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On a Theorem of Gaschiutz

By Masatoshi IKEDA

In his paper “ Uber den Fundamentalsatz von Maschke zur Dar-
stellungstheorie der endlichen Gruppen ”,” W. Gaschiitz studied two
types of G-Q-modules, named M,- and M,-modules, where G and Q
are a finite group and an arbitrary domain of G-endomorphisms of the
modules respectively. There he obtained a criterion for a G-Q-module
to be an M,- or M,-module, which is a generalization of the well-known
theorem of I. Schur that every representation of a finite group of order
g in a field with characteristic p(t'g) is completely reducible.

In the present note we take, instead of G and Q, a Frobenius
algebra A over a commutative ring B and a ring P which contains R
in its centre respectively, and derive a criterion for an A-P-module to
be an M,- or M,-module, which is essentially a generalization of
Gaschiitz’s result.

Let B be a commutative ring with the unit element 1.

DEFINITION. A is called an algebra over R if A is an associative
ring as well as a two-sided R-module with a right linearly independent
R-basis {u,} which satisfies #,0 =wu, and %,1 =1u, =u, for every
» €R and 1.

Now let fu,} (i=1,--,n) be an R-basis of A and wu,u; = 3lak,,u,
(af,; € R); then we obtain the right and left regular represenléations
with respect to {u,} in the usual manner.

DEFINITION. An algebra A over R is called a Frobenius algebra
if A has a unit element and its right and left regular representations
with respect to an R-basis are equivalent.

DEerINITION. Let {u;} (i=1,..-,n) be an R-basis of an algebra A
over R and w,u; = > af,;u,. Then the matrix 3] af ;)\,),, is called a
parastrophic matriz kbeIOnging to the basis {u,} mand the parameters
MER (=1, -, n)

1) W. Gaschiitz, Math. Zeitschr. 56, 1952.
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Then we have

Lemma.? An algebra A over R is a Frobenius algebra tf and only
if A has a non-singular parastrophic matriz. Moreover if A is a Frobenius
algebra over R, then every matriz intertwining right and left regular
representations is expressed as o parastrophic matria belonging to suilable
parameters.

If A is a Frobenius algebra over R then, for every R-basis {u,},
there exists an R-basis {v,} such that the right regular representation
with respect to {v;} coincides with the left regular representation with
respect to {u;}. We say that {v,} is dual to fu,}.

DerFINITION. Let A be an algebra over ® and P a ring whose
centre contains R&.
i) A module m is called an A-P-module if m is a left A-module
as well as a right P-module and satisfies

(a0)m =(am)o,  (am)p = a(mp)

for every a €A, mem, 0w €R and p€P.

ii) An A-P-module m on which the unit element of A acts as
the identity operator is called an M,-module if, for every
A-P-module n containing m, a direct decomposition n = m+m/’
as a P-module implies a direct decomposition 1= m+m’ as
an A-P-module.

iii) An A-P-module m on which the unit element of A acts as
the identity operator is called an M,-module if, for every
A-P-module n which contains an A-P-submodule n’ such that
n/n’ = m, a direct decomposition n=n'+m’ as a P-module
implies a direct decomposition n =n’'+m'" as an A-P-module.

Theoxrem. Let A be o Frodenius algebra over a commutative ring R
with an R-basis containing the unit element of A and P a ring whose
centre contains R. Then an A-P-module m is an M,- or M,-module if
and only if there exists a P-endomorphism B of m such that > u,Bv, is

1he identity endomorphism of m for every R-basis {u;} of A omcil its dual
basis {v,}.

Proof. 1) Proof of sufficiency. Let n be an A-P-module which
contains m and n =m+4m’ as a P-module. By our assumption, .there
exists a P-endomorphism B of m. Let 8* be a P-endomorphism which

2) The proof of this lemma is quite similar to that of footnotes 6) and 7) in Nakayama
& Nesbitt: Note on symmetric algebras, Annals of Math. 39, 1938.
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coincides with 8 on m and B*m'=0. Then X%,8*, =& is a
i
P-endomorphism' and é&m = (3} u,8*v,)m =X u,S*(v,m) =3 u,Blv,;m)
€ 2 2
= u,Bv,)m =m for every m €m, by our assumption. Moreover it
2

can easily be seen that &n = m. Therefore & —=¢&. Now we show that
& is an A-P-endomorphism. ILet # be an arbitrary element of n and
e an arbitrary element of A. Since {v;} is dual to {u,}, if a(uy, -, %)

v, | vy
= (U, =+, 4,)(«,,;), then ( : )a :(ai,j)( : ) Then
UV, Vp

(acm =(a Zi] ;B v m = Z‘: au,(B*vn) = ?,(ukalm) (B*vem).

By the definition of A-P-modules and the fact that g* is a P-endo-
morphism,

(urts, ) (B*vm) = w((B*vim)ay, ) = ud B ((vim)y, ) = (WS (v, D .

Therefore
(a8 = 3] (uS*(ictey D = (3 (S s, O -
On the other hand
(o) = (3w = (5wl v, O -

Thus a& = &¢ and consequently & is an A-P-endomorphism. Therefore
we have the direct decomposition of n: n = m+(1—&mn, where 1 is the
identity endomorphism of n. This shows that m is an M,-module.
Next we show that m is also an M,-module. Let n be an A-P-
module which contains an A-P-submodule n’ such that n/n’ =~ m and
n=n'+m’ as a P-module. Since m’ =~ m as a P-module, we can see
B as a P-endomorphism of m'/. Let g* be a P-endomorphism of n
which coincides with 8 on m’ and B*n’=0. From our assumption,
(Z} u,B*%, )m=mn (mod n’) for n€n. Inthe same way as above, we see

that the P-endomorphism >3 u,/*v, =& is an A-P-endomorphism and
1

& =¢&., Therefore &' =1—¢ is also an A-P-endomorphism and &2 =&/,
Moreover it is easy to see that &n =n'. Consequently we have that
n=n'+¢&n and m is an M,-module.

2. Proof of necessity. Let M, be a module satisfying the following
conditions:

(i) M, is a module of linear forms >} xu_a,ui(au, €m).
i (3 (3

(ii) Zt] muiaui+; Ty by, = }; @y (G, +Dy )
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(iii) (g xuiaui)p = z;‘ z,(a,p) for peP.

(iv) u}(zi] xuia'ui) = ; xui(zk auka‘?)j)) if uiuj - Zk uka’ic‘j .

(V) a3 2,0,)=3 (3] ¢, 0,0, if o= Slusa;.
Then it is not hard to verify that M, is an 4-P-module.

Dy Uy
Now, since {v;} is dual to f{u,i, (§)=P‘1(§ ), where
vﬂ un
P =3} ai;\),; is a non-singular parastrophic matrix belonging to

{u,} and {n}. We write P=(p,,),, and P~1=(p},),,. We assume
that > u,», =1, the unit element of 4. Then the mapping 8: > Ty Oy,
_’Zf‘*éui(xj aum,)xi satisfies our condition, that is, 8 is a Ii’-endo-
morphism and > u,8v, is the identity endomorphism of M,. Since B
is obviously a Ig-endomorphism, we are only to prove that 2 u,Bv, is
the identity endomorphism. '

(,E u;305) (Zi 7, 0,)= 2,3 u;B(v; EZ] By Oy ) = Z‘j u,ﬁ((; u,cpf,k)(; )
= 2 w80 2, (3 0y, 21ap35)) = 2030 0, (3 Gy PFuclinry )

Since 2 uy, =1, Z,‘ atwn, = O, and consequently

(,2 w0 (2%, 0y,) = ,Z U2, (3 @, p¥n)) = g 2, (0, PhNn)eCls)
= 2530, (20 0PI M) = 2090, (300, D500 )
- ; a'uz(zk] a’uk(Zj] D sD3)) = ZZ x“z(zk] @, Oik) = Zi_‘, Ty Gy, -

Thus B satisfies our condition.

Next we show that M, contains A-P-mcdules M and N such that
M ~m and M,/N = m. The module M = {>] mui(u,-a,)laem} is P-iso-
morphic to m by the correspondence maai—»qui(uia)eM. For, if
29: (u,0)=0 then %a=0 for all ¢ andi consequently a=1
a = (Z} U7 )0 = 2 (u,a)y; = 0. Therefore this correspondence is one-to-
one and obv1ously P-isomorphism. = Moreover this correspondence
is A-isomorphism. For j(zi_‘, @, (u,@)) = ; xui(; (u o)t ) = ; @,
((Zk} uf a) = ;} @, (u(u,0)), that is, u,a corresponds to u,(zl} ,, (%;@)).
Therefore M is A-P-isomorphic to m. Since A has an R-basis con-
taining 1, say w, =1, w,,---,w,, we can construct the module M/,
satisfying (i), ---,(v) with respect to {w;}. Let @ be a non-singular
matrix such that (u;)=(w,;)Q@. Then ‘it is not hard to see that A,
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and M, are A-P-isomorphic by the correspondence ¢: MgaZ‘,xwia

_>Z x bu , where (b b, )= (@ s s awn)Q'. By o, M corréspond.s
to M' = {2@ (w, a.)la,Em It is obvious that M, =M'+M" as a
P-module, where M'" = {Z wilawl-—:O}. Therefore we have that
M,=M+pM" as a P-module and consequently M,= M +M'" as an
A-P-module if m is an M,-module. Next we consider the mapping
o My Zi] @y Oy, — ; ui(zj] a,ujpzi,) €m. Since (p¥,)=P"! is non-sin-
gular, the linear equation Z} rpf;=en(a€mi=1,--,n) have a
ynique solution {a,} in m. Then 29« ,0; corresponds to Euz(am)
—(Z u;n,)0 =1 o =a. This shows that Y is an “onto” mappmg

Furthermore it is easy to see that +» is a P-homomorphism. We show
that +» is an A-P-homomorphism.

PUASY 0 0, ) = P 03, (52 04, 05,0 = 5 0 (3 6, 0%, 0Ew)
= Zz: ui(; a'uk(g A, iDFim)-

Since P = (p,,,) interwines right and left regular representations, we
have 3 p¥.ak, = > al,.p¥k, and consequently

«!»(u;(Z} Ty ) = 23 @, (Z o, mD%r)) = Z (2 Ui )y Do
= u;(% um(; a’ukpmrk)) = u!‘[’(? Ty O uz)

- This shows that + is an A-P-homomorphism and consequently M,
contains an A-P-submodule N auch that M,/N =~ m. Moreover, as
was shown above, the P-submodule N’ = {2 Ty O, IZG pis = o,

@ € m} is mapped onto m by . Therefore M, = N +N' as a P-module
and consequently M, =N +N" as an A-P-module if m is an M,-module.
Thus we have that M, is directly decomposable into m and an A-P-
module. Since M, has a P-endomorphism B satisfying our condition,
we can easily construct a P-endomorphism satisfying our condition
for m.

Next we show that our result is essentially a generalization of
Gaschiitz’s result. Let m be a G-module, where G = {g;|i=1, -, n}
is a finite group and Q an arbitrary domain of G-endomorphisms of
m. Let P be the ring of endomorphisms generated by Q and the
identity endomorphism of m, and C the centre of P. Then the group
ring G(C) of G over C is a Frobenius algebra with a C-basis containing
the unit element of G. Furthermore {g;'} is a dual basis to {g,}.
Considering m as G(C)-P-module in the natural way, we have
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Theorem. (Gaschiitz). Let G = {g,|li=1, ---,n}, m and Q be a finite
group, & G-module and an arbitrary domain of G-endomorphisms of m
respectively. Then G-Q-module m is an M,- or M,-module if and only
if m has an Q-endomorphism B3 such that > 9,897 s the identity endo-
morphism of m. '
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