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ON THE ABSTRACT EVOLUTION EQUATION

Dedicated to Professor K. Shoda on his 60th birthday

By

Tosio KATO and Hirok:i TANABE

§0. Introduction. The present paper is concerned with the abstract
evolution equation

duldt+Alu = (), 0<t<T, ©.1)

in a Banach space X. #=u(¢) and f(#) are functions on [0, T] to X and
A(?) is a function on [0, 7] to the set of unbounded operators acting
in X.

We have already published a number of papers on the integration
of this equation based on the theory of semi-groups of operators; in
particular the reader is referred to Kato [3] for a survey of recent
results, including those obtained by other authors. In most (but not all)
of these papers of ours, — A(f) are assumed to be infinitesimal generators
of analytic semi-groups exp (—sA(?)) of bounded linear operators on X ;
this is equivalent to assuming that the resolvent (AJ+A(£)™* of —A(¥)

covers a closed sector of the form largMg%Jrﬁ, 0>0, and satisfies
the inequality
NI +A@) I <M/ M. 0.2)

Regarding the dependence of A(Z) on ¢ it has so far been necessary
to assume that the domain D(A(#)) of A(#) or at least the domain D(A(#)*)
of a certain fractional power A(#)* of A(¢) is independent of ¢, with
other anxiliary assumptions such as the Holder continuity of A(#)*A(0)*
(see [3D).

The main object of the present article is to eliminate such an
assumption on the domain of A(#) or of A(¢#)®. We shall prove the exist-
ence and the uniqueness of the solution of (0.1) or what comes essentially
to the same thing, of the evolution operator U(t, s) associated with (0.1);
in addition to the condition that — A(f#) be the infinitesimal generator of
an analytic semi-group, our principal assumption will be that an inequality



108 T. KaTo and H. TANABE
of the form

| Lor+amy| < NI 0.3)

is valid with a constant p such that 0<Cp<1. Of course (0.3) implies
that A(#)"' be differentiable in £, but it does nof imply that D(A(¢)*) be
constant for any % >0. In this respect (0.3) is weaker than the assump-
tions used in our previous papers and is believed to be an essential
improvement.

The condition (0.3) is not very easy to verify in a given problem.
We have given a criterion for the validity of (0.3) (Theorem 2.1). Also
we have a rather general case in which (0. 3) is satisfied (see §7); it is
interesting to note that this case is a generalization of a case dealt with
in detail by Lions in his recent book [6].

Actually we find it difficult to construct a strict solution of (0. 1)
under the assumptions stated above alone: we had to assume further
the Holder continuity in norm of the derivative dA(#)™'/dt. It must be
admitted that this is a rather strong assumption. It is possible, however,
to construct a solution (and the associated evolution opepator) which
satisfies (0.1) in a weak sense and yet is determined by the initial value
#(0), without assuming this Holder continuity of dA(¢)~'/dt.

81. Analytic semi-group and its infinitesimal generator. For the sake
of convenience, we state some results from the theory of analytic semi-
groups which will be used in the sequel.

Let A be a linear operator from a complex Banach space X into
itself. Let us assume
(A) A is a densely defined, closed linear operator. The resolvent set
p(—A) of —A contains a closed sector XZ: |argA|<7/2+0, 0<0<=/2.
The resolvent of — A satisfies

AL+ A) M < M/ N for AeZ, (1.1)

where M is a constant independent of A.

Note that the assumption 0€ p(— A) is contained in (A).

Under the assumption (A), —A generates a semi-group exp (—?A4)
by means of the formula

exp (—t4) = Lg MO+ A)dN (1.2)

27i Jr
where I' is a smooth contour running in I from coe ¥ ™/*® to cogi™/*t®,
exp (—tA) is analytic in the sector |arg¢/<6, ¢{==0. For any real «
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with 0< a<1 we define

A - Snma Smx”‘(MJrA)“dx. (1.3)

A~? has an inverse and we define A® by
A® = (A*)". 1.4)

For a=n+« with some natural number # and some «’ satisfying
0< a’< 1 we define A*—=A"A% and then A *=(A%"'. In this way A®
has been defined for any real «.

The fractional power can be defined for more general operators and
for the details see Kato [1] and [2]. A% a >0, is bounded ; however,
A%, a™>0, is bounded only when A is bounded. For any real «¢ and 8,
we have

AP — A% AP (1.5)

and A'=A. For any positive number «, there exists a constant M, such
that for any a with 0<<a<<«, we have

I|A” exp (—tA) || = M, |¢]7%, (1.6)

in the sector |arg #|<<6¢. Furthermore to each « in [0, 1] there cor-
responds a constant C, such that we have

A" A+ A)7 | = Cof [V .7

for any A€Z. This can be proved by
O+ A) = Se“ exp (— tA)dt, (1.8)

where the integral path runs from O to « along the upper or the lower
boundary of the sector |arg #|< 6, according to Imi< 0 or ImA_>0
respectively.

§2. Assumptions and Definitions. In what follows, we denote by =
a fixed closed angular domain (as in the previous section):
S={; V=724 6}, 0<C0< /2,

We first state the assumption to be made in the theorems.
(E.1) For each t€[0, T}, A(¢) is a densely defined, closed linear
operator. The resolvent set p(— A(#)) of — A(¢) contains =. The resolvent
of — A(¢) satisfies

[T +A@) | = M/ )| 2.1)
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for any A€3 and te€[0, T], where M is a constant independent of A
and ¢

(E.2) A($)™%, which is a bounded operator for each # is continuously
differentiable in #€[0, 7] in the uniform operator topology.

(E.3) For any A €= and t€[0, T], the following inequality holds :

= 2.2)

Ha%(qu(t))—l

where N and p are constants independent of ¢ and A with 0<p<1.
(E.4) dA(t)'/dt is Holder continuous in #€[0, 7] in the uniform
operator topology :

[|dA(2)""/dt-dA(s) /ds|| =< K|t—s|*, K>0, a>0. 2.3)

In what follows, we denote by C constants which depend only on
the constants appearing in the above assumptions.
As a sufficient condition for (E. 3), we have

Theorem 2.1. If there exist positive numbers p, p, and a natural
number | satisfying 1=Ip+p,, 0=p,< p<_1l, such that both A(¢)"* and
A(t)""1 are continuously differentiable in t in the strong operator topology,
then (E.3) is satisfied.

Proof. First we remark the relation
@/2t)M+ A()) ™ = A(E)M + A(2)) ' -dA(2) 7 [dt- A()M +A(L)' . (2. 4)
Using A(?)"'=(A(?)"")*A(#)"", we have
@ty A+ A(t) ™ =
=AM+ A@)™? {ZI A() Y9 PdA(L) P dE- A(t)~ PR
+A(t)°1“‘dA(t)“’1/Jc:z"lt} AN+ AQ@) T =
= Elj A(E) 9PN+ A(E) ' dA(E) P [ dts A(t) I P(WT + A(E)) !
]:A(z‘)"l(xl+A(z‘))“dA(t)“"l/dt-A(t)()LI+A(t))“ ,
whence using (1.7) we readily obtain (2. 2).
REMARK. Let X=L?[a, b] A1 <p< ) with the norm |lu]|l =
[Si lu(x)l”dx]w, and let A(f) be a multiplication operator defined by
(A@u)(x) = |x—¢]*u(x)

with some constant 2~>1. Then it is easily seen that the assumptions
(E.1)~(E. 4) are all satisfied, Especially (2.2) holds good with p=Fk~",



ON THE ABSTRACT EVOLUTION EQUATION 111

but A(#)~* is differentiable in (0, T)N(a, b) only when p’k=1. Hence if
k is sufficiently near 1, the assumption of Theorem 2.1 is not satisfied
because then A(f)™": is not differentiable. Thus, Theorem 2.1 does not
give a very satisfactory sufficient condition for the validity of (2.2).
Note that the domain of A(#)* does change with ¢ in (0, T)N(a, b) for
any k>0 in this example.

In what follows the inhomogeneous term f(¢) of (0.1) will be assumed
to be strongly continuous unless otherwise stated.

Definition 2.1. We call wu(f) a strict solution of (0.1) in (s, T] if

(1) u(¢) is strongly continuous in the closed interval [s, 7] and
strongly continuously differentiable in the open-closed interval (s, 7];

(2) for each te(s, T, u(t) belongs to D(A(%));

(3) u(¢) satisfies (0.1) in (s, T].

Definition 2.2. We call «(¢#) a weak solution of (0.1) in (s, T] if
(1) u(?) is strongly continuous in [s, T];
(2) we have '

[} @, 2@ - A@re®at | (F0), p@)it+@s), p9) =0 (2.5)

where @(¢) is any function with values in X* with the properties

(i) for each ¢, @(¢) belongs to D(A(#)*),

(i) (), @' (t) (=dp(t)/dt) and A(t)*p(f) are strongly continuous
in s, T,

(i) e(T)=0.

By the assumption (E.1) each — A(s) generates an analptic semi-
group exp (—tA(s)). The derivatives of exp (—(¢—s)A(%)) satisfy

I(2/2¢) exp (—((—5)A)) || = C(¢—9)"", (2.6)

l1(2/3s) exp (—(t—s)A(D) || =< C(t—s)". 2.7
(2.7) is a direct consequence of (1.6) with @=1 and the relation
(0/s) exp (—(t—5)A(2)) = A(?) exp (—(t—5)A(?)) .
(2. 6) follows from (2.7), the relation
2 exp (~(t=9AW) = — 2 exp (~(1—)A(®) +§}t_i [ e 2 O+ Ae)
and the uniform boundedness of (9/2f)(A] + A(¢))™* which is a consequence

of (2.4) (for the proof of (2.7), (E.3) is not necessary).
Supposing that the assumptions (E. 1)~(E. 3) hold, we will prove that
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there exists a unique weak solution to (0.1), and assuming (E.4) in
addition to (E. 1)~(E. 3), we will show that the weak solution is actually
a strict one.

§3. Existence and uniqueness of weak solutions. Let us construct the
evolution operator in the form

Ut, s) = exp (—(—s)A()) + S:eXD (=@—=n)A)R(r, s)dr. (3.1)
Calculating formally, we get

(5] o t o
DU 9 = 2 exp (~(t—)AD) +R(E, 9+ S 2 exp (~(t-DAWDR(, s)dr,

ADUE, s) — ais exp (—(t—$)A() + g

: % exp (—({—1)A@)R(r, s)dr .
Putting
R(t, s) = —(0/ot+93/3s) exp (—(t—s)A(2)), 3.2)

we obtain
SUL 9+ AU 5) = —R( 9+R(% 9= [ Rt DRE9dr.
Therefore we will determine R(Z, s) as the solution of the integral equation
R(, 9)— | Rt DR (r, $)dr = R4 9). 3.3)
Lemma 3.1. R,(¢, s) is continuous in 0<s< t<T in the uniform
operator topology and satisfies :
1R,(2, $)I| = C,(¢—95)"". (3.4)
Proof. This follows from the integral representation

Rt ) = —-1

}\(t—s)g >\' -1 A.
5 Sre 20+ A@®) (3.5)

and (E. 3).
By Lemma 3.1 the integral equation (3.3) can be solved by suc-
cessive approximation :

R(Z, s) = 2 R, 5), (3.6)

Rt ) = (Rt OR, (0,90, m=23. @D
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Lemma 3.2. R(¢, s) ¢s continuous in 0<s< t<7T in the uniform
operator topology and satisfies

IR, s)|| = C(t—s5)". (3.8)
Proof. This follows from

CPr(L—py"(t—s)™-oa-m-r .

R, (2, = )
IRt ) Fon—)

where C, is the same constant as in (3.4), and from the preceding
lemma.

Lemma 3.1 and 3.2 show that U(¢ s) is well defined by the formula
3.1).

For sufficiently small positive %, we define

U,(t, s) = exp (—(t—5)A()) + g hexp (—(—7)A@)R(T, s)dr. (3.10)

t—
S

Then we have

/20 Ut, s)+ AWMU, s)
— _R(t, 5)+exp (— AR (E—1, 5)— §""Rl(t, NR(r, s)dr .

The right member is uniformly bounded in % and

(@/at)U,(t, s)+A@)U,L, s) — 0 (3.11)

strongly as % | 0. The solution of (0.1) in (s, 7] is formally given by
u(t) = UCt, $)u(s) + g’ U, ) F(o)do . (3.12)

We can, however, only prove that this is a weak solution unless we

assume (E.4). Let @(f) be any function satisfying (i), (ii) and (iii) in
Definition 2.2. Then,

[ W, su(s), o enat

— lim lim S:k(Uh(t, u(s), @' (D)t .

kY0 BYO
Hence we have

S:k(Uh(t, s)u(s), ¢'(#)dt
= —(Uy(s+k, )u(s), p(s+k))



114 T. KAaTO and H. TANABE

7 (@IenU + ADUE us), @)t

7w sus), Awrewar

— —(Uls+, suls), p(s+b)

+STLk(U(t, u(s), A)*p(t)dt  (as h|0)

~ (), o) + [ UG Sus), Aprpndt  @s k10),
which implies

[ Wt, syu(s), @/~ Ay p(e)dt+@ls), () = 0. (3.13)

Similarly,
[[([[vt, 0 1@, p0)ar = (" Wt 0)50), 9 et

— lim lim lim S”ST (Ut )£ (), @ (O)dtds .

Y0 40 hy0 Js

However
[ @t s, poyatds =~ (Ue+5, 97(0), plo+do
- S” S; (((@/2t)Uy(t, o)+ AUy (t, o)) f(a), @(t))dtdo
+ Sj—kS;s(Uh(t, o) f(o), A(t)*p(t))dtdo
- ("W 18, 0) (o), plo+B)do

)
+ST"’S6T+8(U(¢, o) f(@), A p(t)dtde  (as h|0)
|

(F@), pondo+ (" | Wit, o) £(0), AWy p(0)dtdo
as 310)

— —[ @) ponae+ " [ Wi, o) 1o, Ay pe)atao

(as k}0),
and hence we obtoin

STW U(t, o) f(o)do, (P'(t)—A(t)*qn(t)>dt+ gT( F(@), p(a))de = 0. (3.14)

Adding (3.13) to (3.14), we get (2.5).
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In order to prove the uniqueness of the weak solution, we will
first construct a bounded-operator-valued function V(¢, s) which has the
following properties :

i) V(¢ s) is continuons in 0<<s<¢{<T in the strong topology ;

i) V(¢ ¢t)=I for any t€[0, T]:

iii) for any w€ D(A(s), lima'(V (¢ s+h)— V(L s))u exists and is
equal to V(¢ s)A(s)u. i

Such a V(#, s) can be constructed by setting

V2, s) = exp (—(t—s)A(s)) + S:Q(t, ) exp (—(r—s)A(s))dr, (3.15)
where Q(Z, s) is the solution of the integral equation
ot 9)- [ at, DR, 9har = Qut, 9) (3. 16)
with kernel and inhomogeneous term

Q.(2, s) = (o/ot+2/2s) exp (—(t—95)A(s)) = E}r—z Spe"<“‘)(8/as)(xl+A(s))"‘d)».

As in Lemma 3.1, it can be shown that @,(¢, s) is continuous in 0<s<t<T
in the uniform operator topology, and satisfies

@\ ) = C(t—9)"". (8.17)

Therefore (3.16) can be solved by successive approximation as before.
The solution §(¢, s) is continuous in 0<s< ¢< T in the uniform operator
topology and satisfies :

10 Il = Clt—9)". (3.18)
If we set
Vit 9) = exp (~(t=9AE) + | Q(t, 7 exp (~(r—9)A()dr  (3.19)

for a sufficiently small positive %, then (9/2s)V,(¢, s) and V,(¢, s)A(s)
(=the bouuded extension of V,(Z, s)A(s)) are continuous in s€[a, t—£]
in the uniform operator topology. Furthermore (0/9s)V,(t, s)— V, (¢, s)A(s)
tends to O strongly as % | O.

Let u(#) be any weak solution of the homogeneous equation of (0. 1)
in (s, T]. We have then by definition

[ o, ¥~ A@ ¥ ®)at + @), ¥(s) = 0 (3.20)
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for any v satisfying i), ii) and iii). Let #, be an arbitrarily fixed number
in (s, T], and let @(¢) be a continuously differentiable function with
value in X* and with support in (s, #,). Then, if % is sufficiently small
depending on the support of @, \r,(£)=V,(¢,, H)*@(¢) has all the properties
required of ¢ in (3.20). We have also

[ v, o), penat = tim (Ve due), p@nat

=tim ("), Vitt,, 0@ 0)at = tim (" @), v - A @)t

k{0

—tim [ @), @Vit,, 2 ot~ AW Vit,, )DL

hy0

The first term vanishes because u(¢) satisfies (3.20) with 4=+, and be-
cause v¥,(s)=0. Therefore the right member is equal to

tim (" @V, /3t — Vills, HADME), pt)dt = 0.

This implies that the distribution derivative of V(#,, H)u(¢) vanishes, and
hence that V(,, {)u(¢)=const. in (s, £,). Letting ¢#|s and then #114,
we get wu(t,)=V(¢,, s)u(s). As f, was an arbitrary number in (s, T], it
follows that

u(t) = V£, s)u(s) (3.21)

for any #=s. This shows that the weak solution of (0.1) is uniquely
determined by its initial data and the inhomogeneous term. As (2.12)
was seen to be a weak solution, we have also proved

V(t, s) = U, s), (3. 22)
Ui, YU, s) = U, s), s<r<t. (3.23)
We do not know whether the range of U(Z s), s<{, is contained in

D(A(?)) without assuming (E.4), but the following weaker result is
obvious :

s . .
A()PU(L, s) is bounded if 0<GB< 1 and ¢> s} . (3.24)

and we have [[A®)PU(, s)|| < C(t—s)*
Summing up, we have established

Theorem 3.1. Under the assumptions (E.1)~ (E.3), the operator-
valued function U(t,s) determined by (3.1) and (3.3) satisfies (3.23), (3.24)
and

Uis,s) =1  for any 0<=s<T, (3. 25)
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The function u(t) determined by (3.12) is a unique weak solution of (0.1)
in (s, T, u(t) belongs to D(A(#)P) for each te(s, T] if 0<B< 1, and
A(DPu(t) is strongly continuous in t€ (s, T ].

§4. Existence of the strict solution. In this section, we will prove
that the weak solution whose existence was proved in the previous section
is a strict solution under the additional assumption (E.4). We assume
(E.1)~(E. 4) throughout this section.

Lemma 4.1. For 0<s<rv<t<T, we have

HR(t,s)—R(rr,s)HgC{ t—r L (=m)? (f=m) (t=7)° t_s}

log—=».
(t—=8)T—s) t—s (t—s)f (t—9) t—

“4.1)
Proof. First we have

B S Y TN “lan

Rt =R s) = == 2o Zar+A@) =2 0L+ Aw)fd

— L[ @ro—er) 2 arramyan = 1+11, 4.2)
27t Jr oT

and by (2. 4),

(@/at)M + A(t)) ' —(0/oT)(N + A(T))

= {ADN+ A1) — A(T)N + A(7)) Y dA(2) [ dt- A(H)(M + A(2) !
+ AT+ A(T)) H{dA@) [ dt—dA() " [dr} A(H)(M + A(B)) !

+ AT + A(T))'dA(T) 7 dr {A(E) (M + A(#)) 1 — A(T)AMT + A(T)) 7} .

Since
ABOM + A®) " — AN+ AE) " = MOL+A®E) ™ — O+ AF)™)
_ ’“Si(a Ja0)YM + A(e))do ,
we have
[|AB)YNM 4 A(8)) ™ — A(m)M + A() |
gm[SiN’{M"'ldo — Ct—T)\|°.
Making use of this inequality together with (E.4), we get
| (@/at)M +A()) ' —(@/om)M +A(T) | = C{(t—7) NP+ (¢—7)"},

and therefore
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ni=c gpekew-”{(t—«r)m Pt (£=m)%} [dn|

=Cla e )

As for II, we have

ST éa_ {Zm S aa_.ro\'pr A(T))_ld)“}d"
- "7125 o2 (MJFA(‘T))“‘dX}do.
Noting
HSFM*"a%(MJrA(rr))“dx” = CSFeRe*~”|>x|°|dx| < G_C;
we get

M= C( ot rde = C{r—9)"—(t=9)"} = Cer—9)*{1-("=2

t—s
pfq_T—S\ _ t—r
=C(r=9) <1 t—s> C(t—s)(rr—s)" ’

Combining (4.2), (4.3) and (4.4), we obtain

IRt )= Rir, 9l = C{ B+ 20

From the identity
StRl(t, o)R(o, s)do— STR,('r, )R (o, s)do
= ['R(t DR, 9)do+ [ (R(t, )~ Rz, DR (@, 9)do,

we get

iS:Rl(t, DR, )do | R(r, R (, s)do“

N R = =)

(cf. Lemma 1.2 in [7]), which completes the proof of the lemma.
We denote by W(¢, s) the second term in U(Z, s), i.e.

Wi, s) — S’ exp (—(t—T)A(E)R(r, s)dr ,

(4.3)

))

4. 4)

(4.5)



ON THE ABSTRACT EVOLUTION EQUATION 119

and for a sufficiently small positive number % we set

Wit ) = | exp (—(1-nAWRG, )dr
Then, we have
SVt 5) =exp (AR, 5)+ S“%exp(—(t—'r)A(t))(R('r, $)—R(t, $))dr
7 (24+-2) exp (~(t—MA@Ndr-R(t, 5)—exp (~RADR(, )

s \ot or
texp (—(t—s)AWE)R({, s) .

Letting % | O, it follows that
W, 9) = || 2 exp (—(t-DAW®)Rr 5)— R, )dr
" Rit, ) -R(t, 9)+exp (—(t— ) AWNR(E, ). 4.6)

It follows from (3. 4), (3.8) and (4.1) that

gc{ 1, 1 } 4.7

Bual= S, [gmalsel iyt

T t-s
As regards A(?)U(¢, s), we can show in a similar way that
A)U(E, s) = A(t) exp (—(t—3)A(2))
+ [ @ exp (—t—ma®) R, 9—R(t, )ar 4.8)
—R(8, s)+exp (—(t—s)A)R(, s).

Using (4. 8), we can also deduce estimates similar to (4.7) for || A(#)U(%, s)||
and ||A(H)W(¢, s)||. However, if we use (3.11), we can show this and
the equality (9/28)U(¢, s)+ A(t)U(¢, s)=0 at the same time without veri-
fying (4.8). Making use of U(Z, s)=V(¢, s), it can also be proved that
(9/as)U(t, s) is bounded when s<_¢ and that we have

(0/2s)U(t, s) = U(t, s)A(s) 4.9)
as well as
[[(@/as)U(t, s)|| = C/(t—5s). (4.10)

In order to deduce this property, we have only to calculate (o/0s)V(¢, s)
just as we did for (©/2¢)U(t, s) using the following lemma which can be
proved in just the same way as Lemma 4. 1.
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Lemma 4.2. For any s<t<t, we have

_O(t. + TS (T—8)" (r—8)'" (r—9)" t—s
19 9)—Q( )||§C{(t—s)(t-7)"+ t—s * (t—s) +(t—s)” 1Og-r—s}'

Thus we have established

Theorem 4.1. Under the assumptions (E.1)~(E.4), there exists an
evolution operator U(t, s) for the equation (0,1) which satisfies

E c
1206, 9) = 1awue 9l =<, (@.11)
2 IR 1 1
2 (Ut 5)—exp (—(t=)AWD)} gc{(t_s)p+ (t—s)“‘”}' 4.12)
Moreover U(t, s) satisfies (4.9) and (4.10), and
2 1 1
(UG, 9)—exp (— (=AW} gc{(t_s>,,+ (t—s)l“‘”} (4.13)

as well as (3.23) and (3. 25).

Theorem 4.2. If we suppose that f(¢) is Holder continuous in
tels, T]:
and that (E.1)~(E. 4) hold, then (3.12) is the strict solution of (0.1).

Proof. We have only to notice that

= [ exp (~(t=)A®) fl0)do - Séa—t exp (—(t—a) AN f(o)— f(1))do

~ 'Rt ) 7(Ddo+exp (~(t-9)A®) F1),

§5. Analyticity of the solution. In this section we assume that A(?)
is defined in a convex complex neighborhood A of [0, 7] and that
(A.1) for each t€ A, A(¢) is a densely defined, closed linear operator ;
(A.2) the resolvent set of —A(f) contains 3 for each #€A and the
resolvent of — A(f) satisfies '

HOM+A@) =M/ N,  teA, NeX,

where M is a constant independent of # and X ;
(A.3) A(H) ' is holomorphic in A in the uniform operator topology ;
(A.4) for any A€ and f€ A, the following inequality holds:
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1@/at)M+A@) I <= N/ M,

where N is a constant independent of # and \.
For any A eZ, W+ A(8)™" and (9/2t)(AM[+ A(t))~" are holomorphic in
te A with A(¢)"*. Hence we have

Lemma 5.1. exp (—(¢—$)A(t)) and Rt s) are both holomorphic in
the domain t, s€ A, |arg (t—s)|< 0. exp (—(t—s)A(})) is uniformly bound-
ed in this domain and R/(¢, s) satisfies

IR, ) =C/lt—s]|".

Lemma 5.2. Let P(t,s) and P'(t, s) be two bounded-operator-valued
functions defined for t,s€A and |arg (£—s)|< 0. If they satisfy

[P, )| = C,/t—s]", [Pt )I=C/lE—s]",
_OO<I02<1’ _O°<P3<1)

and are holomorphic with respect to two complex arguments t and s in the
above domain, then

StP(t, r)P'(r, s)dr

is defined in the same domain as above and holomorphic in t and s there.
It satisfies, moreover,

” S:P(t’ )R, S)d”H < CL,B(1—p,, L—p,)|[t—s|' PP,

The proof is' quite similar to that of Lemma 3 in Komatsu [4].

By Lemma 5.1 and 5.2, R(Z,s) is holomorphic in the domain
mentioned above, and so are W({, s) and U(Z, s). To see this we have
only to note that

[|R(2, $)I| =< CPI'(L—pY™ | t—s| ™~ 2=P=* | (3m(1 —p))

and that the uniform limit of a series of holomorphic functions is
holomorphic. Thus we have proved

Theorem 5.1. Under the assumptions (A.1)~(A.4), the evolution
operator U(t, s) constructed tn §3 can be extended holomorphzcally to the
domain s, te A, |arg (t—s)|<0.

We can also prove easily

Theorem 5.2. Under the assumptions of Theorem 5.1, the solution
u(t) of the inhomogeneous equation (0. 1) is holomorphic in the domain where
f(t) is holomorphic.
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§6. Perturbation theory. We consider a perturbed equation
du(t)/dt+ A(B)u(t)+ B()u(t) = £(1). 6.1)

(E.5) For each ¢€[0, T, B(¢) is a closed linear operator whose domain
contains that of A(#). There exist positive constants M’ and v’ such that

I BEWN+A@) = M/ INY, (6.2)

for each e > and £€[0, T].
. (E.6) There exist positive constants K, and 8 such that

I B(OA@)—B()A()' | = K, |1 —5]", (6. 3)

for each s, te[0, T],
By (E.5) we readily obtain

| B(s) exp (—tA(s)) | = C/ ¢ (6.4)
for >0, and hence
IB@UE, s)|l < C(E—s)7", (6.5)

where U(%, s) is the evolution operator for (0.1). The evolution operator
U(t, s) of (6.1) is formally constructed by

U, s) = 33 Unlt, s), (6.6)

where
Ut ) = (—1" [ Ut DOB@Un o, 3o, m =123 6.7)
If C, is a constant such that || U(¢, s)||<<C,, we easily obtain by induction
U8 )l = CCPT A=)t =)™V [ I((m+1) 1 —)), (6.8)
IBAOUE, )l < CF A=) (=)™ I(m+ 1)1 —v)) . (6.9)

For the formal constrution of U(# s), it is not necessary to assume (E. 4)
and (E.6), and U(Z, s) thus constructed can be used to form a weak
solution of (0.1). In this section, however, we do not consider weak
solutions.

Lemma 6.1. For s<v<_t, we have

f— (-7
G-  (t—sy

_(f—‘T)B (t—-r)il f*SJrC e )Bis-1(f— z-p-s—y} 6.10
s s %, s(E—=T)P 27N (=) , (6. 10)

IBEUE 5)~ B UG, 9)| = €
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where p’=max (p, v) and & is any constant with 0< 8<_1.
The proof follows from

|| B(¢) exp (—(t—5)A(t)) — B(7) exp (— (7 —$)A(7)) |

t—7 (t—r)f t—
= C{(t_s)l+p+ s +(t—S)(‘T—S)y} ’ (6.11)

[[4B® exp (—(t=0)A®) - BEr) exp (—(r =) AN} R(=, 9)do |
g C {(f—T)(T—s)l—P+ (t_q-)l—p(,r_s) + (t—'T)(‘T—S)l""y

(F—s)*** (t—s)+*? t—s
(t—7)r—s)  (F—7)(r—s)"" (¢—7)? _t—s
P T e T s = o 1_7} , 6.12)
[ B@ exp (~(t- AR @ 9dr| = LT (6.13)
T (t—s)

(6.11) and (6.13) are easily proved ; the proof of (6.12) is tedious but
straight forward and may be omitted.
As is easily seen, we have

Ut s) = Ut )+ 3 | Uit BOU, (o, s)do
= Ut 9+ [ U, DB@UG, s)do

= Ut )+ | UG, DB (o, 9)de, (6.14)
and

%S: exp (—(t—7)A(t)B(®)Ulr, s)dr

- S:% exp (—(t—m) AN {B(M)U(r, $)—B®)U(t, )}dr  (6.15)

+ S (a%+ a%) exp (—(t—m)A@D))dr B(H)U(t, s)+exp (— (t—s)A)BR) UL, s) .

The norm of the first term is dominated by C,{(¢—s)* +(¢—s)*~'}, and
hence we have

[[(@/at)U(t, s)|| < C/(t—s). (6. 16)
If we define

Uty 5) = Ut )+ | Ut DB@UG, $)do (6.17)

13
S
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we have
(/20 U,(8, s)—(A)+B(@)Uyt, s) = Uy(t, t—h)B(t—h)U(t—h, s)
~BOU, 9 [ BOUE 9B@) U, s)do 0 (6.18)
as £} 0. This implies that U(¢4 s) is the evolution operator with the

desired property. ;
In order to prove the uniquencess of the solution, we will show that

lim 2~ {U(, s +hu— U(t, syup = U(t, s)(A(s)+ B(s))u (6. 19)

h>0

for any u€ D(A(s)). For this purpose, we will investigate the limit of
each term on the right of

B{UE, s+ Byu—U(t, s)ut = h{Uyt, s+h)— Uyt, s)}u
i [ U, DB U, s+1)— U, s)udo

1 [ U, VB@ U, Sude = L4114 111 (6.20

We will begin with the second term.

B B(o)(U(o, s+h)—Uyo, s)u = h7*B(o)Uy(o, o)(Ul(oy, s+h)—Uyo, s))u
- - B(O—) Uo(o—’ 0-1) UO(O-I ’ S)A(S)u = = B(G) Uo(a’ S)A(S)u

as ©—0, where o, is an arbitrary number satisfying s< o,< o. On the
other hand, we have

KB\ Uy, s+ k) —Uyo, )u = B@)Uyo, s+hh~I— Uys+h, s)u
and

W {Us+hy $)— T} = h={exp (—hA(S) —T}u

—p S:+hQ(s+h, r) exp (—(r—5)A(s))dru. 6. 21)

The norm of the second term on the right in (6.12) is dominated by
S+h
17 {7 Qs b, A = A) ™) exp (— (r—9) As) Alshud |

St+h
+ Ilh*‘g Qs +h, WA exp (—(r— ) A(s) A(s)udr || < C|| A(s)u]|
where we used an easily verifiable inequality ||Q(s+h, T)A(T) || <C.
Hence the norm of the integrand in II is not larger than
Clo—s—h)""||A(s)ul|. Thus, II tends to
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- St U(t, o)A(e)U/o, s)A(S)udo

as h1—0. Next, let us consider II].
B(o)Uy(o, s)u—B(s)u = B() exp (— (o —5)A(@))u— B(s)u
+B(o) S:exp (—(c—m)A@)R(r, s)ud~
=B(2) exp (—(o—5)A(@))(A(s) ' — A(e) ) A(s)u
+B(0) exp (— (o —5)A(0)A(e) "A(s)u— B(s)u
+B(o) S:eXp (=(@e=7)A@E)R(T, $)(A(s)'— A(m) N A(s)udT

+B(©) | exp (— (- AE)R(, AW Asudr ~ 0 (@s o L),

where we used ||R(r, s)A(7)'||<C, which is easily proved. Thus, we
have proved that

III — —U(t, s)B(s)u

as h—0. I tends to Uy(¢ s)A(s)u as was shown in §3. In this way we
obtain (6.19). Hence, for any strict solution of (6.1) we have

(0/20)(U(t, o)u(o)) = U(t, o)du(o)/do— U(Z, o)(A(e) + B(e))u(e) = U(t, o) f (o).
which implies the uniqueness in question. Summing up, we have proved

Theorem 6.1. Under the assumptions (E.1)~(E.6), and evolution
operator U(t, s) exists for the perturbed equation (6.1), and it satisfies
(6.16), (6.19) and

AU, )| = C/(t—s), [|IBOUE s)Il =C/(E=s)",  (6.22)

UL, r)U(r, s) = U(E, s), s<r<t. (6.23)

Let f(t) be Holder continuous tu (s, T ). Then the unique strict solution
i (s, T] of (6.1) is given by

u(t) = U, s)u(s)+g: U, o) f(o)do . (6. 24)

8§ 7. Applications

In this section we shall show that our basic assumptions (E.1) to
(E. 4) are satisfied in a rather general case in which A(¢) is defined by
certain sesquilinear forms in a Hilbert space.

We follow the terminology and notations of Lions [6]. Let H be a
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Hilbert space, the inner product and norm in H being denoted by (f, g)
and |f|]. Let K be another Hilbert space such that K H algebraically
and topologically, the inner product and norm in K being denoted by
((u, v)) and ||#||. Thus there is a constant M, such that |u|<M,|lu||
for u€ K. The norms of bounded linear operators on H to itself and of
those on K to itself will be denoted by | | and || || respectively.

Let a(¢; u,v), 0<¢t<T, be a family of continuous sesquilinear forms
on Kx K, and let V(¢) be a family of closed subspaces of K. We now
introduce the following assumptions.

(K.1) For each t€[0, T], V(¢) is dense in H.

(K.2) There exist two families P(#) and Q(#) of (not necessarily ortho-
gonal) projection operators on K onto V(¢), depending on ¢ continuously
differentiably for #€[0, T] in the strong topology of K. (P(¢) and Q(f)
may or may not be identical).

(K.3) For any u,v€ K, a(t; u, v) is continuously differentiable in ¢€ [0, 7]
and the derivative a(¢; u, v)=(9/9t)a(t ; u, v) satisfies

la(t; u, )| < M,|lul| || (7.1)

for any u,ve K and 0<<¢t<T, where M, is a constant independent of
u, v and .

(K.4) There exists a positive constant 6 such that for any #¢[0, T]
and € V(t) we have

Re a(t; u, u) =98||ul|l”. (7.2)

(K.1)~(K. 4) are generalizations of the assumptions used in [6], p. 138.
It follows from the assumptions stated above that there exists a
constant M, such that

la(t; u, v) | < M,||u||||v]| for any u#,ve K and t€[0,T], (7.3)
IPOI<M,, 1QDOI<M, [POI<M, [Q®I<M,

for any ¢t€[0, T], (7.4)

where P(t)=dP(t)/dt and Q(f)=dQ(f)/dt. In this section we use the

notation C to denote constants which depend only on M,, M,, M, and 6.

Let us define the operator A(¢) for each ¢€[0, T] in the following
manner :

u€ V() belongs to D(A()) and A(D)u = feH } .5)

if a(t; u,v) = (f,v) for each ve V(¢). ’
In the terminology of [2], A(¢) is the regularly accretive operator

associated with the regular sesquilinear form a(¢; u, v) with domain
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V(#). The following lemmas are direct consequences of this remark (see
Theorems 2.1, 2.2 of [2]).

Lemma 7.1. For each tc€[0, T, —A(¢) is the infinitesimal generator
of an analytic semi-group of bounded linear operators on H. The resolvent
set p(—A@)) of —A(t) contains some fixed angular domain %= {\; arg|A|
<7/2+6}, where 0 is an angle with 0< 0< =/2. Furthermore, there
exists a constant C such that

[AM+A@B) = C/ M (7.6)
for any N€% and t€|0, T].

Lemma 7.2. Let v and g be elements in V() and H respectively.
Then ve D(A(H*) and A(D)*v=g if and only if we have a(t; u, v)=(u, g)
Jor any u<c V(2).

Lemma 7.3. For any f, g€ H and t, s€ [0, T, we have

NHABO I =Clfl, JAB* gl =Clgl, (7.7
A@) " f—AE)fIl = Clt—=s| I f], (7.98)
I AO* "g— A(s)* gl =< Clt—s] Igl. (7.9

Proof. Let u be any element in D(A(#)). Then by definition we have
a(t; u, v) = (A(H)u, v)
for any ve V(¢). Putting v=u( € V(¢)), we have by (7.2)
Sllul” < Rea(t; u, u) = Re (A(t)u, u) < |A(t)u| |u| < M,| A(t)u|llull,

showing that (7.7) holds with C=M,/é.
Before proving (7.8) and (7.9) we notice that

PHAM®™ = A@®)™ and QAW)* ' = A@®)*

hold for any t€[0, T] because D(A(¢)) and D(A(¢)*) are both subsets of
V(t). Let v be an arbitrary element in V(¢). Then by the above remark

a(t; A@)"f—P@)AGS)f, v) = a(t; A()7f, v)
—a(t; (P(&)—P(s)A(s)f, v)—alt; A(S)7f, v).
Noting that a(t; A(®)'f, v)=(F, v)=a(s; A(s)'f, v), we see that the right

member is equal to

—a(t; (P(8)—P(s)A(S)'f, v)— {a(t; Als)™'f, v)—als; A(s)™'f, v)} .
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Therefore

Rea(t; A(@t)"f—P@)A(S)"'f, )
= M,|[(P(#)—P(sNAS) " fIl o[l +M, | t=s| [l A($) Il [ ol]
= (ME+M)|t=s|[|AG)fIl oIl < ClE=s| [ fl1]v]l.
As v was an arbitrary element in V(¢), we can set v=A(¢)"'f—P(t)A(s)"'f.
Then,
dllvl*<Rea(t; v,0) < Clt—s| [fllvll,
and hence

HA@) 7 f—P(DAS) " fll = Clt—s| | f]. (7.10)
Using (7.10) together with

HP@A(S) " f— A fIl = [(P()—P(s)A(S)7flI
= Clt—s||f]

we obtain (7.8). The proof of (7.9) is similar.
Theorem 7.1. Under the assumptions (K. 1), (K.2), (K. 3) and (K. 4),

we have

o - C
SAMMHA@) T == —— 7.11
SOTHAD)” | = (7.11)

Sor any Ne€Z and te [0, T].

ReMARk. The right member of (7.11) may be replaced by C/|\| if
P()=Q(t)=1Ix (identity operator of K).

Proof. First, let us notice the relation

(AR~ AW)7f, &) = —alt; AW®)'f, Als)* 9 +als; AW)"f, Als)* 'g)
+((PBO—=PNAWD) S, &)+(f, Q) —Q()AB)* ) (7.12)
—alt; A", QW) ~QUS)AW)*"g)—als s (P(H)—P(sNAW) S, AlsY* 'g).

This can be verified from the following relations ;

a(t; A@)7f, A(s)*7'g) = a(t; A(D)7'f, QDA(S* 'g)

+a(t; A@)f, T—Q(D)A(s)* g)

=(f, QUA(S)* "g)-+alt; At)'f, (Q(s) —QU)A(S* 'g),

a(s; A@B)f, A(s)* o)

=a(s; P(s)A(®)7'f, A(s)*7'g)+a(s; U—P(s)AWD)7f, Als)* ')
=(P(A®) S, & +a(s; (P@)—P(s)NAWD) S, A(s)*'lg) , etc.



ON THE ABSTRACT EvVOLUTION EQUATION 129

Next, we devide both sides of (7.12) by #—s and then let s—f We
can easily calculate the limit of each term on the right member. For
example

\a(f; A7, A(S)*—Ing:z(s; A, A(* 'g) —a(t; A, A(t)*_lg) !
< j a(t; A@)'f, (A()* ' — A)* Hg)—als; A, (A(S)*_I—A(t)*_l)g)l
o t—s

+ | AOS AT 8ol AL ADTD) i, Ay, Ap)
t—s .

By (K.3) and Lemma 7.3, the first term is domainated by
Clt—sl|A@®)fll lgl = Clt—=s| |f] 1&g,

and tends to O for s—¢ and so does the second term. Similarly,

|QO=9) g5ty e

|

g”Q“) Q) (A@sy'g— Aty g)

(20 o

- 0.

=clt-s gl +] (=29 ) awye

Dealing analogously with the remaining terms, we obtain
(24077.) = —atts AD7, AD* D+ (POAWD)'f, )+ (£, ADAWD* 9)
—a(t; A@)f, QBAWD* g —a(t, POAR) S, AD* 'g) . (7.13)

Therefore, for any A € we get
G -1 _ L dA()! -
(2or+amr.g) = (awar+ Ay D" anor+aw) 7, o)

= (dA®)/dt- AT+ A() ', AR+ A()*) 'g)
= —d(t; M +AD)S RL+AR)S) )

+(PON +AD) ', AG*OI+ AR g)
+(ABONM +AD) S, QO + AB)*) ™)

—a(t; WM +A®) T, QO +A(D)*)'g)

—a(t; PO +A®) S, M+ AR g)

and so
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[((@/2OI+AD) ', )| = CLIIM +A@) ' fII | M+ A(*) gl
+ IO +A@D) 7 fI TA@G M + A7) g |
+ [ ABN +A@) " fI M +AB*)gll} (7.14)

Next we notice that
L+ A@) Il = CINTI A (7.15)
M +A@*) gl = CINM"( gl (7.16)
The inequality (7.15) follows from
SIIM+A®) I’ =< Rea(t; W+ AD)f, M +A)'f)
= Re (AN +A@)f, M+A@) ) = CINTUFI%,

and similarly for (7. 16).
By (7.14), (7.15) and (7. 16), we obtain

[((@/at) M+ AW f, DI = CIMTI Sl gl

which completes the proof of the theorem.
In order that dA(¢#)"'/dt be Holder continuous, we must make some
additional assumptions, which we state below.

(K.5) P(#) and Q(¢) are Holder continuous in #€[0, T7]:
1)~ P < Mylt—s]®, [QB)—QE) || =M|t=s|". (7.17)
(K.6) d(t; u, v) is Holder continuous in #€ [0, T] for any %, vEK:
ld(t; u, v)—d(s; u, v)| = M,[t—s|"l|ul| l|v]].

In the remaining part of this section, we denote by C constants which
depend only on M,, M,, M,, M,, M,, 8§ and .

Theorem 7.2. Under the assumptions (K.1)~ (K.6) dA(#)'/dt is
Holder continuous in t€[0, T]:
|dA(t) ' /dt—dA(s) ' /ds| < Clt—s|® (7.18)
Proof. By (7.13),

(dA@)/dt—dA(s)"/ds)f, &)

= —{d(t; A@®)f, AR 'g)—d(s; AS)7f, A(s)* ')}
+(P(OAD)f— P(s)A()'f, &)+ (f, QAR  'g—Q()A(S)* )
—{a(t; A@®)'f, QAR ") —als; A(S)7'f, Q()A(S)* 'g)}
—{a(t; P)AWD)f, A()* ') —a(s; P(S)A(s)™'f, Als)* @)} .
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The absolute value of the first term is estimated by

ld(t; A7, AB* "g)—d(s; A()7'f, A(s)*'g)l

<lda(t; At)"'f, A@* @) —d(s; A(D)f, At)*'g)|

+ld(s; A f—AS)7'f, AD* 9|

+ld(s; A7, AD* g - A g < Cle—s|"Ifllgl.
Using

| P@)A(8) f— P(s)A(s) "1
= [[(P@#)—P(sNA@) 1] + | P)AR®) " f—A@) )| = Cle—s|*| fl,

we can obtain similar estimates for the remaining terms. Thus, we get
[(dA(#)"/dt—dA(s)"ds)f, &)1 = Clt—s|”| fllgl,

which completes the proof of the theorem.
Summing up, we have proved

Theorem 7.3. Suppose that (K.1)~(K.4) hold. Then the assumptions
(E.1)~(E. 3) are all satisfied for A(t). If we make the additional assump-
tions of (K.5) and (K.6), then (E.4) is also satisfied. Thus, we can apply
all the results in §3 or §4 to the equation

du(t)/dt+ A(u(t) = f(£)
under the assumptions (K. 1)~(K.4) or (K.1)~(K. 6).

ReMmARk. This theorem strengthens, in some respects, the results of
Lions [6], Chapter VII.

§8. Example of the spaces V()

In this section we continue to use the notations in Lions [6] as in
the last section. Let Q be an open set in R” whose boundary is a
sufficiently smooth (#—1)-dimensional manifold. Let L*Q) be the space
of all square integrable complex-valued functions in Q provided with the
usual inner product. Let H™(Q) be the space of all complex-valued
functions which belong to L*Q) together with all of their distribution
derivatives of order up to m. We provide H™(Q) with the usual inner
product. Then L*Q) and H™(Q) are both Hilbert spaces.

For any ve H”(Q), we can determine the boundary values of its
normal derivatives of order up to m—1 in the usual manner. We denote
by v;# the value on I' of the j-th normal derivative of «

vu = (0/on)u|y.
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v,;u belongs to H™ 7~"*(I") in the notations of Lions [6]. For any 0=j=<
m—1, v, defines a linear bounded mapping on H™(Q) into H™/~"*(I").

As H and K in the last section we choose L*(Q) and H™(Q) respec-
tively, and as V(¢) the space of all # in H™(Q) satisfiying

k,
YU = Zoajk<t)fyku, Oékogm‘l) ]6]<[k0+1)’m_1]7 (82)
k=0
where each a;,(¢) is assumed to satisfy

a;(t) € LLH™ #7175 H™=77VX(1) 8.3

and

(@;e(B)P, ) gm- -2 is continuonusly differentiable [
in ¢€[0, T] for each fixed @eH™* " I") and

(8. 4)
ye H™77V(T) . )

Theorem 8.1 (Lions). Under the assumptions made above the ortho-
gonal projection P(t) on K onto V(t) satisfies:

(1) P()u is continuous in the strong topology of K in [0, T] for
each fixed ue H™(Q),

(i) A P(t+hu—P()u)— P(t) weakly in K as h—0,

(i) P(f)u is continuous in the weak topology of K in [0, T].

By examining the proof of the above theorem, we can easily prove

Theorem 8.2. I[f in addition to the assumption in Theorem 8.1 we
assume that each d;,(t) is Holder continuous in t:

[|d;e(t) —d(s)|| = M| t—s]7,
then P(t) is Holder continuous in t:
1)~ P(s)| < Clt—s|®.

Using Theorem 8.2, we can give a partial improvement to a result in
Lions [6], Chapter VIII.
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