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On a Theorem of Kaplansky

By Masatoshi IKEDA

I. Kaplansky has proved an interesting theorem : any division ring
is commutative if, for every element z, some power x"® is in the
centre.” - As special cases this theorem contains the well-known theorem
of Wedderburn of finite division rings as well as its generalization due
to Jacobson.? On the other hand I. N. Herstein has proved that any
ring in which a"—« is in its centre for every element x and for a fixed
integer n >>1, is commutative. Moreover he has conjectured that the
rings in which #"® —az is in the centre for every element x and for an
integer n (x) (depending on = and larger than 1) may be commutative.”

In this note we shall prove a generalization of Kaplansky’s theorem
and, as its applications, we shall generalize a restult of Hua® and show
that Herstein’s conjecture is valid for semi-simple rings in the sense
of Jacobson.

Theorem. Let D be a division ring with centre Z and let
c(i=0,1,---,7) be r+1 fixzed non- zero elements in the prime subfield of
D. If, for every element x in D, there are integers ny(x) > ny(x) > ---
- > ulx) >0 such that 1) SV_,ca™ ™ is in Z and ii) n,(x) is smaller
than an integer M (not depending on %), thenm D is commutative.

Here, if we put r =0, we have Kaplansky’s theorem. Hence we
prove only the case » >0.

To prove our theorem, it is sufficient according to Kaplansky to
prove the following”

Lemma. Let K be a field, L(==K) an extension .of K and let
c(i =0,1,---,7) be r+1 fixed non-zero elements in the prime subfield of
L. If, for every element x in L, there are inlegers n,(x) > n(x) > ---

1) Cf. Kaplansky [5].

2) Cf. Jacobson [4] Th. 8.
3) Cf. Herstein [1]-

4) Cf. Hua [2] Th. 7.

5) Cf. Kaplansky [5].
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@) >0 such thot (i) SV_,c,a™® is in K and (i) ny(x) is smaller
than o fixed integer M, then L has prime characteristic and is either
purely inseparable over K or algebraic over its prime subfield.

Proof. For every element , my(x) > m,(x) > --- > m,(x) >0 denote
the system of »+1 integers satisfying (i) such that m,() is the minimum
of n,(x). Hence m,(x) is smaller than M by (ii).

(a) First we prove that L has prime characteristic.

Assume that L has characteristic zero. Then the prime subfield
P of L is the field of rational numbers. Therefore, we may assume
that ¢(: =0, ---,7) are »+1 fixed non-zero integers. Now let a¢ be an
element in L but not in K. Then ¢ can be sent into an element
b (&= @) by a suitable isomorphism 6 which leaves K elementwise fixed.
Here b need not be in L. By 6, ¢! and i(a+1), ¢ an arbitrary integer,
are sent into b~! and 4 (b+1) respectively. Since 3_, c,((a,“l)’”*(“"l) and

S ei(a+1))y"@+) are in K, we have readily

(1) S0, (a1 30, (51D =

K=y

and
(2) e {(z‘ (b+1)y"¢eT) — (i (a +1>>m~<f<a+1»} —~0.
K:U .
Multiplying (1) by (ab)”*®™?, we have
(3) (3 eamol@™-mdamby gD

_ é cxamo(a"l) pro(a) —mu(@™l) _ o

Dividing (2) by i@ +1)  we have

[ . . .
(4) 3 ckimx'.z(airl))—mrtz(a+1n{(b+1)mx(;(a 1)
K=y

~ @1y Al — 0.

Since b—a == 0, dividing (4) by (b+1)—(e¢+1), we have

(5) epmoliterly—mdilatlpmolilatl) -1, . terms with powers of b

. ’ . «i(a+1)-1

T mdila 1) - mpita 1) 0

vee + c i« A a+1M) =0,
KZW ( AEU ( »)



On a Theorem of Kaplansky 237

Eliminating b from (3) and (5), we have a relation:

Fla; §) =3 ea™ @ D-ma™) . o gMo@™D) —o0,

~1 —. =1 ’
SV g0 (@D~ (@) camcm o

where * is the last term of (5). Replacing ¢ by X, we have an equation
F(X; i) = 0 satisfied by a. It is obvious that the coefficients of F(X; ¢)
are integers. The constant term F(o; i) of F(X i) is a product
of ¢, and ¢(8) =3V, cam (i (a+1)) @@t -m(ia+l) = gince >

m(i(a+1)) (« =1) for every i, it is obvious that, if we take as ¢ an
integer j such that |j| > M ><Max ¢, then ¢(7)==0. Hence F(X;;)=0

is a non-trivial equation and consequently o is algebraic over P. Let
g (X)=3,a X" be a primitive irreducible polynomial in P[ X ] satisfied
by @. Then the constant term «, of g (X) divides the constant term of
F(X; 1) for every <. Hence «, divides the constant term of F(X; «,)
which is a product of powers of ¢, and ¢ («,) =3V, cam(a, (a+1))
a,olat ) —milxo(@+1) - Therefore, «, divides a product of suitable
powers of ¢, and ¢,m(«,(a+1)). Now let p be a prime which does not
divide ¢,, ¢, and «,, and is larger than M. Then pa satisfies the
equation ay X" +pay_, X¥ 1+ .. +p"ay =0 which is primitive and
irreducible. Therefore, considering pe in place of @, we see that the
constant term p~«a, divides a product of suitable powers of ¢, and
c:m(pr¥a,(pa+1)). But p does not divide ¢, and e¢,, so it divides
m(p¥a(pa+1))< M. This is a contradiction. Hence L has prime
characteristic.

(b) Secondly we prove the latter half of the lemma. Now let L
have characteristic p==0. If L is purely inseparable over K, then
there is nothing to prove. Therefore, let @ be a separable element in
L but not in K. Since L is algebraic over K, if K is algebraic over
its prime subfield P, then L is algebraic over P. So we assume that
in K there is at least one transcendental element over P. Let z be
such ‘an element. Since a is separable over K, it is sent into an
element b(==a) by a suitable isomorphism 6 whicn leaves K element-
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wise fixed. By 6, ¢! and z(a+1) are set into b~! and z(b+1) respec-
tively. In the same way as in (a), we have

(6) (é cxamo(a-l)—mx(a—l)) prmo(a) _ é cxa’mo(a-l) pro(@ ) - mda™) _ g
K=0 Kso

and

(7) epemo=@t-mizlatl) pmo(z(at+l) =1 ... terms with powers of b

a my(z(a+ — 7"&(2(““"1))—1
2: «(z(a 1)) m,.(z(a..‘.l))

s + sz : : .
k=0 ( A=0 ([lll))_()

Eliminating b from (6) and (7), we have an equation F(X)=0
satisfied by . It is easy to see that the coefficients of F(X) are in
P[2] and the constant term of F(X) is a product of suitable powers of
¢, and c¢(2) =3V , eanz (@ +1)) 2Z"<=Fet)—m(=a+t]) = Here we may
assume that my(x), m,(®), -+, m,(x) are not all congruent to zero mod.
p for every separable element x over K. For, if m,(x) = p*m,/ (x) for
i=0,--,7, then 3%, c @™ (%) — (7, ™ (x))”" is in K. Since z is
separable over K, SV_,ca™’ (*) is separable over K, so SV_, ca™" (%)
is in K. This contradicts the minimality of m,(x). Therefore ¢ (2) is
not zero, since z is transcendental over P. Therefore FX)=01is a
non-trivial equation and consequently a is algebraic over P(z). Further-
more the domain of integrity P[z] of P(z) is a unique factorization
domain. Let g(X)=>Y, «a, X' be a primitive irreducible polynomial in
P[2][X] satisfied by . Now assume that «, is not in P and = is a
prime divisor of «,. Since = (z”a+1) is sent into = (z"b+1) by 6,

é c,‘{(ﬂ (n‘”b+1))m"(“("Ma+l)) — (= (zma_‘.l))mx("(ﬂ”a‘l‘l))} —0.
K=y

Dividing this by nm’("(“M“H”{(n”b +1)—(="a+1)}, we have the relation :

g A1) = mylninXad 1)) (pupymolaatatl) =1 ¢ ... terms with powers of b

.+ { terms with powers of @ ---
+ ZT} cem (7w (z"a+1)) ZMe(n(nMa+1)) —my(n(z¥a +1))} =0.
k=0

In this relation, terms with powers of b or ¢ are divisible by =" .
Hence if m(= (z"a+1))=0(p) for i >s and m,(= (z"a+1))==0 (p) for
an s--0, we divide the above relation by z™s™"at1)-mrn(x¥a+l)
Now we eliminate b from the relation thus obtained and (6). Then we
have an equation G(X)=0 satisfied by « where the constant term G(0)
of G(X) is either a product of powers of ¢, and 3_, com (z(="a +1))
g m Nl = msn(Na 1) for some =0 or a product of powers of ¢,
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and cymy(m (z¥a+1)) D) —meln(x¥a+1)) 1t i easy to see that
the coefficients of G(X) are in P[z]. Therefore, «, is a divisor of the
constant term G(0) of G(X) and consequently = is a divisor of G(0).
If G0) is a product of powers of ¢, and 3V_,cm (7 (z"a+1))
glm(mta 1) —myn(x¥atl)) g5 an g4-0, then a product of powers of
¢, =0 and e¢;m (= (#"a+1)) == 0 is divisible by ». This is a contradic-
tion. Therefore, G(0) is a product of a power of = and an element in
P. Thus we see that the constant term of a primitive irreducible poly-
nomial in P[z][X] satisfied by a separable element is either in P or
a product of a power of an irreducible polynomial in P[z] and an
element in P. ‘

Now if we take a+H(2). H(z) an arbitrary polynomial in P[z],
in place of a, then the constant term of a primitive irreducible poly-
nomial in P[z][X] satisfied by a+H(2) must be either in P or a
product of a power of an irreducible polynomial in P[2] and an
element in P. Now we take z‘ as H(z), where ¢ is an integer larger
than the degrees of a(x =0, ---, N). Then a+z' satisfies g (X—z*) which
is a primitive irreducible polynomial in P[z][X]. Obviously the
constant term g (—=2*) of g (X—2%) isnot in P. Hence g (—2z") = Bh (),
where % (z) is an irreducible polynomial in P[z] and 8 is an element
in P. Take 2'+k(z) as H(z), where t is an integer larger than .
Then the constant term g (—(z°+%(2)")) of g(X—(z*+£%(2)")) which is
a primitive irreducible polynomial in P[z] [X] satisfied by ¢ +z*+4(2),
is not in P and is divisible by %(z). Therefore, g (—(z*+% (2)")) must
be a product of a power of %(2) and an ‘element in P. But this is
impossible. Thus we have a contradiction. Therefore K is algebraic
over P and L is algebraic over P.

Corollary. Let D be a division ring with centre Z and let f(X) be
o fixed polynomial of degree n whose coefficients are in the prime subfield
of D. If a"®+f(x) is in Z for every x in D and for an integer n ()
(depending on x and larger than n), then D is commutative.

Remark. It is probably true that we can drop the condition (ii)
and take the assumption that ¢(i =0, ---,7) are in Z, in place of the
assumptian that ¢, are in the prime subfield. But this is still an open

question.
As the first application of our theorem, we shall generalize a result

of Hua® as follows:

Theorem. Any mnon-commulaiive division ving D is generated by

6) Cf. Hua [2] Th. 7.
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elements of the form >3, ca™ ) | where ¢ (i =0,1, - ,7) are the fived
non-zero elements in the prime subfield of D and n(x) > n,(x) >
e > n,(x) >0 are intergers such that n(x)=n(e"'2a) for all ¢ =0 in
D and n\(x) is smaller than o fixed integer M.

Proof. Let D’ be the division ring generated by the elements
S e ciw”i@ , then D’ is invariant under inner automorphisms of D.
If D' == D, then D' is contained in the centre of D, by a result of Hua.”
Then D is commutative. This is a. contradiction. Therefore D’ = D.

As the second application of our theorem, we show that Herstein’s
conjecture is valid for semi-simple rings in the sense of Jacobson:

Theorem. Let A be « semi-simple ring wilth centre Z and let ¢ be
an integer. If there is an integer n (x) larger than 1 for every element
z and " +cx € Z, then A is commutative.

Proof. Since A is semi-simple, A is a subdirect sum of primitive
rings.” Since our assumption is valid for residue class rings of A4, it
is sufficient to prove our assertion in the case where A is a primitive
ring. Any primitive ring is isomorphic to a dense ring R of linear
transformations in a vector space V over a division ring D. Let V
be more than one-dimensional and let « and 3 be two linear independent
vectors. Since R is dense, there is an element ¢ in R such that ae =g
and Ba=0. Then, for any integer % >1, a(¢"+ca)=cB and
B(a"+ca)=0. If ¢8=0, then ¢y =0 for all vectors in V. Hence
¢cb =0 for all b in R, so cx =0 for all « in A. But this case was
proved by Kaplansky.!® If ¢84=0, then a"+ca is not in the centie of
R. For, a"+ca does not commute with the linear transformation.in R
such that « - 3 and 8 — «a.- Hence V is one-dimensional, so R is a
division ring. Then, by our theorem, R is commutative.

Putting ¢ = —1, we see that Herstein’s conjecture is valid for
semi-simple rings.

(Received March, 15, 1952)
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