seen in [10]

BPursa = Q' {m+5, 5} = C{jM(C)—m—5,5}  for alargej,
so that by (3.1) of [8] we have

Lemma 4.

V3(#Pm+4,4) mmod ()

2 2(3)
1 0(3), 1, 7(9)
0 4(9)

If m=2 mod (3), then we may put p,,.,,=Vi;s[a,];+other terms for some
integer ¥ with y2=0 mod (3) by (x) and Lemma 4, and hence

(4) Pmaa())F0 if m=2 mod (3)

by (xii) and (xiii). If m=1 mod (3), then (x) and Lemma 4 say that p,,.,, is
divisible by 3 so that

(3) Pmis () =0 yf m=1mod (3).

Now we prove (II). Consider the 3-primary part of the exact sequence

(S)s of [10]:

1%
= 0= 37l'§m+1o(Szm+9) - 37t§m+1o(Pm+5,s) — 37f§m+10(Pm+6,6) > e
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and of (S)s:

Pn 4* .
> 3ﬂ§m+1o(32m+7) = Zs{(xl} —‘H—4’ 3”§m+10(Pm+4,4) = Z3{13*181}

iy
_l’ 37r§m+10(Pm+5,5) - 37f§m+10(52m+8) =0 -
The first sequence implies
Ker [i5: 373m410(S™) = 373 m110(Prse )]
= Ker [i4*: 37z§m+10(S2m) i 37z§m+10(Pm+5,5)] s

and the second ons, (xiii), (3), (4) and (5) imply that this group is

Z{B}  fm=2mod (3)

0 if m==2 mod (3).

Then (II) follows from (v) and (vi) of (2.11) of [9], since My(C)=M;C)=
0 mod (3) and m=—n mod (3).
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