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Decompositions of Semi-Prime Rings
and Jordan Isomorphisms

By Yoshiki KURATA

§ 1. Recently, in his paper [1], A. W. Goldie studied a minimal
decomposition set of a semi-simple ring. In § 2, we shall consider a
minimal decomposition set of a semi-prime ring which is an extension
of that of semi-simple rings, and shall obtain a generalization of a
theorem of M. Nagata [4], Proposition 34.

In § 3, we shall consider a Jordan isomorphism of a ring onto a
semi-prime ring. Combining with the results in § 2. we shall obtain
some generalizations of theorems due to I. Kaplansky ([2], Theorems 1 and
3) under the assumption that the prime rings are not of characteristic 2.

The writer is grateful to Mr. H. Tominaga for his kind advices.

§2. A ring R is called a semi-prime ring if R is isomorphic to a
subdirect sum of prime rings, that is, if there exist prime ideals ?βλ (λ G Λ)
in R such that A ?$λ = 0. Whenever Λ0 is a subset of Λ such that

λ€ Λ

f\ $βλ = 0, R is isomorphic to a subdirect sum of prime rings

(λeΛ0). Such a representation of R is said to be ir redundant if R
is not isomorphic to a subdirect sum of any proper subset of these rings.

A semi-prime ring R has an irredundant representation if and only
if R satisfies the following conditions: There exist prime ideals ^βλ (λ £Λ0)
in R such that A Sβλ = 0 and A Φλ^O f°r anY proper subset Λx in Λ0.λ£Λo A ^ A !

A set of prime ideals which satisfies the above conditions is called a
minimal decomposition set for R (we shall abbreviate it to m.d.s.). If
we denote ty*= A ^> the latter condition may be replaced by

V 6 Λ 0 > vφλ

for all λ e Λ 0 .

Lemma 1. Let ^ be a prime ideal of a ring R.
(i) If 21 is a two-sided ideal of R, then we have either 2ί^^3 or

1) KD (7(20) denotes the right (left) annihilator of 91 in R. If R is semi-prime, then
f°r any two-sided ideal 2ί in R.
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(ii) If, in particular, R is semi-prime and r(^)φO, then 3̂ is a
minimal prime ideal in R.

Proof. The first part is obvious by the definition of prime ideals.
To prove the second part we suppose that © is a prime ideal in R such
that ®Ciφ. Then we have either φ£® or r(^)CI© by (i). The latter
implies r(^3)2 — 0, which is a contradiction because R has no non-zero
nilpotent ideals.

Lemma 2. Let {^βλ}λeΔo be an m.d.s. for a semi-prime ring R.
Then φλ is a minimal prime ideal in R.

Proof. It follows from Lemma 1 (ii).

The following theorem is a generalization of [4], Proposition 34.

Theorem 3. A semi-prime ring R has at most one minimal decom-
position set of prime ideals.

Proof. Let{^λ}λ€Λo be an m.d.s. for R and let ^ be a member of
another m.d.s. for R. For each λeΛ 0 , we have either SβC5βλ or

by Lemma 1 (i). Since A ^λ = 0 and r(5β)φO, 5βS=φλ for

some λeΛ 0 . It follows from Lemma 2 that *β = *βλ.

REMARK. From the above proof, we see that an m. d. s. for a semi-
prime ring R (if there exists) consists of all prime ideals of R with
non-zero right (left) annihilators.

Let S be the complete direct sum of prime rings Rλ (λeΛ). Then,
for xλ e Rλ , (xλ) will signify the element of S whose λ-component is #λ .
Now let R'{ be the subring of S consisting of all elements with zeros
in all y-th places for vφλ. Identifying R^ with Rλ, we obtain
S = 7?λ 0 R° for all λeΛ, where R ° is an ideal of S consisting of all
elements with zero in the λ-th place. A subring R of S is a subdirect
sum of the prime rings Rλ (λeΛ), if the set of its λ-th components is
equal to Rλ for each λ € Λ.

Theorem 4. {Rr\R°}λ<=A is an m.d.s. for a subdirect sum R of
Rλ (λ eΛ) if and only if #n/?λφO for all λ eΛ.

Proof. The ideal Rr\R°λ is a prime ideal of R, since R/(Rr\R°)
^ (R -f R°) I R°λ ̂  Rλ . Evidently we have A (Rr\R°) = Rr\ f\ R° = 0,

λ€ Λ λ£ Λ

and (Rr\R°)* = Rr\(RΪ)* = Rr\R

The converse part is clear.
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Next, we assume that R is a special subdirect sum2) of prime rings
Rλ (λeA), that is, R contains R^ for all λ e A . In this case we have
R = Rx®(Rr\Rl), and hence we have

Corollary. // R is a special subdirect sum of prime rings Rλ (λ eΛ),
R has an m.d.s.

Furthermore, by Theorem 3, {l?Al?£}λ€A is the unique m.d.s. for
R, and hence the totality of Rλ which is equal to (Rr\R^)* exhausts the
unique prime components in our special subdirect sum representation of R.

§3. A mapping φ of a ring R into another ring R' is called a
Jordan homomorphism of R into R/ if it satisfies the following conditions :

(1) φ(χ+y)=φ(χ)+φ(v) ,

( 2 )

for all x and y in R. In case R' is not of characteristic 2 (2x' = Q
implies Λ/ = 0), (20 is equivalent to

(20 φ(χ*)=φ(Xy.

If, in particular, φ is one-to-one, then we shall say it is a Jordan
isomorphism.

In his paper [5], M. F. Smiley proved that a Jordan homomorphism
of a ring onto a prime ring which is not of characteristic 2 is either a
homomorphism or an anti-homomorphism. In this section, we shall con-
sider a Jordan isomorphism of a ring R onto a semi-prime ring R'.
Throughout this section, we assume that Rr is a semi-prime ring which
is represented as a subdirect sum of prime rings I?/ (λ3Λ).

Theorem 5. Let φ be a Jordan isomorphism of a ring R onto R' '.
Suppose that R^ is not of characteristic 2 for each λ E A. Then R i's also
semi-prime and ίsomorphic to a subdirect sum of prime rings each of
which is either ίsomorphic or anti-isomorphίc to some of R/.

Proof. The mapping φλ: R3 x->φ(x)κ El?λ' is an onto Jordan homo-
morphism by our assumptions, where φ(x) = (φ(x)λ). By a theorem
obtained by M. F. Smiley, φλ is either a homomorphism or an anti-
homomorphism. If we denote the kernel of φλ by ^3λ, then Sβλ is a
two-sided ideal in R and φλ induces either an isomorphism or an anti-
isomorphism of l?/Sβλ onto I?/. Hence ^βλ is a prime ideal in R. More-

2) See [3], §9.
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over, if J C G p\^λ9φ(χ)^ = Q for all λeΛ, and therefore φ(x)=0. Since
λ£Λ

φ is one-to-one, x=0. Hence R is isomorphic to a subdirect sum of the
prime rings R/tyλ (λeΛ).

REMARK. In case R' is a special subdirect sum of Rκ' (λeΛ), our
assumption for the characteristic is nothing but to say that R/ is not of
characteristic 2.

Now, we suppose that R' is a special subdirect sum of prime rings
Rλ' (λ e Λ) and is not of characteristic 2, and suppose that φ is a Jordan
isomorphism of a ring R onto R'. Then as is shown in Theorem 5, R
is semi-prime, that is, there exist prime ideals $βλ (λ e Λ) in R such that
Λ^βλ = 0. Evidently, R = ̂ ®^ corresponding to R' = Rλ'®(R'r\Rί°).

λ6Λ

Then we can see that R is also a special subdirect sum of prime rings
φ* (λeΛ).3) And so, by Theorems and Corollary to Theorem 4,
OPλKcΔ is the unique m. d. s. for R. Accordingly, if we denote ^β* by
Rλ, then the totality of Rλ exhausts the unique prime components in
our special subdirect sum representation of R. On the other hand, the
totality of R\ are those of R'. Now we shall prove the following
theorem which corresponds to [2], Theorem 3.

Theorem 6. Under the above situation, the prime components of R
and R can be paired off in such a way that φ is an isomorphism or an
anti-isomorphism of each pair.

Proof. φ(Rλ)=φ(<$λ)* = (R'r\Rί°)*=:Rλ'. Hence, φ is a Jordan iso-
morphism of Rλ onto /?λ' and thus our proof is completed by [5].

Finally, we shall prove the following theorem which corresponds to
[2], Theorem 1.

Theorem 7. Let φ, R and R' be as in Theorem 5. Then φ induces
in VR(R)4) an isomorphism onto VRf(Rf).

Proof. Let x be in VR(R), and let yj be in /?/. Taking an element
y in R with φλ(y) =yί, we have

if Φ\ is a homomorphism,

if ψ^ is an anti-homomorphism,

which proves φ(VR(R))ζ^VR,(R').

3) See [3], Theorem 15.
4) VR(K) denotes the center of R.
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Conversely, let φ(x) be an arbitrary element in VR/(Rf). Then
Φ\(x) Φκ(y)=Φκ(y) Φ\(x) f°r any y in R. As <pλ is either a homomor-
phism or an anti-homomorphism, by the last equality one will readily
see <p(xy) =φ(yx)=φ(x) φ(y). This completes our proof.
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