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This paper is mainly concerned with the investigation of modules over
Dedekind prime rings. Throughout this paper R will denote a Dedekind prime
ring and P will denote a nonzero prime ideal of R. For an exact sequence
(E): 0—>L—>M—->N-—0 of right R-modules, we shall define the concepts of
P"-purity (n<w), P=-purity and T ~-purity as follows:

(i) (E)is P*-pureif and only if MP™ N L=LP™ for every natural number
mmn.

(ii) (E)is P~-pure if and only if the sequence 0—Lp— Mp—> Np—0 is
splitting exact.

(iii) (E)is T~-pure if and only if the sequence 0 >L;— M;—>N;—0 is
splitting exact,
where M is the P-primary submodule of M and My is the torsion submodule
of M. In case of abelian groups, these purities were discussed by [14] and [6]
from the point of view of relative homological algebra. An essential right ideal
I of R is said to be completely faithful if R/I is completely faithful (cf. [2]). A
torsion R-module M is said to be C-primary if, for every me M, mI=0 for
some completely faithful right ideal / of R. By the same way as in (ii) above,
we can define the concept of C~-purity. The concepts of P* (n<w)-pure,
P=-pure, C”-pure and T"-pure injective envelopes of R-modules will be intro-
duced by an analogy of pure injective abelian groups (cf. [4]). One of our
purposes of this paper is to generalize some results in [6] on these purites in
abelian groups to the case of modules over Dedekind prime rings and to determine
the structures of these four kinds of pure injective envelopes (Sections 1 and 2).
As an application of Sections 1 and 2, we study, in Section 3, relationships
between short exact sequences and long exact sequences on the relative homo-
logical algebra. Some of results in this section are extensions of those of abelian
groups to modules over Dedekind prime rings, and new are the other results.
When R is a commutative Dedekind domain, it is well known that Ext(M, R)=0
and R is not cotorsion, then every submodule of M with countable rank is
projective. Further if Ext(M, R)=0=Hom (M, R), then M is divisible,
torsion-free or M=0 (cf. [13]). In Section 4, we shall generalize these results
to a Dedekind prime ring which is not simple. In Section 5, the concept of a
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P-basic submodule of an R-module will be introduced by an analogy of that of
an abelian group (cf. [4]). Under the assumption dim R=dim R/P, we show
that any R-module possesses a P-basic submodule and that the dimension of
any two P-basic submodules of a module is an invariant for the module. If R
is a commutative Dedekind domain, then dim R=dim R/P.

In an appendix we shall present some elementary facts on cotorsion
R-modules which are obtained by modifying the methods used in the corres-
ponding ones on abelian groups. Some of these results are used in this paper.

1. P"-pure projective and P"-pure injective modules (n< )

Throughout this paper, R will denote a Dedekind prime ring with the two-
sided quotient ring O and K=Q/R. By a module we shall understand a unitary
right R-module. In place of ® g, Homg, Ext, and TorF, we shall just write
®, Hom, Ext, and Tor, respectively. Since R is hereditary, Tor,= 0 =Ext"
for all #>1, and so we shall use Ext for Ext' and Tor for Tor,. Let Pbea
prime ideal of R and let Rp be the completion of R at P in the sense of Goldie
[5]. Then ﬁps(ﬁ)k, where D is a complete, discrete valuation ring with a uni-
que maximal ideal P, (cf. Theorem 1.1 of [7]). In particular, R, is a bounded
Dedekind prime ring. If M is P-primary, then M is in a natural way an Rp-
module and is torsion as an ﬁp-module. So if M is indecomposable, P-primary
with O(M)=P”, then M is isomorphic to eRpleP", where e is a uniform
idempotent in Kp, and we denote it by R(P"). For any module M and a subset
A of R, we define M[A]={m|me M, mA=0}.

A short exact sequence

E)0—L-Lsm N0

of modules is said to be P*-pure if MP™ N f(L)=f(L)P™ for every m=<mn, where
m and n are natural numbers. (E) is said to be P®-pure if it is P"-pure for
every natural number zn. A module G is said to be P"-pure projective if it
has the projective property relative to the class of P”-pure exact sequences.
Similarly, a module I is said to be P"-pure injective if it has the injective property
relative to the class of P"-pure exact sequences. P¢-pure projective and
Pe-pure injective modules are defined in an obvious way.

Lemma 1.1. For an extension (E), the following three conditions are
equivalent:

(1) (E) is P"-pure.

(ii) The sequence 0— L[P"|—L M[P|—5-» N[P"| 0 is splitting exact.

(i) The sequence 0— LILP™ ) MIMP" 8 NINP# 0 i splitting
exact for every m=mn.
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Proof. The equivalence of (i) and (ii) follows from the same argument as
in Theorem 5.1 of [13].

(iii) = (i): This is trival.

(i) = (iii): Let M=M/MP™ and let L=L/LP™. Since MP"=0, M is an
Rp-module, where Rp—(D), and D is a complete, discrete valuation ring. Let
e,, be the matrix unit with 1 in the (1, 1) position and zeros elsewhere. It is
evident that Le,, is pure in Me,, as a D-module, and so Le,, is a direct summand
of Me,, by Theorem 3.12 of [9]. Thus L is a direct summand of M.

Lemma 1.2. Every module can be embedded as a P°-pure submodule in
a direct sum of a divisible module and a direct product of the modules R(P™)
(n=1,2, --+).

Proof. Let M < D be modules, where D is divisible. Define k; M —
DDII, M|MP*: k(x)=(x, TI(x-+MP")), where x=M. Then it is evident that
k is a monomorphism and that M is P°-pure in DP 1, M/MP”. Since a direct
sum of modules is embedded in the direct product of the modules as a P*-pure
submodule, and M/MP" is a direct sum of the modules R(P™) (1=m=n),
we obtain that M is embedded as a P“-pure submodule in a direct sum of a
divisible module and a direct product of the modules R(P”) (n=1, 2, ---).

From Lemmas 1.1 and 1.2, we have

(1.3) A module G is P"-pure injective if and only if G=D®T, D is a
divisible module and T is a module with 7'P*=0 (cf. Theorem 2 of [6]).

(1.4) A module G is P*-pure injective if and only if it is a direct summand

of a direct sum of a divisible module and a direct product of the modules R(P”)
(n=1,2, --).
Let M be a P”-pure submodule of a module G. We call the module G a
P"-pure essential extension of M if there are no nonzero submodules S &G with
SN M=0 and the image of M is P”-pure in G/S. By the similar arguments as
in §41 of [4], we obtain that maximal P”-pure essential extensions of M exist
and are unique up to isomorphism over M. Further G is a maximal P”-pure
essential extension of M if and only if it is a minimal P*-pure injective module
containing M as a P"-pure submodule. We may call a minimal P"-pure
injective module containing M as a P*-pure submodule the P*-pure injective
envelope of M. Similarly, we can define the P"-pure injective envelope of the
module.

A module M is said to be P-divisible if MP=DM. The union of all the
P-divisible submodules of M is itself P-divisible and will be denoted by
MP=: if MP~=0, then M will be said to be P-reduced. We write MP*=
N,MP". In general, for any ordinal @ we define MP**'=(MP*)P, and if «
is a limit ordinal, then we define MP®= NgMP? for B<a. There exists an
ordinal 7 such that MP"=MP™*, It is clear that MP>=MPr,
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Now let E(MP®) be the injective envelope of MP® and let h: M — E(MP*®)
be an extension of the inclusion map MP®— E(MP®). Define k: M — E(MP?")
BSM|MP*: k(m)=(h(m), m~+MP”), where me M, and define g: M — E(MP*)
S Mp: g(m)=(h(m), f(m)), where Mp=1lim M/MP" and f: M —Mp is the canoni-
cal map. Then we have -

Theorem 1.5. (i) The sequence
k
(1) 0 - M — E(MP™"&®M|MP* — Coker k — 0

is a P"-pure injective resolution of M. E(MP*)PM|MP” is a P*-pure injective
envelope of M and Coker k is divisible.
(i1) The sequence

(2) 0 - M-5 EQMP*Y® M, — Cokerg — 0
is a Pe-pure injective resolution of M. E(MP“’)EBM is a P-pure injective envelope
of M and Coker g is divisible.

Proof. (i) It is clear that k is a monomorphism. First we shall prove
that Coker % is divisible. Let (d, m+ MP”) be any element in E(MP")M|MP”"
and let ¢ be any regular element of R. We put y=m—mc. Then (d, m+MP")
—(d—h(y), mc+MP™) = (h(y), y+ MP")€k(M). Let d’ be an element of
E(MP™) with d—h(y)=d’c. Then we obtain (d, m+MP*)-+k(M)=[(d’, m+
MP™)+k(M)]c. Hence Coker k& is divisible. Using (iii) of Lemma 1.1, we
can easily show that the sequence (1) is P”-pure. It remains to show that
E(MP™@M|MP?” is the P"-pure injective envelope of M. Let G=D®C be
the P"-pure injective envelope of M, where D is divisible and CP"=0. We
may assume that MSGSE(MP™)@M/MP” by the same way as in Lemma
41.3 of [4]. Since D=GP", we have D2DNM=GP"N M=MP" and so
D2E(MP™). Thus D=E(MP"), because E(MP") is the maximal divisible
submodule of E(MP")@M/MP”. Thus we may assume that C& M/MP". On
the other hand, since M/MP” can be embedded, in a natural way, into G/D (=C),
we have C 2M/MP” and thus C=M/|/MP". Therefore E(MP*)®M|MP" is a
P*-pure injective envelope of M.

Since Mp/f(M ) is divisible, (ii) follows from the same argument as in (i).

Remarg. The results on P*-pure projective and P“-pure projective
modules are obtained by modifying the methods used in the corresponding ones
on abelian groups (cf. Theorems 2,3, 28 and 31 of [6]). So we shall give these

results without the proofs.
(1.6) A module G is P*-pure projective if and only if G=F @ T, where F

is a projective module and 7" is a module such that 7P"=0,
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(1.7) A module G is P*-pure projective if and only if it is a direct sum of
a projective module and the modules R(P") (n=1, 2, --).

Let F——f—> M — 0 be exact with F projective. Define g: FOM[P"]— M:
g(x, y)=f(x)+y(x=F and ye M[P”]), and define h: FHS,HM[P*]—M:

h(x, y)=f(x)+y,+ - +Vi, where xF and y=y,+---+y,€>,PM[P"]. Then
we have

(1.8) The sequence

0 — Kerg — FOM[P"] 2> M — 0

is a P"-pure projective resolution of M.
(1.9) The sequence

h
0— Kerkh— FPD,BM[P"] —> M — 0

is a Pv-pure projective resolution of M.

2. S~-pure projective and S”-pure injective modules (S=P, C, or T)

Let M be a module. M is said to be completely faithful if every submodule

of every factor module of M is faithful (cf. [2]). An essential right ideal I of R
is completely faithful if R[I is completely faithful. Let I and J are completely
faithful right ideals of R. Then I N J and r'I={x|xER, rec 1} are both
completely faithful, where r&R. Thus M ={m|me M, mI=0 for some com-
pletely faithful right ideal I of R} is a submodule of M and it is said to be a
C-primary submodule of M. We will denote the torsion submodule of M by
M and will denote the P-primary submodule of M by Mp. By Theorem 1.4
of [8] and Theorem 3.2 of [9], M;=M_ B> pPMp. Let I be an essential
right ideal of R. Define I"'={q(q=0Q, ¢I SR}. We put Q.= UI"", where I
ranges over all completely faithful right ideals of R. By Proposition 5.1 of [8],
= U J~', where J ranges over all completely faithful left ideals of R. The
union of the submodules P~* of Q for all #=0 will be denoted by Qp. We
will denote the (R, R)-bimodule Q/R by K. It is evident that K= Q./RP
>e@®0p/R and that K.=0./R, Kp=0p/R. We put M——hm M|MI, where I
ranges over all essential left ideals of R. Then R is a rlng and M is an
R-module (cf. §4 of [15]). Further we can easily see that R= ﬁc@ s Rp as a
ring, where Ro=lim R/I, where I ranges over all completely faithful left ideals
of R. If Mis a?:primary left R-module, then M is a left ﬁc-module. A
module M is said to be C-divisible if MI=M for every completely faithful left
ideal I of R. We will denote the maximal C-divisible submodule of M by
MC=; if MC~=0, then M is said to be C-reduced. We write MC'= N MI,
where I ranges over all completely faithful left ideals of R. By induction, we
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can define the submodule MC*® for every ordinal ¢¢. There exists an ordinal 7
such that MC"=MC™*. Itis evident that MC~=MC". We put MT'= N MI,
where I ranges over all completely faithful left ideals and all nonzero ideals of
R. Similarly, we can define the submodule MT* for every ordinal «. There
exists an ordinal o such that MTe=MT"*'. It is evident that M7 is the
maximal divisible submodule of M. We will denote the maximal divisible sub-
module of M by MT*=.

Let S be any one of the set {P, C, T}. A short exact sequence 0— L —
—M—N—0 is said to be S”-pure if the sequence 0—Lg—>Ms—> Ng—0 is
splitting exact. In this section, we shall determine the structure of S*-pure
projective and S“-pure injective modules. For a convenience, we call the
torsion submodule M, of the module M the T-primary submodule of M. Let

F——L M — 0 be exact, where F is projective. Define g: FPMs—M: g(x, y)=

f(x)+y, where x& F and ye Mg. Then we have

Theorem 2.1. Let S be any one of the set {P, C, T}. Then

(i) A module G is S™-pure projective if and only if G=H @L, where H is
projective and L is S-primary.

(i1) The sequence

0— Kerg - FOMs—2> M — 0

is an S”-pure projective resolution of M (cf. Theorems 8, 10, 11 and 12 of [6]).

Proof. (i) 'The sufficiency is clear. Conversely suppose that G is S*-pure
projective. 'The S~-pure exact sequence

0= Ge-% 6L 616, — 0

yields the exact sequence

*
0 = Hom(Gs, X) — Ext(G/Gs, X) A, Ext(G, X),

where X is any projective module. Now let (F): 0—-X—Z—G/Gs—0 be
any extension of X by G/Gs. Then we consider the following commutative
diagram with exact rows:

(FB): 0>X—>Y—> G —0

Ll
(F): 0>X—>Z—G|Gs—0.

Since (F) is S=-pure and G is S”-pure projective, it is evident that (F/3) splits.
Hence Im B8*=0 and thus Ext(G/Gs, X)=0 for every projective module X.
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Since R is hereditary, this implies that G/G; is projective. Therefore we have
G=G/|GsDGs, as desired.
(i1) 'This is trivial.

A module G is called cotorsion if Ext(N, G)=0 for every torsion-free module
N. Since any torsion-free module can be embedded into a direct sum of copies
of O, G is cotorsion if and only if Ext(Q, G)=0. The properties of cotorsion
modules are investigated in the appendix and some of these results are needed
in this section.

Theorem 2.2. Let S be a prime ideal P of R or C. Then

(1) A module G is S™-pure injective if and only if G=DDH, where D is
divisible, and H is reduced, cotorsion and is an ﬁs-module.

(it) A module G is T>-pure injective if and only if G=D@H, where D is
divisible and H is reduced, cotorsion (cf. Theorems 9 and 10 of [6]).

Proof. (i) Since the proof for the case S=C is the similar to the proof for
the case S=P, we shall only give the proof for the case S=P. First assume
that G=D®H, where D is divisible, and H is reduced, cotorsion and is an f\’p—
module. We shall prove that Ext(X, H)=0 for every module X with Xp=0.
Since H is reduced and cotorsion, we have H=Ext(K., H)®D IIp,Ext(Kp,, H)
by (A.4) in the appendix, where P; ranges over all nonzero prime ideals of R.
Since H is an Rp-module, HI=H for every prime ideal I (= P) and for every
completely faithful left ideal 7 of R. Hence Ext(Kp, H)=0=Ext(Kc, H) for
every P,4=P. It is clear that X is embedded in a direct sum of minimal right
ideals of Q, copies of Kp,(P+P;) and K. So we have Ext(X, H)=0 from the
above discussion. Let 0—>A4—Y—-B—0 be any P™-pure exact sequence.
Then we obtain the following commutative diagram with exact rows and column:

Ext(B/Bp, H)
3
Hom(Y, H) — Hom(d4, H) — Ext(B, H)

3.
Hom(Yp, H) — Hom(A4p, H) — Ext(Bp, H) .

Since Im §,=0=Ext(B/Bp, H), we have Im §,=0. Therefore H is P~-pure
injective, as desired. Conversely, suppose that G=D@H is P~-pure injective,
where D is divisible and H is reduced. It is clear that Ext(Y, G)=0 for every
torsion-free module Y, and so G is cotorsion. Therefore H~Ext(K., H)®P
IT Ext(Kp, H). Since all extensions of H by Kp, (P;%P) and of H by K¢
are P~-pure, we obtain Ext(Kp, H)=0=Ext(K., H). Hence we have
H =~Ext(Kp, H).

(it) follows from the similar arguments as in (i)
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Let S be any one of the set {P, C, T}. A submodule M of a module G
is said to be FS=-pure if G/M has no S-primary submodules. Let M be an
FS=-pure submodule of G. Then G is called an FS>-pure essential extension
of M if there are no nonzero submodules LEG with LN M=0 and the image
of M is FS=-pure in G/L. Let M be an S~-pure submodule of a module G.
We call the module G an S=-pure essential extension of M if there are no nonzero
submodules L& G with LN M=0 and the image of M is S*-pure in G/L.

In the remainder of this section, we shall define an S*-pure injective
envelope of a module and determine the structure of the S=-pure injective
envelope of a module. For this purpose we need to extend one of the result of
Nunke [13], which is also useful in §3. The exact sequence 0—R—Q;—Ks—0
yields the exact sequences

0 - Tor(M, Ks) — M~ M&0,,

Hom(Ks, M) — Hom(Qs, M)~ M — Ext(Ks, M),

where f(m)=m®1 and g(a)=a(l). In particular, if S=T, then Q,=Q and
K=K,. A module M is said to be T-reduced if it is reduced.

Proposition 2.3. Let S be any one of the set {P,C,T}. Then (i) Ker f=Ms.
(i) Im g=MS=. If Ms=0, then g induces an isomorphism

Hom(Qgs, M)=MS".
The module M is S-reduced if and only if Hom(Qs, M)=0.

Proof. (i) follows from the similar way as in (a) of Theorem 3.2 of [13].
In order to prove (ii) we need two lemmas.

Lemma 24. Let 0>L—>M—>N-—0 be a C~-pure exact sequence, then
M]J] N L=L] for every completely faithful left ideal ] of R.

Proof. This is clear from the definition of C*~-purity and the similar
arguments as in Lemma 5.2 of [13].

Lemma 2.5. Let S be a prime ideal P of R or C. If M is S-divisible, then
Ext(Kg, M)=0=Ext(Qs, M) and Im g=DM.

Proof. Since the proof for the case S=C is the similar to the one for the
case S=P, we shall only give the proof for the case S=P. From the exact
sequence 0— R — Qp— K, —0, we obtain the exact sequence Ext(Kp, M)—
Ext(Qp, M)—0. Hence it suffice to prove that Ext(Kp, M)=0. First, if
M=3®Qp, then the exact sequence 0—>P0pr—>>PO—>PO/0p—0

yields the exact sequence
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0 = Hom(Kj,, 23BQ/0p) — Ext(Kp, Op) — Ext(Kp, Q) = 0

(the first term is zero, since > P QO/Op has no P-primary submodules). Hence
Ext(Kp, M)=0. Next, if M is torsion-free, then 0—M—MKQ is exact.
Since M is P-divisible, MP =M in MQ®Q for every n. Hence M is a Qp-
module, because Qp=U,P " Thus we obtain an exact sequence > PQp—
M — 0, and this sequence induces the exact sequence

0 = Ext(Kp, SYPQ5) — Ext(Kp, M) — 0.

Finally if M is arbitrary, then we may assume that M is reduced. It is evident
that M, has no P-primary submodules. Hence Ext(Kp, M;)=0, since the
injective hull of M, has also no P-primary submodules. Applying Ext(Kp, )
to the exact sequence 0 — M, — M — M/M;— 0, we have

0 = Ext(Kp, Mz) — Ext(Kp, M) — Ext(Kp, M/M;)=0.

Thus we have Ext(Kp, M)=0. The second assertion follows from the follow-
ing exact sequence:

0 - Hom(Kp, M) - Hom(Qp, M) - M — Ext(Kp, M) =0.
Returning to the proof of the proposition, the exact sequences
0—- MP>—-M—>M/MP>—0 and 0>R—Qp—>Kp—0
yield the commutative diagram with exact rows and columns:
Hom(Qp, MP*) — MP> — Ext(Kp, MP*)=0
Hom(Qi, M) — Jlll — Ext(KP,lM)
0= Hom(Qi, M|MP=) — M/]JlrlP"" — Ext(KP,iM/MP‘”) .

Since M/MP= is P-reduced, we have Hom(Qp, M/MP~)=0. From this dia-
gram we easily obtain that Im g=MP>,

The proofs for the cases S=C or S=T are similar to the one for the case
S=P.

Lemma 2.6. Let 0>L—>M—->N—0 be an exact sequence such that
MJ] NL=L] for every completely faithful left ideal ] of R. Then the sequence
0—Lc— Mc— No—0 is exact.

Proof. Let I be any completely faithful right ideal of R. Since I7'/R is
finitely generated C-primary, there are completely faithful left ideals J; (1=:=<n)
such that /7' /R=3%_,DR/]; by Theorem 3.11 of [2]. On the other hand, by
the assumption, we obtain the sequence 0 —L/LJ— M/MJ— N|NJ— 0 is exact
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for every completely faithful left ideal J of R, and so the sequence 0—~L®I'/R
—-MQI'/R—-NQ®I*/R—0 is exact, because M QR[] =M|M] for every left
ideal J of R. Thus the sequence 0 > LK~ M QK;— N QK,— 0 is exact,
since Ko=Ilim I7*|R, where I ranges over all completely faithful right ideals of
R. Hence,Ty) Proposition 2.3, the sequence 0 — Lo— M,— N— 0 is exact.

Let S be a prime ideal P of R or C and let M=D@H be any module,
where D is divisible and H is reduced. We have MS*=D@HS", and so
E(MS~)=D®EHS"). Letf,: H—>E(HS") be an extension of the inclusion
map HS”— E(HS*) and let f: M— E(MS™): f(d, x)=(d, fi(x)), where d=D
and xH. From the exact sequence 0 - R— Qs— Ks— 0, we obtain the map
g: M—Ext(Ks, M). Define h: M— E(MS~)PExt(Ks, M): h(m)=(f(m), g(m)).
Then we have

Lemma 2.7. Let S be a prime ideal P of R or C. Then the exact sequence
h
(D) 0— M— E(MS~)pExt(Ks, M) — Coker h — 0

is FS=-pure, and Coker h is divisible.

Proof. Since the proof for the case S=C is similar to the proof for the
case S=P, we shall only give the proof for the case S=P. First we shall
prove that Coker #% is divisible. From the following commutative diagram, it is
evident that Ext(Kp, M)/g(M) is divisible and has no P-primary submodules.

M —Ext(K, M) — Ext(Q, M) —0

P
2 Ext(Kp, M) — Ext(Qp, M) — 0

0.

Let (d, x) be any element of E(MP~)PExt(Kp, M) and let ¢ be any regular
element of R. Since Ext(Kp, M)/g(M) is divisible, there exist ye Ext(Kp, M)
and me M such that x—yc=g(m). Then (d, x)—(d—f(m), yc)=(f(m), g(m))=
h(m). Let d, be any element of E(MP~) with d—f(m)=d,c. Then we obtain
(d, x)+h(M)=[(d,, y)+h(M)]c, as desired. Next we shall prove that the
sequence (1) is P¢-pure. To prove this, let P*=Rp,+ ---+Rp, and let
h(m)=>3,1,(d;, x;)p; be any element of h(M)N[E(MP~)® Ext(Kp, M) P".
Then f(m)=>},%14d;p; and g(m)=2;%1x;p;. Since Ext(Kp, M)/g(M) has no P-
primary submodules, g(M) is a P~-pure submodule of Ext(Kp, M). Therefore
gm)=>2%1,g(m,)p; for some m;= M. By Proposition 2.3, m—>,Lym;p,c MP*
S MP*. Hence there are elements m};& M such that m=3",2,m/p;. Thus we
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obtafn h(m)=2" L i(m})p,= h(M)P", and so (1) is P-pure. This implies that
the sequence

0 — h(M), — [E(MP~)®Ext(Kp, M)], — (Coker k)p — 0

is exact. Finally we shall prove that (Coker £),=0. To prove this, we put
M=D®H, where D is divisible and H is reduced. Then MP~*=D@HP".

It follows immediately that (HP<)p=0, and so [E(MP")]p=Dp. It is also
evident that g(M)p=Ext(Kp, M)p. From the exact sequence 0> HP~—H —
H/HP~— 0, we obtain the exact sequence:

0 — Tor (HP*, Kp) — Tor (H, Kp) — Tor (H/HP=, Kz) - HP=®@Kp = 0

(The last term is zero, since HP> is P-divisible and K is P-primary). Hence,
by Proposition 2.3, we have the exact sequence:

(2) 0= (HP~)p —» Hp — (H/HP")p, — 0.

Now let (d, x) be any element of [E(MP~)®Ext(Kp, M)]p. Then we may
assume that x=g(y) with yeH. Further we consider the following commuta-
tive diagram with exact rows and column:

0
(3) Hom(Qp, H) —— H -——»Ext%KP, H) (=Ext(Kp, M))
0 = Hom(Qp, H/HP~) — H}LHP” — Ext(Kp, H/HP)" .

By (2) and (3), we may assume that ye Hp. Hence f(y)=0, because
E(HP*)p=0. It is clear that g(d)=0. Therefore we obtain (d, x)=(f(d),
L@)+(f(»), g(»)) = (W(M))p, and so (Coker k)p=0. Thus (1) is FP~-pure.

By Lemma 2.7, every module can be embedded as an FS=-pure submodule
in an S”-pure injective module and so we can adapt the Maranda’s method
(cf. 841 of [4]) to the FS~-pure extensions of the module. Thus we obtain the
following two results:

(i) Maximal FS~-pure essential extensions of the module exist and are
unique up to isomorphism. ,

(i) Any maximal FS~”-pure essential extension is S~-pure injective.
Further we have

Lemma 2.8. Let S be a prime ideal P of Ror C. For any modules MSG,
the following three conditions are equivalent:

(1) G is a maximal FS>-pure essential extension of M.

(ii) G is a maximal S=-pure essential extension of M.

(iil) G is a minimal S>-pure injective module containing M as an S>-pure
submodule.
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Proof. Let N be an S~-pure injective module containing M as an F.S>-
pure submodule, and let B be an S (or an FS~)-pure essential extension of M.
Then it is evident that the identity map of M can be extended to a monomor-
phism of B into N. Let G be a maximal FS=-pure essential extension of M.
If there exists a submodule 0L C G with LN M=0 and the image of M is

S>-pure in G/L, then we obtain a monomorphism: GL G/L— G, where f is
a natural homomorphism and so L=0, which is a contradiction. Therefore G
is an S=-pure essential extension of M. Now from the above discussions, the
equivalency of (i), (ii) and (iii) are evident.

We may call a minimal S>-pure injective module containing a given
module M as an S~-pure submodule the S”-pure injective envelope of M.
Now it is easy to characterize the S=-pure injective envelope of a module M.

Theorem 2.9. Let S be a prime ideal P of R or C. Then the sequence

)
0 — M —> E(MS=)@®Ext(Ks, M) —> Coker h — 0

is the S=-pure injective resolution of M. E(MS~)YPExt(Ks, M) is the S=-pure
injective envelope of M, and Coker h is divisible, where h is as Lemma 2.7.

Proof. By Lemma 2.7, we may only prove that E(MS~)PExt(Ks, M) is
the S=-pure injective envelope of M. To prove this, suppose that MSBEG,
where B is a maximal FS~-pure essential extension of M and G=E(MS~)P
Ext(Ks, M). Let B=D®H, where D is divisible and H is reduced. Since
HS>=0 (see Theorem 2.2), it is evident that D=E(MS=). Thus we have
B=E(MS~)®(Ext(Ks, M)NB). Since MS*=BS*NM and BS~=GS"=
E(MS=), we may assume that M= M/MS~SB=B/BS*<G=G|/GS> in a
natural way. These inclusions yield the following commutative diagram (see
(A.4) in the appendix):

_ o — g

M —> B —>» G

0 U
Ext (Ko, 1) -2 Ext (K, B) % Bxt(Ks, G,

because B and G are S-reduced and S=-pure injective. On the other hand,
since G/M (=Ext(Ks, M)[g(M)) is divisible and has no S-primary submodules,

we have an exact sequence 0=Hom (K, G/M)— Ext(Ks, M) (—Bi)’: Ext(Ks, G)—
Ext(Ks, G/M)=0. Thus we obtain that Byay is an isomorphism. Hence B
is an isomorphism and so B=G.

Let M=D@H be any module, where D is divisible and H is reduced, and
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let f: M — D be the extension of the identity map: D— D such that f(H)=0.
From the exact sequence 0—>R—>(Q—K—0, we obtain the map A: M—
Ext(K, M). Define g: M— DPExt(K, M): g(m)=(f(m), h(m)). Then, by the
similar argument as in Theorem 2.9, we have

Theorem 2.10. The sequence

0 > M -2 D@Ext(K, M) — Cokerg — 0
is a T=-pure injective resolution of M. D@DExt(K, M) is a T=-pure injective
envelope of M, and Coker g is divisible and torsion-free.

3. Long exact sequences

Let (E): 0>L—->M—-N—0 be an extension of L by N. Then the
mapping (E)— X(E) establishes a one-to-one correspondence between the
equivalence classes of extensions of L by N and the elements of Ext(N, L),
where X(E)=35(%), 8: Hom(L, L)— Ext(N, L) is the connecting homomorphism
defined by (E) and 7 is the identity endomorphism. Further, Baer multiplica-
tion in the equivalence classes of extensions of L by N is carried into the
addition in Ext(N, L) (cf. Theorem 1.1 of [1, ch. XIV]). Let S be any one of
the set {P" (n<w), P~, C~, T=}. If a short exact sequence (E): 0—>L—>M
— N—0 is S-pure, then (E) is said to be an S-pure extension of L by N. Itis
evident that the set of equivalence classes of S-pure extensions of L by N is a
subgroup of the equivalent classes of extensions of L by N. We will denote
the corresponding subgroup of Ext(N, L) by Sext(NN, L). First we shall give
some elementary facts about Sext(N, L).

Proposition 3.1. (i) Let S be any element of the set {P* (n<w), P, C*,
T~} and let f: M — N be a homomorphism. Then fy (Sext(X, M))< Sext(X, N)
and f* (Sext(N, X))S Sext(M, X) for every module X.

(i1) Let S be any element of the set {P, C, T}. If Ng=O0 or L is S-divisible,
then Ext(N, L)=S> ext(N, L). In case S=P, the converse also holds.

Proof. (i) follows from the definition and Lemmas 1.1, 2.4.

(i) If Ng=0, then it is clear that Ext(N, L)=S~ext(N, L). If L is
S-divisible, then Ls=0; because we may assume that L is reduced. Now let
0—L—>X—-N—0 be any extension of L by N. From this exact sequence,
we obtain the exact sequence:

0= Tor(L, Kg) - Tor (X, Kg) — Tor(N, Kg) > LYKs=0.

(The last term is zero, because L is S-divisible). Thus, by Proposition 2.3,
the exact sequence 0 >L—-X—>N-—0 is S=-pure. Therefore Ext(N, L)=
S~ext(N, L). Finally, in case S=P, assume that Ext(NN, L)=P~ext(N, L)



530 H. MARUBAYASHI

and that Np==0. Then N contains a simple, P-primary module. So we may
assume that >V*@N22P'/R. This inclusion map yields the exact sequence
Ext(33P N, L)y=P~ext(> PN, L)—>Ext(P'/R, L)—>0. Hence we have
Ext(P~'/|R, L)=P~ext(P7*|R, L) by (i). Since P~ext(P~'/R, L)=0, we have
L/LP=0 by Proposition 3,2 of [15], and so L is P-divisible.

Now we can proceed as in [4] and [6] to obtain the following fundamental
results (cf. Theorem 53.7 of [4] and Theorems 5, 13 of [6]).

Theorem 3.2. Let S be any one of the set {P” (n<w), P>, C~, T~}. If
a short exact sequence

(1) 0>L—>M—>N-0

is S-pure, then for every module X, the following sequences are exact:

3,

Hom(X, N)— Sext(X, L) — Sext(X, M) —> Sext(X, N) -0,
3,

Hom(L, X) — Sext(N, X) - Sext(M, X) — Sext(L, X) =0,

where 3; are the connecting homomorphisms induced by (1).

Lemma 3.3. Let S be any one of the set {P,C,T}. If0—-L—->M—>N
— 015 S=-pure exact, then MS* N\ L=LS? for all ordinals .

Proof. First we shall prove that X.S* N Xg=XyS* for any module X and
any ordinal @. The exact sequence 0 — Xg— X — X/X;— 0 is S=-pure and so
XS'N X=X S* by Lemmas 1.1 and 2.4. Hence, for any ordinal S<«a, we
may assume that XSPN X=X SP. If ¢ is a limit ordinal, then the assertion
is clear from the definition. If ¢ is not a limit ordinal, then XS®'N X =
XS, Thus XS%'/X S is a submodule of X/Xg by a natural way. This
implies that the exact sequence 0— X S* ' — XS* ' - XS§* /X S% ' -0 is
S=-pure. Hence we obtain

XS°N Xs = XS*N(XS*'NXs) = (XS*1)S' N XS = XS°.

Now we shall prove the assertion by induction on «. Assume that
MSPNL=LS®? for every B<a. If a is a limit ordinal, then it is evident that
MS*NL=LS®. 1If ¢ is not a limit ordinal, then MS**N L=LS®* and so
MS**LS**S M|L. Thus we have (MS®*|LS**")s < (M/L)sN(M/L)S**
=[(M[L)s]S**. So, from the spliteness of the sequence 0—Lg— Ms— N
—0, we obtain the spliteness of the sequence 0— (LS*')s— (MS*)s
—(MS®|[LS**)s—0. Hence we get MS*NL=MS*NMS**NL)=
(MS*)S*NLS*'=LS".

Theorem 3.4. Let S be any element of the set {P” (n<w), P>, C~, T~}
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and let O@M—LGLG/M—»O be an exact sequence. Then f(M)SGS if

and only if the sequence

Ext(X, M) L% Sext(X, G) 25 Seat(X, GIM) — 0

is exact for every module X. In particular, if S=T~, then Im f,=0.

Proof. If R is the ring of integers and the sequence 0—-L—>M—>N—0
is pure, then this result was proved by Irwin, Walker and Walker (cf. Theorem
22 of [6]). If S=P", then the theorem follows from the similar way as in
Theorem 22 of [6] replacing integers by the generators of P” as a left R-module.
If S=P>, C~ or T=, then, by the validity of Lemma 3.3, the proof of the
sufficiency proceeds just like that of Theorem 22 of [6] did. To prove the
necessity we consider the following commutative diagram with exact rows:

0-M—GS — GS/IM—0

R

0-M— G = G/M —0.
This diagram yields the commutative diagram:

Ext(X, M) —> Ext(X, GS)

Ext (X, M) I*, Bt X, G).

(1)

By Proposition 3.1, Ext(X, GS)= Sext(X, GS). Hence Im f,ESext(X, G).
It is clear that g,(Sext(X, G))SSext(X, G/M). 'To prove that g is an epimor-
phism, let 0—H—F—X—0 be an S-pure projective resolution of X. We
may assume that H is projective from the construction of H (see Theorem 2.1).
From the above exact sequence we obtain the following commutative diagram
with the exact first row and columns:

Hom(H, M) — Hom(H, G) - Hom (H, G/M) — 0
Sext(%(, M) — Sext(.f(, G) — Sext(X, G/M)
Y
0 0 0

From this diagram, we can easily show that g, is an epimorphism.
If S=T=, then, from the diagram (1), we have Im f,=0.

Theorem 3.5. Let S be any one of the set {P, C, T'} and let 0—>L—f> M

—g—+M |L—0 be an exact sequence. Then Ms< f(L) if and only if the sequence
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Ext(M|L, X) — S~ ext(M, X) - S~ ext(L, X) — 0
is exact for every module X.

Proof. First suppose that MsS f(L). Then from the commutative dia-
gram with exact rows:

0—> Mg— M—> M|Mg— 0

0> L —>M— ML >0,

we obtain the commutative diagram:

*
Ext(M/L, X) -2— Ext(M, X)

Ext(M|/Ms, X) —> Ext(M, X).

By Proposition 3.1, Ext(M/Ms, X)=S"ext(M/Ms, X) and so Img*C<
S=ext(M, X). It is clear that f*(S=ext(M, X))=S=ext(L, X). Finally we
shall prove that f* is an epimorphism. Let 0—>X—>Y—Z—0 be an S=-pure
injective resolution of X, where Z is divisible. From this exact sequence, we
obtain the following commutative diagram with exact columns:

Hom (M/L, Z) — Hom (M, Z) —> Hom(L, Z) — 0 (exact)
f*
S~ ext(M/L, X) — S~ ext(M, X) —> S~ ext(L, X)
0

From this diagram, we can easily show that f* is an epimorphism. To prove
the sufficiency, let (E): 0— H — F— M|L— 0 be a projective resolution of M/L.
By assumption, we obtain the exact sequence:

Ext(M/L, H) — S= ext(M, H) — S=ext(L, H)— 0.

Now we consider the following commutative diagram with exact rows:

(Be): 0>H—>Y-2s M —0
e, e
(E) : 0>H—>F —5M|L->0,

where M @F 2Y={(m, x)|v(x)=m+L}. Since Hs=0 and 0>Hs— Ys—
Mg —0 is splitting exact, we obtain the isomorphism a: Yg=Ms. Let m be
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any element of M. Then there exists an element y=(m’, x)€ Y such that
a(y)=m. Since a(y)=m’, we have m’=m. Further F is torsion-free, and so
we have x=0. Hence m+L=ga(y)=v8(y)=0, and thus Ms< f(L).

4. On the properties of modules M and N which follow from the
relation Ext(M, N)=0

For an abelian group M, it is well-known that if Ext(M, Z)=0, then
every submodule of M with countable rank is free, and that if Ext(M, Z)=0
=Hom (M, Z), then M=0, where Z is the ring of the rational integers. These
results was proved for modules over commutative Dedekind domains by
Nunke [13]. In this section we shall extend these results to modules over
Dedekind prime rings which are not simple.

Lemma 4.1. Let M be a torsion-free module. Then ebery submodule of M
with countable dimension is projective if and only if every submodule of M with
finite dimension is projective.

Proof. The necessity is evident. To prove the sufficiency, we can assume
that M itself has a countable dimension. We now show that M is projective.
Since M has a countable dimension, there are countable infinite uniform sub-
modules {U;} of M such that MDD U;. We put M,=(U,&H---BU,) 0N M.
Then it is clear that M= U; M;, dim M;=i, dim M,,,/M;=1 and M, /M, is
torsion-free. Since M, is projective, it is finitely generated. Hence M,,,/M;
is projective by Theorem 3.1 of [9], and thus M is projective.

Lemma 4.2. Let R be not cotorsion as a right R-module and let R be not
simple. If M is a finitely generated, projective left R-module and if M is a left
R-module, then M—=0.

Proof. Assume that M 30. Then there are finitely generated left free
R-module F= IQEB EBI% and a left R-module N such that F=M@N as
a left R-module. Let P be a nonzero prime ideal of R. Then we have
pB= ,,M@PN Since R=R.®IIp Rp, PRc=R; and PRp =Ry, (P+P;), we
obtain that (R) llm R /P"ﬁ =~ Rp by the natural correspondence So the
canonical map f F pF is an epimorphism. Hence the restriction map

g=fIM: M— .M is also epimorphism. On the other hand, since M is projec-
tiVe, g is a monomorphism and thus M =~ »M. Hence there is a left ideal I of
R such that the sequence Pl@ —I—0is exact. Hence plézI AL, where L is a
left R-module. By Theorem 2.4 of [2], we have I@---@I=R@P J for some
left ideal J of R. Since pI=1I, we have PﬁgR as a left R-module. Hence R
is complete in the P-adic topology and so R is P®-pure injective as a right
R-module by Theorem 1.5. Therefore R is cotorsion as a right R-module,
which is a contradiction. So we have M=0.
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Lemma 4.3. If Ext(M, N)=0 and if NI+ N for every maximal left ideal
I of R, then M is torsion-free.

Proof. Assume that M is not torsion-free. Then M contains a simple
module S. It is clear that S=7I"'/R, where I is a maximal left ideal of R.
Hence we obtain the exact sequence 0=Ext(M, N)— Ext(I'/R, N)— 0 and so
Ext(I-*/R, N)=0. On the other hand, by Proposition 3.2 of [15] Ext(/~*/R, N)

=N/NI. This is a contradiction from the assumption and so M is torsion-free.

Theorem 4.4. Let R be not cotorsion as a right R-module and let R be not
simple. If Ext(M, R)=0, then M is torsion-free and every submodule of M with
countable dimension is projective (cf. Theorem 8.4 of [13]).

Proof. By Lemma 4.3, M is torsion-free. Further, by Lemma 4.1, we
need only show that every submodule of M with finite dimension is projective.
Ext(M, R)=0 implies that Ext(L, R)=0 for very submodule L of M. So we
may assume that } itself has a finite dimension and show that it is projective.
If dim M=n<co, then there are a finitely generated projective submodule U
and a torsion module T such that

(1) 0O-U—-M—->T—-0

is exact, where dim U=dim M. The sequence (1) yields the exact sequence as
a left R-module:

(2) Hom (U, R) — Ext(T, R) — Ext(M, R) = 0.

Thus Ext(T, R) is a finitely generated left R-module. Applying Hom (T, ) to
0—R—(Q—K—0, we obtain

(3) 0= Hom(T, Q) — Hom(T, K) — Ext(T, R) — Ext(T, Q) = 0.

Hence Hom (7, K) is finitely generated as a left R-module. Since K is an
R-module, Hom(T, K) is a left R-module. If Hom(T,K) is torsion-free,
then Hom (7, K)=0 by Lemma 4.2. If Hom(7, K),%0, then Hom (T, K)/
Hom(T, K)+ is torsion-free and is an R-module. So it is zero and thus
Hom(T7, K) is torsion. By Theorem 3.11 of [2], Hom (7', K)=R/I,P---BR[1,,
where I; is an essential left ideal of R. Since Hom(R/I, K)==1"*|R as a right
R-module for every essential left ideal I of R, we have Hom(Hom(7, K), K)
=] RD---PI;*/R. Now the map a: T— Hom(Hom(7, K), K) defined by
a(t)(f)=f(t), where te T, fe Hom (T, K), is a homomorphism. It is evident
that o is a monomorphism, and so T is finitely generated. Hence M is also
finitely generated and thus M is projective.

Theorem 4.5. Let R be a Dedekind prime ring, let R be not simple and let
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M be a module with Hom(M, R)=0=Ext(M, R). Then

(i) If R is cotorsion as a right R-module, then M is divisible.

(i1) If R is mot cotorsion as a right R-module, then M=0 (cf. Theorem 8.5
of [13]).

Proof. By Lemma 4.3, M is torsion-free.

(i) Since M is flat, we get an exact sequence 0 > M —>MQROQ—> MK
—0 and so M®K is divisible, torsion. Assume that M is not divisible.
Then M®K 40 and so there are homomorphisms f&Hom (K, MQK) and
geHom(MQ®K, K) such that gof+0. Hence the map a: Hom (K, MQK)—
Hom (K, K) defined by a(k)=gh for h& Hom(K, M®K), is a nonzero homomor-
phism. Thus, by (A.6) in the appendix, there exists a homomorphism 0 3:
Ext(K, M)—Ext(K, R)=R. From the exact sequence 0— R— Q—K—0, we
obtain the map §: M —Ext(K, M). Then B8 Hom(M, R)=0 and so @
induces the map 0+ 8: Ext(K, M)/8(M)—R. Since Ext(K, M)/s(M) is
divisible, #=0. This is a contradiction and so M is divisible.

(if) If M is not reduced, then M contains a minimal right ideal eQ of O
as a direct summand. Hence Ext(M, R)=0 implies that Ext(Q, R)=0. This
is a contradiction and so M is reduced. Assume that M =0. Then by
Theorem 4.4 we may assume that dim M>X,. There is a submodule N of M
such that dim M/N=1 and M|N is torsion-free.

If Hom (N, R)=0, then we have the following exact sequence

0 = Hom(N, R) — Ext(M|N, R) — Ext(M, R) = 0.

Hence by Theorem 4.4, M/N is projective and thus M=N@M|N. So
Hom (M, R)=0, which is a contradiction.

If Hom(N, R) =0, then there is a nonzero homomorphism f: N—R.
Since R =Ext(Kp, R) and the sequence 0 >N —>M — M[N— 0 is P~-pure, f
can be extended to a homomorphism f: M — Rp. So there is a nonzero map
g: M — R|P" for some n. Applying Hom(, ) to the exact sequence 0 — P*
— R— R/P”—0, we get the exact sequence

0 = Hom(M, R) - HOITI(M, R/P") —> EXt(M, P") = O .

(The last term is zero, since P” is finitely generated, projective and Ext(M, R)
=0). Hence Hom(M, R/P*)=0, which is a contradiction. Thus we have
M=0.

Finally we shall study the module M which have the following property:
Ext(M, T)=0 for every torsion module 7. Modules with this property are
dual of cotorsion modules. In case of modules over commutative Dedekind
domains, these modules was investigated by Nunke [13]. If R is bounded,
then we have
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Theorem 4.6. Let R be a bounded Dedekind prime ring. If Ext(M, T)=0
for every torsion module T, then M is torsion-free and every submodule of M with
countable dimeniosn is projective (cf. Theorem 8.4 of [13]).

Proof. By the same way as in Theorem 4.4, we may assume that M itself
has a finite dimension, and show that it is projective. Assume that dim M=n.
Then there are a finitely generated projective module U and a torsion module
T such that

(1) 0>U—>M—>T—0

is exact. Now let N=>1PA~*/R, where A ranges over nonzero ideals of R.
From the sequence (1) we get the exact sequence (as a left R-module)

(2) Hom (U, N) — Ext(T, N) — Ext(M, N) = 0.

Since Hom (U, N) is torsion, we obtain that Ext(7, N) is also torsion. First we
shall prove that Ext(7, N) is of bounded order as a left R-module. The exact
sequence

(3) 0~ N-2gR L si00/a 0
is an injective resolution of N. Applying Hom(7, ) to the sequence (3), we
get an exact sequence:
Hom(T, 33PQ[R)—Hom(T, 23D Q/A)—Ext(T, N)—»0. Hom(T, > PQ/A)
and Hom (T, Q/A™") are both reduced, algebraically compact by the similar way
as in Theorem 46.1 of [4]. Thus Ext(T, N) is of bounded order by (A.1),
(A.3), (A.8) and (A.9) in the appendix. Next we shall prove that T is of
bounded order. Assume that T is not bounded order. If T is reduced, then
by Theorem 3.2 of [9] and Lemma 1.3 of [11], there are submodules {T,,} {K,}
of T with the following properties:

(i) T,cT,c:-,and K,DK,D---,

(ll) T= Tn@Km

(i) O(T,)DO0(T,)>--+, and O(T,) is of bounded order.
Let O(T,)=A,. Then there is a map @,: T,—~0Q/A;* such that the submodule
@«T,) has an order A4, (cf. Theorems 3.7 and 3.38 of [9]). It is easily seen
that Ap,= {0} for every ideal 4 containing A4, and that O==rp, (r=R) is not

factored 7,— E@Q/R—faz @ Q/A™'. Thus we obtain that Ext(T, N)
(=Hom(T, >3pQ/A~")/Im f) is of unbounded order, which is a contradiction.
Thus T is of bounded order. If T is not reduced, then T contains a module
of type P~ as a direct summand. Now we consider the exact sequence 0 —
P~"/|R— Qp/R— Qp/P~"*— 0, which is an injective resolution of P~"/R. Letg
be a nonzero element of P-”. We define a mapping ¢,: Kp (=Qp/R)— Qp/[P~"
by (x+R)— (gx+P~"). Then it is easily verified that g, is factored Kp— Qp/R
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— Qp/P~"if and only if g=R. Thus Ext(Kp, P "/R) contains an element of
order P". Since Kp is a direct sum of a finite copies of the module of type P=,
Ext(T, N) is of unbounded order, which is a contradiction. Thus T is of
bounded order. Finally, we shall prove that M is projective. Since M is finite
dimensional and torsion-free, there is a positive integer m such that U S M
C3™PO. Since T is of bounded order, there exists a nonzero ideal 4 of R
such that MACS U. Thus we obtain MSUA™" in 3P Q. It is clear that
UA™" is finitely generated, and thus M is also finitely generated. So M is
projective by Theorem 3.1 of [9].

RemaRk. From the proof of Theorem 4.6, we know that if Ext(M, N)=0,
where N=3>PA"*/R, A ranges over all nonzero ideals of R and R is bounded,
then M is torsion-free and every submodule of M with countable dimension is
projective. In case of modules over commutative Dedekind domains, this
result was also proved by Nunke [13]. But if R is not bounded, then the above
result does not hold. For example, let I be a completely faithful right ideal of
R. Then it is evident that Ext(R/I, N)=0 and R/I is not projective.

5. P-basic submodules

Let P be a prime ideal of R. A submodule B of a module M is called a
P-basic submodule if it satisfies the following conditions:

(i) B is a direct sum of uniform right ideals and modules of type R(P™)
(n:l, 2, "')7

(ii) B is P»-pure in M,

(ili) M|/B is P-divisible.

In this section, we shall show, under the assumption dim R=dim R/P, that
a P-basic submodule of a module exists and that the dimension of any two P-basic
submodules of the module is an invariant for the module.

We now give some examples of R satisfying the condition dim R=dim R/P.

(i) A commutative Dedekind domain R and the total matrix ring over
R satify the condition.

(ii) If R is a g-discrete valuation ring in the sense of [10], then dim R=
dim R/P.

Let Rp be the local ring of R with respect to P and let C(P)={r|rR+P=R,
reR}={r|Rr+P=R}. Then R satisfies the Ore condition with respect to
C(P) and Rp={ac™'|ac=R, ccC(P)}. Further R*/P= R /P'* for every m,
where P’=PpR=RpP (cf. [8]).

Throughout this section, we assume that dim R=dim R/P. Then, since
dim R=dim Rp, we have dim Rp=dim Rp/P’. Thus, by Hilfssatz 3.7 of [12],
idempotents in Rp/P’ can be lifted to Rp and so Rp is a g-discrete valuation
ring in the sense of [10].
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Lemma5.1. Assume that dim R=dim R|P. If M is uniform, P-reduced and
torsion-free, then it contains a P-basic submodule.

Proof. It is evident that a torsion-free module X is P-reduced if and only
if XQ@Rp is reduced as an Rp-module. Thus if M is uniform, P-reduced and
torsion-free, then M @ Rp is uniform and reduced as an Rp-module. By Lemma
3.3 of [10], MQRp=eRp, where e is a uniform idempotent in R,. It is evident
that eR is a P-basic submodule of eRp and that (eRp/eR)p=0. Thus M QRp
has a P-basic submodule N’. Now we let N=M NN’. Then, since
(MQRp)/N'2M|N and (M QRp/N’)p=0, we have the exact sequence 0 — N
— M — M|N—0 is P°-pure. Since R is hereditary, N is projective. From
the exact sequence 0—(MP+ N)— M— M/(MP+4N)—0, we have the
exact sequence 0—(MP+N)QXQRp—>MQRRp —> M|(MP+N)RRp—0. Since
(MP4+N)RRp=(MQRRp)P+NRRp=MQRRp, we have M|(MP+N)QRQRp=0
and so M/(MP-+N)=0, because M|(MP+N) is P-primary. Thus M|N is
P-divisible.

Lemma 5.2. Assume that dim R=dim R[P. If M is not a P-divisible
module, then there exists a P°-pure, P-reduced and uniform submodule U of M.
Further, if U is torsion, then it is a module of type R(P™), and if U is torsion-free,
then it is projective.

Proof. We may assume that M is reduced.

(a) If M is torsion-free and P-reduced, then for any uniform submodule
V of M, we put V¥={xcM |xP*SV for some n}. It is clear that '* is
Pe-pure in M. By Lemma 5.1, '* contains a P-basic submodule U. It is
evident that U is projective, uniform and P“-pure in M.

(b) If M is torsion-free and not P-reduced, then MP~=+0. It is evident
that M/MP= is P-reduced. From the proof of Lemma 2.5, MP> is a Qp-
module and thus =M/MP=> has no P-primary submodules. Therefore M is
torsion-free, because M is P-reduced. By (a), there exists a P*-pure, uniform
and projective submodule U of M. Let N be the inverse image in M of U.
Then N=MP~PpU with U=~U. It can be easily checked that N is P“-pure
in M, and so U is also P*-pure in M.

(c) If M is not torsion-free, then M, =+ 0. Suppose that Mp is not
divisible. Then, by Theorem 3.24 of [9], M, contains a module U of type R(P”")
as a direct summand. It is clear that U is P*-pure in M. Next suppose that
M is divisible. Then M is P-divisible. Applying Hom (K, ) to the P~-pure
exact sequence 0 — M,— M — M|M — 0, we obtain the following commutative
diagram with exact rows:

0 = Ext(Kp, M;) —> Ext(Kp, M) ——> Ext(Kp, M/[M;)—0
I Ul ul
0= P~ext(Kp, M;) — P~ ext(Kp, M) — P~ ext(Kp, M|Ms) — 0.
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If M/|M is P-divisible, then, from the above diagram and Proposition 3.1, it
follows that M is also P-divisible, which is a contradiction. Hence M=M|M
is not P-divisible. By (a) or (b), there exists a P*-pure, uniform and projective
submodule O of M. Let N be the inverse image in M of . Then N=M,pU
and U=U. We can easily prove that N is P*-pure in M, and so U is P*-pure
in M.

Lemma 5.3. Assume that dim R—=dim R|P. Let S be a P°-pure submodule
of a module M such that M|S is not P-divisible. Then there exists a uniform
submodule U such that S N U=0 and SD U is again P°-pure. If U is torsion-free,
then it is projective. If U is torsion, then it is a module of type R(P™).

Proof. Let M=M/|S. Then, by Lemma 5.2, there exists a P°-pure and
uniform submodule U of M. Let N be the inverse image in M of U. 'Then
the exact sequence 0—S—>N—>U-—0 is P>-pure. If U is projective, then
N=S@®U and U=U. If Uis a module of type R(P"), then, by Lemma 1.1,
the sequence splits and so N=S@U and U=U. From the P*-purity of U
and S, we obtain at once that IV is again P“-pure.

From Lemma 5.3 and Zorn’s lemma we have

Theorem 5.4. Assume that dim R=dim R|P. Then every module contains
a P-basic submodule.

Let B be a P-basic submodule of a module M. We collect the uniform
direct summands of the same order in a decomposition of B, and form their
direct sums to obtain

(1) B=B,PB,®dB,H: PB,D---, where

(2) B,is a direct sum of uniform right ideals and B,=> @ R(P").

Now the proof of the following theorem proceeds as that of Theorem 32.4
of [4] replacing the prime integer p” by the generators of P” as a left R-module.

Theorem 5.5. Assume that dim R—=dim R|P. Let B be a submodule of a
module M, and assume that B satisfies the conditions (1) and (2). Then B is a
P-basic submodule of M if and only if it satisfies the following two conditions:

(i) B, is Pe-pure in M.

(il) M=B,D---PB,P(B¥-+MP") for every n,
where Bf=B,DB, ., PB,.,D--- (cf. Theorem 32.4 of [4]).

Lemma 5.6. Assume that dim R=dim R/P. Let B=B,®B D - D
B,®--- be a P-basic submodule of M. Then

(i) Mpn(B,+MP")=MpP".

(i) B,N (Mp-+MP")=B,P".

Proof. Since 0— B,— M — M|B,—0 is P*-pure and (B,)p=0, we have
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Mp=(M|B,)p=(Mp-+B,)B,. Hence [M|(Mp-+B,)],=0 and so 0—(Mp+B,)
—-M—->M|(Mp+ B,)—0 is P*-pure. Thus we have MP* N (Mp-+ B,)=
(Mp+B,)P". From this equality, the lemma follows immediately.

Lemma 5.7. Assume that dim R=dim R|P. If U is a uniform right ideal
of R, then U/UP is a simple R-module.

Proof. From the exact sequence 0 — UP— U— U/UP—0, we obtain the
exact sequence 0— UPQRp— U QRp— (U/UP)Q@Rp—0. It is clear that
UQ®R;p is reduced and uniform as an Rp-module, and so UQRp=eRp by
Lemma 3.3 of [10]. By Lemma 3.1 of [10], (U/UP)®Rp (== U/UP) is a simple
Rp-module. Thus U/UP is a simple R-module.

Theorem 5.8. Assume that dim R=dim R/P. Let B be a P-basic submodule
of a module M, and let B=B,DB,PB---PB,D--- be as in Theorem 5.5. Then

(i) Bp=B,®--P®B,BD-- is a basic submodule of Mp and so Bp is unique
up to isomorphism.

(i1) The dimension of B, is an invariant for M.

Proof. (i) Since Mp is a fully invariant submodule of M, we have
M,=(B,® - ®B,)®[MyN (Bf+MP")], where Bf¥=B,®B, .. ®B,.,®. By

the modular law and Lemma 5.6, we obtain:

Mp(\(BE+MP") = [Mp (1 (Bt MP)|+(Bys B Bosy )
= MPP"+(Bn+1@Bn+2@°") J

Thus Mp=(B,®---PB,)D[MpP*+ (B, PB,.,P)], and so by Lemma 1.3
of [11], Bp is a basic submodule of Mp.

(ii) Let B)=>3],ea@U,, where U, is a uniform right ideal of R and A is
an index set. Then B,/BP=>),&U,/U,P. By Lemma 5.7, U,/U,P is a
simple R-module, and so it suffice to prove that B,/B,P is an invariant for M.
Since M 2B,+ (Mp+MP)2MP+ B=M, and B,N(Mp+ MP)=B,P by
Lemma 5.6, we obtain B,/B,P==B,[[B,N(Mp+MP)]=M|(Mp+MP). Thus
B,/B,P is an invariant for M.

Lemma 5.9. Assume that dim R=dim R|P.

(1) Let M=37.,BU,;, where U, is a uniform right ideal of R. If R is
bounded and P is a unique prime ideal of R, then M contains a P-basic submodule
different from M.

(ii) Let M be not P-divisible with Mp=0. If Ris not bounded or has a
prime ideal different from P, then M has at least two P-basic submodules.

Proof. (i) By assumption, R is a g-discrete valuation ring and so R=(D),,
where D is a discrete valuation ring. Let e, be the matrix unit with 1 in the
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(1, 1) position and zeros elsewhere. We note that a submodule B of a given
module N is basic if and only if Be,, is basic of Ne,, as a D-module. Now,
Me,,=>7.1PU,e,, and Ue,, is a uniform right ideal of D and so Me,, contains
a basic submodule B, different from Me,, by the same argument as in Lemma
35.1 of [4]. Thus M contains a P-basic submodule B R different from M

(i) Let B be a P-basic submodule of M. Then B is a direct sum of
uniform right ideals of R. First assume that R has a prime ideals P’ different
from P, then BP’=+ B, (B/BP’)p=0 and B/BP’ is P-divisible, because P4-P'=R.
Thus BP’ is a P-basic submodule of M different from B. Next assume that R
is not bounded. Then R has a completely faithful right ideal. It is evident that
0= N1, where I ranges over all completely faithful maximal right ideals of R
(cf. Propositions 3.1 and 3.2 of [8]). So for any uniform right ideal U, there is
a completely faithful maximal right ideal I such that U<, and so 0= U[(U N 1)
is C-primary, because R/I=U|(U NI). Hence we have a submodule B’ of B
such that 0==B/B’ is C-primary. Thus B’ is a P-basic submodule different
from M.

Lemma 5.10. Assume that dim R=R|P and that R is bounded with unique
prime ideal P. Let M be P-reduced and torsion-free, and let B be a P-basic sub-
module of M with dim B=n<co. If B is only one P-basic submodule of M, then
M=B.

Proof. If BN V=0, where 04V is a uniform submodule of M, then, by
Lemma 5.1, V¥={x|x= M, xP*SV for some n} has a P-basic submodule U.
Thus there exists a P-basic submodule of M containing U, which is a contra-
diction, because V*N B=0. Hence M is an essential extension of B and so
M]|B is torsion. Since Mp=0 and B is P*-pure, we have (M|B)p=(M|B);=0,
because R is a g-discrete valuation ring. Hence M=B.

Theorem 5.11.  Assume that dim R=dim R|P. Let M be a module. Then

(1) If P is a unique maximal ideal of R and R is bounded, then M has exactly
one P-basic submodule if and only if M is either of the following three types;

(i1) If R is not bounded or R has a prime ideal different from P, then M has
exactly one P-basic submodule if and only if M is either (a) or (b);

(a) M is P-divisible,

(b) M=N®®T, where N is P-divisible with Np=0 and T is a P-primary
module with bouunded order,

(¢) M=N®®T, where N is projective with finite dimension and T is a
P-primary module with bounded order (cf. Theorem 35.3 of [4]).

Proof. First we note that a P-primary module has only one P-basic sub-

module if and only if it is either divisible or bounded (cf. Theorem 31.3 of [3]).
From this fact and Theorem 5.8, we get that if (a) holds, then 0 is the only
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P-basic submodule, and that if (b) holds, then T is the only P-basic submodule.
Assume that (c) holds and that P is a unique prime ideal of R and R is
bounded. Then for any P-basic submodule B of M, we have M/B=(M|B)P"
=(INP"+B)|B for some large n, and so M/B is finitely generated and divisible.
Thus M/B=0 and so M=B.

Conversely, assume that M has only one P-basic submodule B. Then
B=B,PBp, where B, is a projective module with finite dimension by Lemma
5.9 and Bp is a P-primary module with bounded order. If B)=B,=0, then
we obtain (a). If B=0 and Bp=+0, then Mp=Bj is of bounded order. Let
MpP"=0. Then from the P*-purity of the sequence 0—Mp—M—M|/Mp—0 we
obtain MP*NMp=MpP*=0. Let M=M/MP* and let Mp=(MP"® M)/ MP".
Then it is clear that M, is P*-pure in M and so M=M PN by Lemma 1.1.
Let N be the inverse image in M of N. Then we get M=M,@N and N is
P-divisible with Np=0. Finally if B,50, then we have M=M,@ N, where
Np=0. Itis evident that IV has only one P-basic submodule L. Now, if R is
bounded or has a prime ideal different from P, then N has P-basic submodules
more than two by Lemma 5.9. This is a contradiction. If R is bounded and
P is a unique prime ideal of R, i.e., R is a g-discrete valuation ring, then NV is
torsion-free, because Np=N7, and NP~ is divisible. Hence N=N/NP= is also
torsion-free. Itis evident that L=L@NP=/NP* is only one P-basic submodule
of N. Thus, by Lemmas 5.9 and 5.10, we have N=L, i.e., N=NP~®L. So
it suffices to prove that NP~=0. Assume that 0+/NP~. Let L=U,$H---dU,,
where U, is a uniform right ideal of R and let U,=uR—+--4u,R(u;cU,).

Since N is torsion-free, NP~ contains a uniform right ideal V=9 ,R+.--49,R

such that U, ; V and f(u;)=v;,. Weput V,=>3% (v;7+v;)R and put L,=V,+
U,+-++U,. Thenit is clear that VV,=U,. Further we can easily prove that
V.n(U,®---dU,)=0 and that N=NP~@PL,. Thus L, is P-basic of N and
L,==L. 'This is a contradiction and so NP*=0. Thus we get M=Mp PN,
where N is finitely generated, projective. If Bp=M,p, then we obtain (c). If
Bp=0 and Mp=0, then M, is divisible.Since U,/U,P is a direct sum of simple
and P-primary modules, there is a nonzero map f: U,— M,. We put f(u;)=v;
(1igk), W=> (u;+72,)R and N,=W,+U,+---+U,. Then we obtain
M=MpPN,, Ny=N and N,+N. Itis clear that N, is P-basic of M. This
is a contradiction. This completes the proof of Theorem 5.11.

We denote the cardinal number of a set M by |M|.

Theorem 5.12. Assume that dim R=dim R|P for every prime ideal P of R
and that R is bounded. If M is a reduced module and if By is a P-basic submodule
of M for every P, then

M| =(Xp|Bpl)*'.
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Proof. Let B=>'.Bp. Then M/B is divisible, and so M/B=73",cx
@M,/B, where M ,[B=R(P~) for some prime ideal P of R or M,/B is isomor-
phic to a minimal right ideal of Q and A is an index set. In both cases, there
is an epimorphism f,: OQ—M,/B. Since Q=>,c;¢c;'R where ¢; ranges over
all regular elements of R and [ is an index set. Now we define i>j (7, jI)
to mean ¢;'R2¢;'R. We put f,(c;))=&,;. For i=j (i, jI), there exists a
regular element d,; R such that ¢;'=c;'d;;, and so ®,,=%,;d;;. Hence there
is an element b, ; ;€ B with x,;—x,;d;;=b, ; ;. If for a%B (a, BEA), the
vectors (-, b, ; j, ---) and (---, bg; ;, ---) are equal, then we have x,;,—xg,=
(x,;—xs;)d;; for i=j. Let N be the submodule of M which is generated
by the elements {x,,—xg;|¢=I}. To prove that N is divisible, we let
X=X —Xp )7+ -+ (%4 p— %, )7 » be any element of N and let ¢ be any regular
element of R. Since ¢;'=(cc;)7'c, we get (x,;—Xp;)=(% 5, —Xpz,)C, Where cc;=cy,
(k;€1I), and so x& NcR. Since R is bounded, N is divisible and thus N=0.
Hence |A| does not exceed the cardinality of the set of vectors (.-, b, ; ;, ***)
in B. It is evident that the cardinality of the latter set does not exceed |B|F!.
Thus we have

|M|=|M|B|-|B|<|A|-|R|-|B|<|B|'®.|R|-|B|=|B|'®.

On the other hand, |B|=|2p®Bp|< (> r|Bp|)®!, because the cardinal
number of the set of prime ideals of R does not exceed |R|. Hence |B]| !

<(Xp|Bp| )R R=(30p| Bp|)'®!, and so | M| <(Xp| Bp|)'®'.

Appendix

We shall present, in this appendix, some elementary facts about cotorsion
modules which are obtained by modifying the methods used in the corresponding
ones in abelian groups (cf. [4] and [13]).

(A.1) An epimorphic image of a cotorsion module is cotorsion.

(A.2) A direct product [],G, is cotorsion if and only if every summand
G, is cotorsion.

(A.3) Let G be reduced and cotorsion. Then a submodule H of G is
cotorsion if and only if G/H is reduced.

(A4) Let S be any one of the set {P,C, T}. If G is S-reduced
and S~-pure injective, then G=Ext(Ks, G). In case S=T, G=Ext(K., G)
@I Ext(Kp, G).

(A.5) Let M be an (R, R)-bimodule such that M is torsion as a left
R-module and let N be a module. Then Ext(M, N) is reduced and cotorsion.

(A.6) Let M be torsion-free. Then M=Hom (K, M Q@ K)=Ext(K, M)
and Mp=Ext(Kp, M) (cf. also, Theorem 5.4 of [15]).

A reduced and cotorsion module is called adjusted if it has no nonzero
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torsion-free direct summands. Let M be a reduced module. Then the ex-
actness of 0—> M, — M — M|M;—0 gives the exactness of

(1)  0—> Ext(K, M) — Ext(K, M) - Ext(K, M/My) — 0.

Now Ext(K, M[My) is torsion-free, cotorsion, and Ext(K, M;) is adjusted
(cf. §55 of [4]). Thus we have

(2) Ext(K, M)=~Ext(K, M;)®Ext(K, M|My).

For adjusted modules, we have
(A.7) The mapping

(3) T — Ext(K, T) = G

gives a one-to-one correspondence between all reduced, torsion modules 7" and
all adjusted modules G. The inverse of (3) is given by the correspondence:
G — G (cf. Theorem 55.6 of [4]).

For the rest of this appendix we assume that R is bounded.

(A.8) Every algebraically compact module is cotorsion.

(A.9) Let G be a torsion module. Then G is cotorsion if and only if G
is of bounded order.

(A.10) Let R be not cotorsion as a right R-module, and let M be a finitely
generated module. Then M is cotorsion if and only if it is a torsion module.
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