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§1. Completely well posed evolutional equations

Let E be a Banach space and E, be another Banach space such that
ECE, and the embeding of E into E, is continuous. Let A(f) be a
continuous linear mapping of E into E, for every fixed ¢ in the real
interval [a, b] such that A(#)u is a continuous function on [a, 6] into
E, for every fixed # € E. Then we can easily see, A(#)u(¢) is continuous
on [a, b] into E,, if u(¢) is continuous on [a, b] into E.

As an E-solution in [@, ] of the evolutional equation

d
o = = _“
(©) w=AQurst)  (a=-2),
where f(#) is an E-continuous function on [, b]”, we understand an
E-continuous function #=u(¢) on [a, b] such that the strong derivative
o= lim A~ {u(t + k) —u(t)} exists in E, for ¢t€[a, b] and the equation
h=>0

(0) is fulfilled in E, for t€[a, b].

The equation (0) is said to be E-well posed (or simply well posed)
in [a,b] when for any @ € FE there exists one and only one E-solution
u=u(t) of (0) with the initial value u(e¢)=9. We say that the equation
(0) is completely E-well posed in [a, b] when (0) is E-well posed for any
closed subinterval of [«, b] and the solution u=u(t, s, ) of (0) with the
initial value u(s)=¢@ (@<s<b) is a continuous function of (¢, s, @) for
a<s<t<bh, peE. If (0) is (completely) E-well posed in [a, b] then
the associated homogeneous equation

(1) o = A(t)u

1) f(#) is said to be E-continuous on [a, b] when f(t) is continuous on [, b] into E.
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is also (completely) E-well posed in [a, b]. When (1) is completely well
posed in [a, b] then the solution of (1) with the initial condition u(s)=¢
(s€la, b]) can be written in the form

(2) u=Ut s)p,

where U(t, s) is a continuous linear operator on E into E for a<ls<t<b
with the following properties :

1) U, s)p is continuous on a<s<t<b, p€E into E,
2) U(s, s)=1 (identity) for s€[a, b]

3) U, o)U(e, s)=U(t, s) for a<s<o<t<b,

4) o,U(t, s)p=A@)U(t, s)p in E, for a<s<t<b, p€E.

Such an operator U(¢, s) is called the fundamental solution of (1).
Especially when A(#) does not depend on #: A(#)=A, (1) is comple-
tely E-well posed in any finite interval [a, 6], if and only if (1) is
simply E-well posed in some finite interval. For, the fundamental solu-
tion of (1) has the form U=U(f—s). In this case, restricting the domain
of A to such a set of # that Au€E, A is the infinitesimal generator of
the one-parameter semi-group {U(¢)},=,, since U(¢t-+s)=U(s)U(t) for
s, t>>0. Conversely, if A is the infinitesimal generator of a one-parameter
semi-group {U(#)},>,, then extending the domain of A on E in such a
way that the range of A will be contained in E, as given in Remark 1,
we obtain a completely E-well posed equation (1) with A(#)=A, for any
finite interval, with the fundamental solution U(¢#—s)=exp ((¢ —s) A).
We can easily obtain the following :

Theorem 1. If the homogeneous equation (1) is completely E-well
posed in [a, b], and f(t) is E-continuous on [a, b], then the inhomogenous
equation (0) is also completely E-well posed in [a, b] and any solution of
(0) satisfies

u(t) = UG, s)u(s)+StU(t, o) f(o)do for a<s<t<b

with the fundamental solution U(t, s) of (1).

REMARK 1. Let A(f) be a pre-closed linear operator in E for every
t, and let there exists a closed operator A, with a domain in E such
that for the adjoint operators A*(¢#) and AF of A(¢) and A, resp. we have

NA*@) (| < AT (| +1|u']] for u' € D* = D(AT).

Then, defining a new norm of u € E by
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llulll = sup [<u, u>|(||Aw || +]u'])7",
w e P*

we get |/|u]]|<||#]|. Hence, denoting by E, the completion of E with
respect to the new norm, we obtain that the injection of E into E, is
continuous and the extension of A(f) on E is continuous on E into E,.
Cf [11.

On the other hand, if there exists a closed operator A, with a
domain 49 dense in E such that

A@ull < || Awll+llull for ued,
then difining a new norm of u €9 by
el = I| Ag ||+ |l2]|

the vector space 9 becomes a Banach space E, with the new norm, such
that the injection of E, into E is continuous and A(#) is continuous on
E, into E for every t€[a, b].

§2. Stability of solutions of evolutional equations containing a
parameter

Now we consider an evolutional equation containing a parameter
>0

(1)e O = A(Bu+1.(2) .

Let u=u,(¢) be an E-solution of (1), in [a, b] for €=0. u=u,t) is
said to be completely E-stable in [a, b] with respect to the equation (1),
for €—0, when the following condition is fulfilled : For any 8 >0 there
evists #(6) >0 such that, if 0<’ &< #(8), any E-solution u=u.t) of (1),
on [s, b] for any s € [a, b] with ||u.(s) —u,(s) ||< n(0) satisfies the inequality

llue(®) —u(t) || <8 for s<t<b.

Lemma 1. Let the equation (1), be completely E-well posed in [a, b]
for £>0. If an E-solution u=u,t) of (1), is completely E-stable in
[a, b] for &—0 with respect to (1), then the fundamental solution U(t, s)
of the associated homogeneous equation of (1)., for sufficiently small & >0,
with some constant C satisfies the inequality

(2) U, < C for a<s<i<b.

Proof. Let u=u,t) be completely stable in [a, b] for €—0 with
respect to (1), and #=wu, () and u=v,(f) be solutions of (1), such that
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#e(s) =0,(s) and ||ve(s)—u.(s)||< n(6) resp. Then, if 0< < %(6) we must
have

4e(#) =0 || = || 4o(8) —0o(E) || + [ 0e(t) —uo(£) [| <28 for s<#<b.

Hence for any w€E with ||w|/< #(6) holds the inequality || U,(¢, s)wl|
<26 for a<s<t<b. This asserts Lemma 1.

In order to give our sufficient conditions for the complete stability
of a solution, we shall prepare a definition of quasi-regularity of solu-
tions. An E-solution u#=uy{) of

(0) O = A)u+f(t)

is said to be quasi-regular in [a, b] with respect to an operator A,(%),
when for any 6 >0 there exists an E-continuous vs(f) on [a, b] such
that ow5(¢) — A,(B)vs(t)— f(t) and A,(f)vs(¢) are bounded and E-continuous
on [a, b] and the inequalities

llos(t) —u() || <8 and [[Os(t) — Aws(t)— f(£) || <8

hold for a<<t<<b.

Especially if A,(#)=A,(f)=A and A is the infinitesimal generator of
a l-parameter semi-group and f(¢#) is E-continuous on [, 6], then an
E-solution of (0) is quasi-regular in [a, b] with respect to A. Indeed in
this case we have to set v;(¢)=(1—X;'A) 'u,(t) with sufficiently large
As >0. .
Now we assume that (1), is completely E-well posed in [e, b] for
€>>0 and the operator A.(#) have the form:

(3) At) = A(D)+EA(E)  (6=0).

Further let f,(¢) be E-continuous on [a, b] and converge to f,(f) uni-
formly on [, 6] as €&—0. Then we have:

Theorem 2. Let u=uyt) be an E-solution of (1), for €=0 in a finite
closed interval [a, b] and be quasi-regular with respect to A(t) in [a, b].
In order that w=u/t) be completely E-stable in [a, b] with respect to (1),,
it is necessary and sufficient that for sufficiently small ¢_>0, the funda-
mental solution U/t, s) of the associated homogeneous equation of (1), is
uniformly bounded for a<s<t<b.

Proof. As the nessecity of the condition is already given by Lemma
1, we have only to prove the sufficiency.
For any 6_>0 there exists an E-continuous v4(¢) on [«, b] such that
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hs(t) =005(t) — Ay vs(t) — fo(t) and A,(f)vs(t) are E-continuous on [a, b]
with the conditions
(4) llos()) —u@) || <8 and ||As(#)]| <8 for a<{t<b.

Then we get
O, —vs) = Ae(t)(u,—v5)+EA()vs+ &, 5(8) ,
where g, s()=r.(t)—fo(t) +hs(t). Hence, by Theorem 1,
u(t) —vs(t) = Uy(t, 5){uo(s) —vs(s)}
+ (U DA ga@h do for a<s<r<b.

Thus by (2) we have
18 =251l < CLl5)~2a(6) 1+ 11 A0 112 o(0) D}

There exist positive constants ¢{(€) and B; such that £(&)—0 as €—0,
1 fe)—f @< EE) for a<<t<b and ||A,#)vs@®)||<Bs for a<lt<b.
Thus, by (4), we get

[2(8) — 1) || < CHl| o(8) —w(8) [| -+ 6+ (b—a)(EB5s + £(6) + )}
for a<<s<t<b.

First taking 6 >0 sufficiently small and then letting £€—0, we complete
the proof.

REMARK 2. The sufficiency of the condition in Theorem 2 remains
valid even for the case of infinite interval (a, <) (b=o0), if we add to
it the condition

Stl[UE(t, $)||ds<<C for a<t< o with some constant C.

§ 3. Degeneration of evolutional equations

Let us consider the evolutional equation of the singular form in
the parameter ¢:

(1), Eu =ABDu+f.(t) with € >0
and the degenerated equation

(1), ABu+f(t) =0

We assume that A.(#) and f.(#) have the forms
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Ae(t) = Ao(t)+8A1(t) ’
fe(t) = fo®)+EfL () +ER(E),

where f,(¢), fi(¢) and A(¢) are E-continuous on [a, b] and 4,(f)—0 uni-
formly on [a, b] as €—0.

A solution u=u,(f) of the degenerated equation (1), is said to be
completely E-stable in [a, b] with respect to (1), for €—0, when the
following condition is fulfilled : For any & >0 there exists some 7(8) >0
such that, if 0<’6<#(8), any E-solution #.(¢) of (1), in [s, 6] for any
s€la, b] with

(2)

[12(s) —uo(8) | < 5(8)
satisfies the inequality
lo(8) —u () || <& for s<t<b.

Theorem 3. Assume that (1), is completely E-well posed in a finite
closed interval [a,b] for € >0 and A.t) and f.(t) have the forms (2).
Let u=u/t) be a E-solution of (1), on [a, b] such that ut), Ou,t) and
A,Du,(t) are E-continuous on [a, b]. In order that u=u,t) is completely
stable in [a, b] for €—0 with respect to (1), with any E-continuous f(t)
on [a, bl, it is necessary and sufficient that the fundamental solution
U.(t, s) of ou=E"'A,(t)u satisfies the following conditions :

1) There exists a constant C such that

| U2, s)|| < C for a<s<<t<b and sufficiently small &_>0.
2) For any «, B, t, and v € E such that a<<a<S<t<b,

Sﬁ UJt, s)vds — O uniformly on t€[B, 0] as € —-0.

Proof. The necessity of 1) is obtained in the same way as in the

proof of Lemma 1.
To prove the necessity of 2), setting f,(f)=p()— A,{#)u,(t) with an
arbitrary E-continuous ¢(¢) on [a, b], we get from (1),, (1), and (2)

Op(the —ty) = E A (U — o) +P(t) + he(2) .
Hence for a<<s<t<b
u(8) = 10(t) = Uilt8) ()= ()}
+| U, e+ @) do

By 1) we have if 0< &< 5(9), as 7(8)<C§,
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([ Ue(t, $){ue(s) —u(s)} || < C8
and

H St Uilt, ) he(2) d*f” < (b—a)CL(©)

for a<<s<t<b, where ¢(8)—0 as €—-0. Hence we have only to show
that

(13

StUE(t, o) p(o)do — 0 uniformly on a<s<t<b

as €—0 for any E-continuous ¢(¢) on [a, b]” implies 2). Put @(o)=v(o)v
with any v € E and a continuous real valued function (o) on [, b] such
that 0 <<y(a) <1, Y(c)=1 for a+8<o<{B, Y(o)=0 for a<<o<a and for
B+8<o<b. Then by 1)

[0t 9@)do—{ Uutt, yude | < 25CI011.

Therefore we obtain 2), as 8 can be taken arbitrarily small.
To prove the sufficiency of 2) with 1), we have only to show that
by these conditions

StU,,(t, o)p(o)do—0 uniformly for a<ls<#<{b as €—0.
Divide the interval [, ] into a finite number of consecutive intervals

[rv-1, 7v] (»=1, -+, N) in such a way that =, —7,_,< 6 and ||@(c) —@(7,)||
<8 for o€[7y_,,7,]. Then

| vt Dp@de- 5 [* Uit )oir) o

s<Ty <t JTy

< C(b—a)d+2Cd Max || p(o)]] .

Thus by 2), taking & sufficiently small and letting €—0, we attain to
the desired conclusion. Q. E.D.
When f.(¢) has the form, instead of (2),

(3) fe(t) :fo(t)+he(t))

where f(¢) and #.(¢) have the same meanings as before, we cannot easily
have necessary and sufficient conditions for the complete stability of u,(¢),
but only sufficient conditions, while we can relax the conditions on u,(f)
somewhat.

Theorem 4. Let u=u,t) be an E-continuous solution of (1), on [a, b]
such that for any >0 there exists an E-continuous vs(t) on [a, b] with
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bounded and E-continuous du4(t), A(t)vs(t) and A,(t)vs(t) on [a, b] satis-
fying the conditions

los(®) —u) || <8 and [|Aws()+1fo@) [|< 8 for tel[a,b].

Assume that the fundamental solution Uy, s) of ou=E"A.(t)u, satis-
fies for sufficiently small € >0, the conditions with some constant C:

1) UG )HIN<ZC for a<s<t<b,
2y StHUE(t,s)lldsgec for a<t<b.

Then u=u,t) is completely E-stable in [a, b with respect to (1), for E—O0.
Proof will be left to the reader.

ReEMARK 3. The sufficiency of the conditions 1) and 2)’ in Theorem
4 remains valid even for the case of infinite interval (a, o) (b=o0).

§4. Degeneration of evolutional equation when A.({)=A

Consider the evolutional equation of singular form in &:
( 1 )e eatu = Au+fz(t) (8 > 0) ’

where A is the infinitesimal generator of a one parameter semi-group in
a reflexive Banach space E. As it has been stated in §1, the operator
A can be extended to a continuous linear operator on E into E,, and
the equation (1), becomes completely E-well posed in any finite interval.
The fundamental solution of the associated homogeneous equation has
the form

U.(t, s) = exp (67 (t—5)A),
as exp (A) (¢=0) is the transformation generated by A.

Theorem 5. Let u=u,t) be an E-solution in a finite closed interval
La, b1 of the degenerated equation

Au+f,) =0

with E-continuous du,(t) on [a, b].

In order that u,(t) be completely E-stable in [a, b] with respect to (1),
for €—0, where f, has the form (2) with any E-continuous f,, it is neces-
sary and sufficient that the following conditions are fulfilled :

1) With some constant C, || exp (tA)||<<C for 0<t<oo.
2) Av=0 with ve D(A) implies v=0,
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where D(A) denotes the proper domain of A before the extension of A on E.

Proof. From Theorem 3 we get easily the necessity of 1), as
U.(t, s)= exp (67 (t—s) A).

By the mean ergodic theorem in a reflexive Banach space, we obtain
from 1) a projective operator P on E into E such that:

(3) lim = S:exp (tA)vdt = Pv for any veE,”
(4) Pexp (tA) = exp(tA)P = P* =P,

and

(5) P(E) = {uc DA); Au = 0}

Thus, for a<la<B<¢t<bh and any v € E, setting
T(€) = &(B—a) we have by (4)
Si U,(t, s)vds—(8—a) Py
— S:exp (&t —s)A)vds— (B — ) Py
— (B—a) exp (6'(t — B) A) {r(€) ™" S:exp (¢ A)vdo— Pu}

hence by (3) and 1), we have

H S"Uga, s)ods— (8—a) Py “ 0 uniformly for B<¢<b),
as 7(€)— o for €—0.
Hence the condition 2) in Theorem 3 with 1) is equivalent to:

Pv =0 for every v€EE.

Therefore, by (5) the condition 2) with 1) is equivalent to the condition
2) with 1) in Theorem 3. Q. E.D.

REMARK 4. The sufficiency of the conditions in Theorem 5 remains
valid even for the case b= oo, if we replace 2) by

[Tiexp ¢ayiiar << oo

2) Here the lim means the strong limit in E.
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