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On some types of convergence of positive

definite functions

By Hisaaki YosHIzAWA

1. INTRODUCTION. Let us denote by G an arbitrary but fixed locally
compact group and by m(-) a left-invariant Haar measure on G. A
complex-valued function @ (g) on G is called positive definite if it satis-
fies

@ NEEp9:9)20),

for complex &,(1 <k <n). We shall denote by P the set of all conti-
nuous %) positive definite functions. Then we can define in P, among
others, the following two types of topology :

(P) Pontrjagin’s topology : the heighbourhood system of ¢, of P
consists of all sets of the following‘ form :

| {ellp@) — o (g)| <& on Fi,
where £€>0 and F is a compact set in G.
(W) Wealk topology: Let L'=L*G) be the Banach space of all
complex-valued m-integrable functions on G. Then to every ¢ of P
there corresponds a functional on L! if we define

(@, D)=z (@) p(9)dg ¥,

1) 2 denotes the conjugate complex number of 2.

z)  We can also define the positive definiteness of a bounded measurable function ¢ as
follows :
) [ [en1e2 2t x @ dhdg =0 for () of L' (G
Every measurable function satisfying (*) satisfies (¥¥), ico. On the other hand it is proved
that every (¥¥*)-positive definite function coincides almost everywhere witha continuous one.
(Cf. the immediately preceeding note in this Journal by the present author. We can also
prove this continuity by using the arguments in the present paper and refering some of
those in that paper, without making explicit use of the unitary representation of G, though,
in essential, both proofs depend on the same idea. Cf. also (1] in LITERATURE at the end
of this paper.)

3) The integration is relative to m(.) and its domain is G.
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for « of .L'. Hence, by considering P as a subset of the conjugate
space of L', the weak topology is defined in it, i.e., the neighbourhood
system {V} of ¢, consists of all sets of the following form:

(1> V(W)) = {§D| g, Z) — (Poy ¥) ‘ <&, 1 ;/_k <mn},
where &>0 and z,(-)¢ L' (G).

The purpose of the present paper is to prove that these two topologies
are equivalent in any such part of P that is constituted of ¢’s of con-
stant ¢ (e)* % % 7). From this we can prove some theorems similar to
those for characteristic functions on the reals; for example, it is easy
to prove that, .if a sequence of continuous positive definite functions
converges (in the sense of Moore-Smith) at every point to a continuous
function, then not only the limit function is positive definite, ‘but also
this convergence is uniform on every compact set. _

The present author owes the essential simplification of his proof

to Mr. Shizuo Kakutani.

2. PRELIMINARIES. (1°) Let V be a compact neighbourhood of e,
and ¢y (-) its characteristic function. Put dy(-)=c¢y (:)/m(V); and
define

(2) 2(g) = 5 dy (R)dv(hg)dh .

Then it is easy to verify that

3) x,(g) is continuous, >0 on G and == 0 outside V3,
) [z (9)dg =1

and

®) (@, xr)=>0 for any ¢ of P. %)

1) ¢ denotes the identity element of G. ’

5) Recently, it is reported in Mathematical Reviews that D. Raikov proved the similar
result in (4], but this paper is yet unavailable to the present author.

6) A proof for a special case, which concerns the topology of the character group of a
locally compact commutative group, was stated by D. Raikov in Lemma of his paper

(3J.
7) This is a solution of Problem 3 in [17.
8) See, for example, [5].
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(2°) M. Kreiw's inequality ®): For positive definite ¢, it holds that
©) () — p (@) <2p(e) {ple) — Riplg W)L ).

(3°) Let @¢ P and xz ¢ L'. For the later application, we shall intro-
duce the following notation :

9" (9) = |2 p(sigt)x (t)dsdt. »)

3. Proor. We shall denote by P, the subset of P which consists
of such ¢’ s that ¢ (¢)==1. In order to prove the equivalency of two
topologies (P) and (W) (see 1) in P,, it is sufficient to prove that the
weak topology (W) is stronger than the Pontrjagin’s one (P), since the
converse is evident.

First we shall prove some lemmas.

LeMMA 1. Let P’ be a bounded subset of P, i.e., {ple)|pe P’} be
bounded, and let x e L*'. Then, for any positive &, there exists a neigh-
bourhood 'V of e such that g eV implies |@”(g) — ¢"(e)| <& for all ¢
of P'.

Proor. Put M —=sup{p(e)|pcP'}. Then, for ¢ of P’, we have

|#°(9) — 9" (e),|

- (g g'x’(—s)"(p(s-lgt)x(t)dsdt - § g:?(?)¢(s~lt)x(t)dsdt1

g_g glx(gs)—x(s)]. lp (s x (t)| dsdt

<M-|a!- | xigs)—a(s)|ds,

which is <& for g of a sufficiently small V, q.e.d.

In the following we shall confine our considerations in P, ; hence
all the appearing ¢’s will satisfy ¢ (e)=—=1.

LEMMA 2. Let poc P, and & >>0. Then there exists ¢ neighbour-
hood V(po)'®) and an x of L' such thalt @eV (@) implies |p°(g) —
(@) <€ on G.

Proor. Let V be so small that x, () ®¥) satisfies

9) Stated in [2].

19) German R denotes the real part.

1) o®(g) is also a positive definite function.
12) See (D).

13)  See (2).
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(20, 20) = (2 (9) g0 (9 dg > g (&) (S F =1 ~(£) ;

the existence of such V follows from (3) and (4). Let = be one of these
xz’s.  Define
(o) ={p| g, ) = (. )1 < (§).

Then ¢ e V{p,) implies

(@) (p,2) >1—-%
and
9" (9) — ¢ (9)]
=| [ {e@optrgnawdsdt — ({2 p@)e®dsdt|  (from (4))

<2{a ()2 =2%R(p () ds (from (6) and (4))

(by Schwarz’ inequality ; see (3))

=22 {1 —[2(s)p(s)ds } (from (5))

< 2v2 V/'§“ =&, (from (7))
q.e. d.

THEOREM. Let ¢oc Py, £>0 and F be a compact subsel of G .
Then there exists & V{py) such that ¢ V{p,) implies |p(g) — ¢po(g)]
<& om F.

Proor. From LemMAs 1 and 2 follows that there exists a U (g,)
and a V(e) such that gV and ¢« U imply |p (g) — 1| < &%/2". Then,
{for every ¢ of U, it follows by means of (6) that | (a) — @ (ag)| < &/8
for any o of G, if geV; hence

@®) |p(9) — p )| <5~ for g and & of aV.

Now let F' be covered by the union of @,V (a,¢G, 1 <k <n); put

2 (9) = ¢y (e '9)/m(V), and define
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O Vig) "={‘PI¢€ U, [(p, ) — (@, %] <——§,_’ 1~§kv§n’}.

Then. this is the required. For: Suppose that | g0 (90 — 9. (g)| =& for
some . of V and some Qe of F'; then, from {8) , On some a,V it should
beeither i (9) — 9.(9)>€ — &/2 or @y (9) — @ (9)<— (¢ — &/2), and con-
sequently it should be |{(@s, ;) — (@e, x,)| > &/2, which contradicts to
9, q.e.d. ‘

‘COROLLARY. @ (g) is continuous in (9, @) in GxP,, where P, is
considered as topologized by the weak topology.

(Received November 24, 1948)
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