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Classification of Topological Fibre Bundles.
By Tatsuji Kupo.

1. A fibre bundle A oyer B with fibre ¥’ is a join of a finite number
of its portions, each of which is a product space of F' and an open subset
of B. These portions are joined according to a certain law, and it is our
main concern to know the topological structure of A {from the knowledge
of ‘those of B and F, and of the law of joining. But this is, in general,
impossible, for the definition of a fibre bundle contains indeed the exist-
ence of such a law, but nothing to specify it.

" There is, however, another view point, where a fibre bundle is gener-
ated by a B-parameter motion of F' in some space. This was suggested
in the recent work of N. E. Steenrod (1), classifying sphere-bundles over
a complex. In order to define B-parameter motions strictly, we have first
to define the continuity of many valued functions, which is itself an
interesting subject.

The author has investigated along the akbove line, and introduced the
concept of F'-continuity, which is recognized useful and convenient because
of its intuitivity.

In §2 the classification theorem of topological fibre bundles are for-
mulated in an analogous form to those of N.E. Steenrod. In &8 3-6
the proofs thereof are given. In §7 a generalization of the Feldbau’s
classification theorem is deduced as an application of our theorems. In § 8
homotopy groups with respect to many valued functions are discussed.

2. Let f be a many valued function of a topological space B into
another topological space Q.

f is continuous if the following conditions are satisfied: For each
b, € B there exist a neighborhood V (x-nbd.) of b, and a family {o,} of
homeomorphisms such that,

*) It is a pleasure to record here a debt of gratitude to Frofessor A. KOMATU for
his kindness in reading the original manuscript.
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(1) o, is defined for b€ V as a parameter,

(2) o, is a homeomorphism of f (b,) with f(b); ¢», = the identity,

(3) The correspondence o

F®)%x V3w b e (o4, b) € (f, V)= [the graph of f over V]
is a homeomorphism.

If B is connected — a constant assumption throughout this paper —
f (b) is homeomorphic with a definite topological space F' for every beB,
and we have reason to call such a function an “ F-continuous function .

A fibre bundle over B with fibre F' is topological if the group G of
automorphisms of F appearing in the definition ot fibre bundles (see,
Steenrod [1]) contains all automorphisms.

THEOREM 1. For B compact, the graph O (f, B) of an F-continuous
function f of B into Q is a topological fibre bundle over B with projec-
tion #: G (f, B)>(y,b) > be B, and with fibre F. If f, is F-homoto-
pic?) to f,(f,= 1), then ®&(,B) and G (f,B) are equivalent fibre
‘bundles *).

THEOREM II. Let B be compact, and f, f, two F-continuous func-
tions of B into the Hilbert fundamental cube E=. _

If $(f,B) and & (f,, B) are equivalent fibre bundles, .then f, and
f, are F'-homotopic to each other. :

TareoreEM III. (Classification Theorem) If B is compact separable,
and F separable normal, then the set of all topological fibre bundles over
B with fibre F is in one-to-one correspondence with the set of all F-
homotopy classes of F-continuous functions of B into E*. ‘

3. Proof of THEOREM I. The first part of the theorem is obvious;
we shall prove the second. By assumption there exists an F'-continuous
function f (b, t) of B x I (I is the unit interval) into Q such that, f (b, ) =
f, () and f (b, 1) =", (b). , |

Since B x I is compact, we may select a finite covering {V} consis-
ting of x-nbd’s. 'Further, we may find a positive number & such that,

1y 1,e., there exists an F-continuous function 4 of Bx] into Q such that % (b, 0)=
fo(B) B (b, 1)==f1(b). '
2) See [1].
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for every interval I' of length less than & and for any b¢B b x I' is
contained in some member of the covering {V}j. Divide the interval I by
a finite number of points 0 =1¢,< ¢t < ...< t,=1, such that, 0 <~ ¢;, —
t; < & .

Obviously it is sufficient to prove, for each i, that & (f1, B) is egui-
valent to & (ft;,,, B), where f,(b)=7f (b, t), and, in turn, it is sufficient
to prove this for the original 7 itself, which is now assumed to posgess
the property for I'.

-We select, using the comipactness of B, a finite system of pairs of
open sets {W,Uj(i=1,2,...,m) such that, W, U,\/i,,W=B,
U, x IC some V. :

By the Urysohn’s lemma, there exists a continuous real valued func-
tion u, (b) defined on B such that ;=1 for b in W, u, =0 outside U,,

Define
'[_{j
T, (b)=0.
Clearly =, is continuous, 7, (b) < 7,,,(b) and 7, (b)=1. Furthermore, it
is easily seen that the closure of the set
T,={b, t) | 75(b) < t < 7y,, ()}
is contained in some V.

Now, putting g, (b) =f (b, , (b)), we shall show that the consecutive
terms of the following sequence of fibre bundles

® (fy B)= (9, B), ® (9, B), ..., S (g,s B) =S (f,, B)
are equivalent.
As previously mentioned;, 7', is contained in a x-nbd V, and therefore
we may find a family of homeomorphisms ' . |
o (b, t) of F with f (b, t), for (b, t)eT,,
such that ‘
s (b, 8)) & (o (b, )y, (b, 1))
is a homeomorphism.
Define
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"X B)=0 (b7, (b)) (o (by 5 (b)) if 75 (b) < 7y(b)s -
X (b) = the identity if 7, (b) = 7,,,(0),

then the correspondence
(¥ b) > (X (b)Y, b) for yef (b, 7;(b)) =g, (®)

is easily seen to be a homeomorphism giving an equivalence between
& (9, B) and G (g,, , B).

4. The deformation ¢,. The Hilbert fundamental cube may be given

as the direct product of countably infinite number of unit intervals
' E°=IxIXIx...={x|&=@@,, ,...) 2. €I} .

For a sequence of integers 1< 6, <i,<i,<..., let B be the
subset of E*~ consisting of all points of the form z=(z,), 2, =0 unless
7= some i, of the above sequence. Define a deformation ¢, by

i is
£ (@ By oo )=(0,...,0,20,...,0,2,0,...) cE%
Le@)=01A—-Hz + 1t (2).7)
Then it.has the property that: ¢, (&)=¢, (') for some t, implies x =d:'.

LeMMA 4.1. Any F-continuous fuﬁction f of B into K~ is homoto-
pic to an F‘-'continuous‘ function #' such ‘that fr(B) B

5. Proof of THEOREM II. Let E~=1f{x|2,=0k=1, 2,...)}
and E,° =f{x |2, =0 (k=12,...)}.

By the lemma of the preceding § there exist 7, and f,’ such that,
fo=1 £ (BYC B™; fi=f/, ' (B)CE,") Consequently, by THEO-
ReM I, & (f, B), ® (f, B) are respectively equivalent to & (7, B), ® (f,,
B), and, remembering that & (f,, B) and & (f,, B) are equivalent by assump-
tion, we sez that & (f,/, B) and & (f,/, B) are eqhivalent.

Let the last equivalence be defined by

{X (b) | X (b) is a homeomorphism of £, (b) with £, 4 -
Then the family of functions

f ) =12 | & =1=tx + t(X D)), x€f, (b)}

3) 4- denotes vector summation.
1) =~ means ‘ homotopic > to.
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defines the homotopy of £, to f, . y

6. Proof of THEOREM III. Given a topological - fibre bundle & over
B with fibre F and projection ». Since B is compact separable, and F
separable normal, & is separable normal, and is regarded aé a subéet of
the Hilbert fundamental cube E=. Let f = ="', then it is easily verified
that, f is F-continuous and & is equivalent to: & (f, B). Combining this
with THEOREM I and THEOREM II, we get the proof of THEOREM III.

- 1. A generalization of Feldbau’s classification theorem. Let @ (F, Q)
be the set of all homeorphisms of F into Q. A function g of B into
® (F, Q) is continuous if F x B3(y,b) > (g b))y, b)e® (g, B) is a home-
omorphism. Let 2 (F) be the set of all automorphisms of F (homeomor-
phisms of F onto itself). The continuity of a function of B into A (F)
is analogously defined as above. If F' is a subset of Q, % (F) is a subset
of @ (F,Q). Although they are not topologized, the homotopy of two
continuous functions of B into any of them (denoted by X) and the fol-
lowing related concepts may be well defined: 7:(X)=[the set of all
homotopy classes of continuous functions of B into X]; == (X)= [the set
of all homotopy classes of continuocus functions of B into X mapping the
reference point b, of B into the reference point 1€ A (F)]; =, (X)=
s (X) = [the n-th homotopy group of X]; =, (® (F, Q), A(F)); (X)=
[the (arcwise connected) component of o in X]; [connectedness of X];
etc.

Let p be the operation associating with each element o of © (F, Q)
an element o F € § (Q) = [the set of all subsets of © homeomorphic with
F]. Then it induces an operation p mapping the function space |® (F,
0))* into the set of F-continuous functions of B into Q. An F-conti-
nuous function belonging to the image sel p ([® (F, Q))*) will be called
trivial. An F-continuous function is then characterized by saying that
it is locally trivial. A funclion f of B into ¥ (Q) is continuous if it is
F-continuous (when regarded as a many valued function of B into Q).
Then we may define, in the same way as above, the followiﬁ‘g concepts :
75 () = [the set of all F-homotopy classes of F-continuous functions of
B into Q); 7% (2)={[the set of all F-homotopy classes of continuous
functions f of B into Q such that, for every pair of points b/, b,' € B’ <_
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B, f(b,)=1(®,)]; =& (Q)=|the n-th F-homotopy group of QJ; [F-
connectedness of Q] = [the connectedness of ¥ (Q2)]; etc.

LEmMA 7.1. If B is compact nnd contractible, then any F'-conti-
nuous function defined on B is trivial. _

Proof. Let 6, be a contraction of B into a point b,€ B, then it is
easily seen that, for any F-continuous function f defined on B, f(6,b)
gives an F-homotopy of f=7f86,to f¢. By THEOREM I, the fibre bundle
& (f 0, B) is equivalent to the fibre bundle & (f¢,B), which is easily
seen to be a product bundle.®) This shows, in turn, that @ (f, B) itself
is a product bundle, from which the assertion of the lemma follows
immediately. ‘

LEMMA 7.2. 7:(® (F, E*)) contains only one element.

The proof is contained in the proof of THEOREM II.

CORrROLLARY 7.3. E* is F-connected.

Now, we define the decomposition-sets [zs (A (F))), [7z (A (F))]
respectively of 7z (U (F)), == (A (F)). Let f, g be two elements of [A}*.
We say that they are specially equivalent (f ~ g), if, for some o, 7€ U
and for every beB, f(b) = o g (b)r. Then the following two conditions

are equivalent :

(1) f is homotopic to an element specially equivalent to g,

(2) f is specially equivalent to an clement homotopic to g.
It is easily seen that, the above conditions satisfy the usual three condi-
tions for equivalence, and we may divide the set %: () into equivalence
classes, the totality of which is denoted by (s (A)). The Jast notation
is appropriate, because it forms a decomposition-set of =z (). In 'én
entirely same way, we obtain [~» ()], with the only difference, that we
define, in this case, the special equivalence of f, ge [, 1] (B.bo) as:
f < g. if and only if, for some ¢ A and for every be B, f (b)=0o g (b)c~"

LemMma 7.4, [7z: (A (F))] = == (A (F))).

Proof. Let f and g represent the same element of [z:z], then, for some
o €, f and o go' represent the same element of =z and hence of zs.
This implies that f and g represent the same element of [=:]. Let f re-

5) See [11.



162 Tatsuji Kunpo

preSents_y'an element of (7], then f" = (f (b)) f represents an element of
[7s] as well as the same element of [7z:] as f does. Let f and g represent
iwe elements of [zx], while they represent the same element of [#:], then
for some o, 7€ A f and o f r represent the same element of =z, . e. there
exists a function h, (b) = h (b, t)€ (A} with h,=f and h, = gr. Let
h, = (h, (b)) ' h,, then h,’ represents an element of =z and &/ =h, = f,
h'=h,(0)) h,=(g®d)r) ' (cg7) =797 Hence f, g represent the
same element of [7zs].

LEMMA 7.5. Let pg,=pg, =f represents an element of 77, (Q),
and put ¢, (') = (g,(b)) g, (b") for b',b,€ B’. Then ¢, and ¢, represent
the same element of [=s' ()], provided that B is contractible.

Proof. Put « (b) = (g, (b)) 'g,(d)e[A]®. Then g, (d) = g, (b) v (b),
and ¢, (b)) =0 b)) "' @, 1)y ). Put X, (D) = (9 (1,))" ¢, () (6: D),
where 6, is a contraction of B into b,. Then X, (b)) =1, and X, (b") =
@y (0, X, (b") = (Y (b)) )" p, (b") 4 (b,). Hence the lemma follows.

Let B be compact and contractible. We define a mapping A of 5 s
(Q) into [zs' (A)] under the following prescription: For «a € 7% ; (Q),
take a representative f of «, choose g €[® (F, Q))* with p g = f by LEMMA
7.1, put (")) =(9(b,) g ") for b’ e B, finally let ra be the element
of [zs' (A)] represented by . Then \a is determined only by « and inde-
pendent of the choices of f and g. For, its independence of the choice
of g is assuted by LEMMA 7.5, and that of the choice of f may be veri-
fied giirectly.

Lamma 7.6. If Q = E~, B’ is compact and B is a cone over B',
then \ is one-to-one.

Proof. Let f, f, repesent two elements of 75 s (E”). Since E< is
F-connected, using the property of B’; f. may be found representing the
same element of 7%, as f, and such that the values on B’ is constnt
F. Choose g,€[® (F, E*))* such that pg, =/, and g, (b) = 1€ 9. Then
g, , B’ represents the element X {f,} of [=s' (A)). Assume that )\ {f,} =
A {f.}, i. e, for some o€, g, | B’ is homotopic to o (g, | B o™ in =4’
(A). Then there exists ke [A] 2% such that, & (¥, 0) = g, (®"), A (', 1)=
o go', for every b’ B'. Let w (t) be a curve in ® (F', E~) joining 1 to
o'y and put k@, t)=w@)h®,t),kb0) =g,0),kb1) =g 0"
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where ¢’ ¢ B’ and be B. Obviously %k represenis a continuous function of
the boundary of B x I into @ (F, E~), and by LEMMA 7.2, can be exten-
ded to a function k€ [® (F, F=))**2. Then pk gives a homotopy of f,'=
pg,=pk, to pk =p(g, o) =pg =Ff'. Hence f,f, represent the
same element of #f . .

LemMMA 7.7. If Q = E=, B’ is compact, and B is a cone over B’,
then )\ is onto.

Proof. Let ¢ represents an element of [z»' (2).] Then it can be
extended to a funbtion g€ @ [(F, £~)]*, by LEMMA 7. 2. and the fact that
B is a cone over B'. Then pg represents an element of 75 p » Which
is mapped under ) into the element of [=»'] represented by ¢.

Combining LEMMA's 7.4, 7.6, 7.7, we obtain

THEOREM IV. If B’ is compact and B a cone over B', the following
one-to-one correspondence holds :

75w (B ~ (75 (A(F))].

The suspension <C B’ > over a topological space B’ is ‘a topological
space which is obtained from B’ x I by identifying the subsets B’ x (0)
and B’ x (1) into points v, and v, respectively. If B’ is compact separa:
ble, the cone B as well as the suspension < B’ > over B’ are also com-
pact separable. In such a case the set 7§ 5 (Q) is obviously in oné-to—
one correspondence with the set 72, .(Q). Thus we have

THEOREM V. Let B’ be compact separable, < B' > the suspension
over B'. If F is separable normal, then the set of all topological fibre
bundles over < B' > with fibre F is in one-to-one correspondence wilth
the set of all equivalence classes of continuous functions of B’ into A (F).

This theorem contains as its particular case the

FeLpBAU'S CLASSIFICATION THEOREM. If F is sepaiable normal,
then the set of all topological fibé-e bundles over S"*' with fibre F is in
one-to-one correspondence with the set of all equivalence classes of con-
tinuous functions of S into A (F)(n >0).

8. F-homotopy groups. In the particular cases where B’ = S*
(n > 1), the relation of THEOREM IV is obtained by the following familiar
steps : ’
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LemMA 8.1. The homomorphism sequence of homotopy groups

S (O (F, Q) (O (F, Q), AF)) —

70 (U (F)) = 7, (& (F, Q) —
is exact, where «, 8, are relativisation operator,. homotopy boundary
_ operator, injection operator, respectively.

LemmA 8. 2. Tnyy (O (F, Q), A (F)) = w1 (Q).
LEmMMA 8.3. = (@, E))=0,(k=1,2,...).

THEOREM VI =f (E®)~ =,(A(F)) (n =>1)

Remark. LEMMA 8.1. states a well-known fact. The prcof of LEM-
MA 8.2. is essentially contained in the observations of the preceding §.
We notice that ® (F, Q) behaves as if it were a fibre bundle over F (Q2)
with fibre 2 (7). LEMMA 8.3. is a consequence of LEMMA 7.2. THEO-
REM VI is obtained from LEMMma’s 8.1.-3. using a property of exact
sequence. THEOREM VI does not exclude the case n» = 0, when we define
y (A (F)) = AF)/A, (F), where U, (F) is the component of the identity
in A (F). The proof thereof is essentially the same as the case » >1.
Thus

THEOREM VI'. #I (&E*) ~ A F)/U, (F) = =, A F)).

S. Eilenberg has shown that the fundamental group of a space miay
be regarded as an operator group of the homotopy groups of the space.
This circumstance is not altered when we replace the ordinary homotopy
groups by our F-homotopy groups. In fact, we proceed as follows :
Given « € »Z.\ (E~) and ¢ € »¥ (E*), take representatives f and w respec-
tively of « and ¢, define &, (b) = k (b, t) € [T ()] E**' x (0) + En+ix1 by
h(b, 0)=7(®), RO, t)=w() for be B, b'e B, extend h to a function
ke |F (E=))E»'x1, Jet the element of =%., (E~) represented by &, (b) be
denoted by a:. That «at is determined only by a and ¢ may be easily
verified. Thus we obtain a homomorphism of = (E*) into the group of
automorphisms of =7, ,(E*), that is, we may regard =% (£*) as an opera-
tor group of =f., (E*). As for =, (¥ (F)), we take ~, (3 (F)) instead of
7z, (A (F)), and proceed as follows: Given Be =, (A (F)) and j,e€ =z, (A
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(F) ), take representatives g and o respectively of 2 and 5, put g’ (b) =
o g (b) o, let the element of =, (U (F)) represented by g’ be B1: Then
Bn is determined only by 8 and 5, and in the same way as above, ve
may regard =, (% (F)) as an operator group of =, (A (F)).

We now show that the isomorphisms of THEOREM VI, and THEOREM
VI¢ are operator isomorphisms.

Let «, ¢, f, w, h have the same meaning as above. Choose a function
ko (6) =k (b, t) € [0 (F, E=)JE"*'xI] with pk=hk(0,0)=1, and put
X, (") = (k, (0))"'k (b') for b'c E**'. Then it gives a homotopy in
7 L (F)) of X, to X, = (k, (0))"* (k, | E**") But, by definition, a = {f},
¢ = {w}, o, (@) = {(k, | B oY (0 =k (0) 0, & =fo}; and w,a=
{X} = {o ' (k, | E""'}, according to the above homotopy). Therefore
(w, @) ™t = w, (a*), which is to be proved. Thus we have ‘

THEOREM VIL

Tan (B°) =~ 7, A (F)) (n - 0)

is an operator isomorphism.
This reveals a deeper content of THEOREM IV, in a particular case
when B’ is an n-sphere. . .
9. Remark. The group =, (B) and =% (E~) may be regarded as
forming a pair with respect to »{ (£~) in the following way: Let ¢, f
represent ¢ € =, (B), a € n% (E*), respectively. Then the element ¢, a of
=¥ (E*=) represented by f ¢ is independent of special choices of ¢ and f.

Define a; () =¢-a, for { € =, (B) and a € 7§ (£~). Then «, seems
to play an important role in determining the structure of the fibre bundle
represented by «.
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