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1. Let H° be a second order difference operator
(H)(a) = %2 {w(a—1)—2u(a)+u(a+1)} , acZ,

u being a function on the space Z of all integers. We then consider a random
difference operator H” defined by

(H"u)(a) = —(H')(a)+4(a, w}u(a), aE€Z,

where {g(a, )},c, is a family of random variables defined on a probability
space (Q, B, P).

We assume that {g(a, w)},c, forms a non-negative valued stationary Markov
process with one step transition function P(x, A) and absolute probability p(4):

P(q(al)EAl’ Q(az)EAz, A q(an)EAn)
— S p(dx)P@=90(x,, dig) P29 (xy, dixg)e- P@r=an-(x;, ,, da,)
AyA,

for integers @,<a,<---<a, and Borel set A4,, 4,, -+, A, of [0, ). Here
P®(x, A) denotes the k-th iterate of P(x, 4).

Denote by L% Z) the Hilbert space consisting of all square summable func-
tions with inner product (, v)= aZzu(a)v(a). For each w=Q, H® determines a

selfadjoint operator A* by
DA°) = {usL¥Z); Hucs LA(Z)}
Ay = Huy ucs P(4°).

Let {Ey, AER'} be the resolution of the identity associated with 4°. Then
(EXI,, I,) is measurable in » and we can define the spectral distribution function

p of {H“} by
p(A) = E((EXI,, 1))
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where E is the expectation in « with respect to P and I(a)=3§,,, acZ ([1]).
p(\) vanishes for A <0. Our present aim is to prove the following theorem.

Theorem.

(1) If P(0, {0})=b>0 and p({0})>0, then lim+/ x log p(x)>—oo.
EZ)
Gi) If S”Ti_.P(x, dy)<c p-a.e. x for some c<1, then lim~/ % log p(x) <0.
0 y x40

A similar result has been obtained by M. Fukushima ([1]) when ¢(a), aEZ,
are non-negative valued independent identically distributed random variables.
We further mention the works of L. A. Pastur ([2]) and S. Nakao ([3]) for related

results on the one dimensional Schrodinger operators with random potentials.
The present novelty is to make use of a Markovian character of the local time
(cf. M. L. Silverstein [4]).

The author wishes to express his hearty thanks to Professor M. Fukushima
and Mr. S. Nakao for valuable advice and helpful discussions.

2. At first we collect some lemmas for the proof of our theorem.

We introduce the continuous Markov process M=(f), B, X,, P,,) on Z with
the generator H°. Denoting by E, the expectation with respect to P,, we have
Kac representation as follows.

Lemma 1 ([1]).
S: e~*dp(\) = Ex E‘o[exp (— S: X, w)ds); X, = O] )
The proof of our theorem reduces to finding how fast EXE, [exp(——
S;q()zs, w)ds); X,zO] tends to zero as t— oo because of Lemma 1 and the follow-

ing Tauberian theorem.

Lemma 2 ([1]). Let ¢()\) be non-decreasing function on [0, o) with $(0)=0
and y(t) be its Laplace transform:

) = [Terdpin)
(i) If lim zlv log (t)> —co then lim x""~"log ¢(x)> —oo .
(i) 1 Tim }y log (t) <0 then Tim 3"~ log (x) <0 .

. t .
For the investigation of asymptotic behavior of E X E, [exp(— So (X, m));
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X,:O] as t—oo, the following two lemmas are of great use.

Lemma 3 ([4]). Put L(t, x) = S' 1,(X)ds, t>0, xEZ, o.(s)=sup
0
{t; L(t, x)<s, T, (s)=L(o,(5), y), then it holds that

(1) AT,.s),y, =a} and {T, (s),y, 3<x} are multually independent for each
xeZ and s =0,

o . . 1 _
i) Bolexp(— ey )| Teen ()=l L exp <&zf1) for each a>0,
x>0(<0) and y, =0 such that y+z2=<x(< —x),
(iii) {T,.,-,(5)} is Markovian in y=0 for fixed s=0 and x> 0( <0).

Corollary Put B:_,(s)=0[T, ,_(s), =0, 1, -+, u] s=0, then we have

. . i 1
EO [exp (_aTx.x—y—-z(s)) | -@x—y(s)] é&zl_[»_]_
for each x>0 (<0) and y, 220 such that y+z=<x (y+2=—x).

Lemma 4 ([1]). Let R, be the number of states where X, visits during the
interval [0, t), then we have

(1) 171% t™3log E,[ePfr; X, = 0]> —oco

for any postivte constant 3,>0,
(ii) Tim t 3 log E,[e7P*] <0
t4oo

for any positive constant 3,>0 .

3. Now we give the proof of our theorem.

Put k(f) — Ex Eo[exp (- Stq()'(s, w0)ds); X, — 0] then
0 ’

where M,=sup {X,: 0<s<1} s,=inf {X,: 0<s<7}. Taking the expectation
of exp(— ﬁ L(t, x)q(x, »)) with respect to P, we have by stationarity and
Markov property of (Q, B, P, q) |

Blexp (= 331, w4, ) |2 B 11 1date )] = uciopypm.

therefore
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k0)Z 33 53 E[u({0))b; M=, m=—n, X,=0]

m,n=0

= @ g kao(R:—_“k, X¢=0) = HL%(&)EO[e_ﬂlé'; XI=O] ’

B = —logh.

Because of Lemma 4
lim ¢~ log k() > — oo
%

We get the first assertion (i) of our theorem by Lemma 1 and Lemma 2.

Turning to the proof of the second assertion (ii), we put
k(t) = ExE, [exp(—st (X, a))ds) ; X,=0, R,<t]

kyt) = Ex B, [exp( S oX ,w)ds>; X—0, tht],

then we get

ke = {2 5 Bx Bafesp (— 33 L(t, x)a(w, @)); M=m, t——n, X,=0)}*

g[t]([t%Jrl)[jzwz”: {Ex Byexp (— 33 L(t, x)q(x, 0);
M, it —n, X=O]}?
é[t]([ngl)[fZ,:m; Ex Eyfexp (—2 33 L(t, ¥)q(, ))]
o P, [M,=m, th,——n, X,=0].
Putting 7,=t Ainf {s; X,=i}, i€ Z, it is clear that

L(r,, x)<Lt, x), L(t_,, x)<L(t, x) and
L(Tm» x) = me(o) ’ L(T—m x) = T—n.x(o) .
Therefore

exp (—2 33 L(t, $)g(x, )
=exp (—2 2 m(0)q(x, ©)—2 Z‘. T, (0)q(x ).
Taking the expectation with respect to Px P,, we get

Ex Eyfexp (—2,37 L(t, x)q(x, co))]<E[ HTZq}x-ZT)]
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because of Lemma 3, (i) (iii) and its Corollary. From Markov property of
(Q, B, P, q) and the assumption in our theorem, it follows that

E[xf!n 1_—|—2q1(x,_w_)] - E[:r[-lu 1—|—2¢;(x, w)E[l—l—Z;(l, ) 4(0)

m-1 1
E[ ] m+n+1 .
D I o]

Now we have

k(1)< [t]([t]+1)[:]2:m2,. mint1p [ X,=0, M,=m, tir,——n]
m n>0

[t]

=[’]([g+ D338 (X,=0, R=F)

< [t]([t;+1) Ey(e PFe; X,=0), B;=—logc.
On the other hand

ky(t)< ExEo[exp 4(X, 0)ds; X0, M>2)]
[

-
|

-

4 X, v); X,=0, m,g_i)]
0 2

II/\

+EXE, exp(
(-

o[exp

+EX Eo[exp( gt_,/‘ﬂ L(7_tiyzs %)q(x, co)]

Et/z] [t/z] 1
B e ol L e

= Qe Palt/2] |

[¢/2]
OL(TEt/ZJ) x)q(x, “’))]

=

A

As a result

K(t) = ke -ht) < g/ I ED By e-tek - 260,

which, combined with Lemma 4, leads us to

lim ¢ log k(£) <0 .
1400

Hence we arrive at the second assertion of our theorem.

OsakA UNIVERSITY
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