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Abstract
From Homma'’s PL Gauss-Bonnet theorem applied on a PL-complexplane,
many generalizations of Pick’s theorem on a lattice PL-figare obtained in a uni-
fied geometric way.

1. Introduction

The purpose of this paper is to provide a new viewpoint fortdeching of math-
ematics. In about 1976, a teacher at Nakafuji elementargadchf Fukui City gave
lessons on the area of figures on a plane. Under the influendkeofiling scheme
method of Toyama, she had used a tiled floor of the classroom as the éshaatool
to demonstrate that there exists no functional relatiomveen the area of a region and
the length of the boundary. Last of all, she gave the follgMromework:Let's draw

various figures of boundary length6 by putting together the square tiI of area
1 by the edges as followsind calculate the areas of the drawn figures

s[slsls slsls sls B s

slslsls slslsls slslsls sls]sls s

slslsls slslsls slslsls slslsls slslsls]

slslsls slslsls slslsls slslsls] s

(@ (b) (c) (d) (e)
Fig. 1.

Surprisingly, a pupil was aware of the following equatiorr Buch figures with the
areaA and the numbdr of the intersecting poimtsin the interior:

which was reported to the teacher on the next day. In the Fithet is, a: 16- 9=7,
b: 15— 8=7,¢c: 14 7=7,d:13 6=7,e:4 0=7.
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Question. In a meeting held at Fukui University in the last half of 1980this
teacher asked Kurogi several questions on the above retort2]:
(Q1) Is it true for such all figures? What happens if the boupdength of a figure is
changed?
(Q2) It is hard to realize the relation between the area aednitimber of the inter-
secting points. How can one consider the relation?
(Q3) Why does the number 7 appear in the right hand side?
(Q4) How can one develop the discovery of this pupil?

Answer. Note that the area of the above each figure are equal to the eruofib
the square tiles. Then one has Corollary 2.2 as well as Ptbk'srem (Theorem 2.1).
On the other hand, the process from (a) to (e) appears in anestary method
for computing the Euler number of a simple polygonal regiag, [544]. And Pick’s
formula was proved from Euler's formula of a simple polygbmegion [2, 6, 17].
Recently, it was observed that Pick's formula is a corollafyRiemann-Roch theo-
rem for a toric variety [7] or Green’s theorem [4]. Howevengy treated only sim-
ple polygonal regions. This paper shows that many genatadizs of Pick's theorem
[5, 11, 20, 21, 22, 25, 27] are nothing but Homma’s PL GaussAgb theorem on a
plane.

Contents. In §2, to state the problem precisely, the notion of a latticefigure
in a coordinate planeR? is introduced, by which the above formula is related to
Pick’s formula for the lattice polygonal region. I§8, the area of primitive triangle
is proved to be 1 2 after Gaskell-Klamkin-Watson [9] (cf.)[3by means of Reeve’s
anglular-sum formula at vertexes [22] (cf. [27]).

In §4, Homma’s alternating angular-sum formula at simplexesagplane (Theo-
rem 4.1) is proved from Thak theorem (cf. [14§1.3], [23]). It is then obtained that
Pick’s formula and its generalizations on lattice PL-figu(@heorem 2.5) follow from
Homma's PL Gauss-Bonnet formula on a plane (Theorems 43), ¥ §5, it is ob-
served that Pick’s theorem is a consequence of Homma's PlsssRannet theorem
and Shoenflies theorem for a simple region.

2. Pick’s formula and its generalizations

Such figures like the examples in Fig. 1 are calfggyominoes(cf. [19, §1.9]).
However, there are wilder figures of boundary length 16 magleedmbining square
tiles, isolated points or line segments on a plane as follomsere A — I 4~ 7 for
all figures in Fig. 2 except the example (g). In this articlee tcombination such
as the example (f) is not considered, that is, the square slould be combined
such that each pair of two overlaped edges of the gatherearesdiles are glued as
one line segment of unit length. In this case, each vertexhefdquare tiles can be
considered as lattice point in the coordinate plan@&hat is, the point with integer
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Fig. 2.

xy-coordinates). On the other hand, the figure such as the dmafi)ps considered
in this article, although this is not only a combination ofiacge tiles but also isolated
points and line segments (cf. [11]).

In general, a figure such as the examples in Fig. 1 or 2 exceptekample
(f) is called a lattice PL-figure that is precisely defined as follows: By definition,
a PL-figureis a compact subseP  of a coordinate pldRe such that the boundary
dP is a 1-dimensional PL-complex. L&? be the set of all points irR? with inte-
ger coordinates, whose each element is cadleldttice point By definition, a lattice
line segmentis a line segment joining two lattice points R?, and a primitive line
segmentis a lattice line segment such that there exists no lattidat pexcept the two
vertexes. Thera 1-dimensional primitive PL-compleis defined to be a union of a fi-
nite set of primitive line segments or lattice points whosglisections are only ver-
tices (those are then lattice points). Note that a 1-dinoeragiprimitive PL-complex is
a 1-dimensional PL-complex consisting of their primitiveel segments and their ver-
texes or several lattice points as simplexes, which is netirasd to be connected and
may have O-dimensional connected components. By definiiofattice PL-figure P
is a compact subset dR? such that the boundaryP is a 1-dimensional primitive
PL-complex. Note that a lattice PL-figure is not assumed toctenected and may
have locally 0-dimensional or 1-dimensional parts.

For a lattice PL-figureP , led K ) denote the areaf . Put

V(P) := B(P)+I(P) = #(P N Z?),

where B (P ) := #)P N Z?) is the number of the lattice points ch? , addP ( ) :=
#(int. P N Z?) is the number of the lattice points in the interior.iAt . In€bem 3.2,

it is stated that a lattice PL-figur®  admits a structure ofirBeshsional PL-complex
consisting of primitive triangles;; i( =,1.., N R )), primitive lineegmentsL; [ =
1,...,e(P)) and lattice pointsy k& =,1..,V K )), called primitive PL-complex
Puteg(P):=#L;|L; € 9P} and

ep(P)=#L; | L; Ca(cl(int P))}

as bounded numbers at mastP ( ) ¥L#} . By definition, a 2-dimeasioompact
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subset of a coordinate plane is said to dimpleif the boundary is homeomorphic to
a circle, a Jordan curve, whose examples are given in Fig.d12aff). And a simple
lattice PL-figure is callech lattice polygonal regionFor example, the polyominoes can
be considered as lattice polygonal regions (see Fig. 1), el a8 more complicated
ones (see [25, Chapter 5, Figure 27]). Then the followingnfda is well-known after
Pick [20], Steinhaus [24, Figure (77), References], Caxgtg and Niven-Zuckerman
[18] (cf. [10]):

Theorem 2.1(Pick). Let P be a lattice polygonal region iR?. Then

) apy=20)

+I(P)— 1

Corollary 2.2. Let P be a polyomino made by combining the square @s of
area 1 by the edges such that the boundarg is a Jordan cufhen the following
linear equation holds among the ared  8f the lengthL ofdP and the numbdr
of the intersecting point® in the interior int. P:

A—-T=—--1

L
2
Proof. Note that/ P ) =I , because the vertexes of the unit square consid-
ered as lattice points. Since the bounda®y is homeomorphe dircle,B P ) =L .
Combined with the Pick’s formula, one has thenthat I A NP ( BP /@)
1=L/2- 1, as required. [

In particular, whenL = 16, the right hand side is equal to 7t thahe discovery
by the pupil in Nakafuji elementary school. However, for teeample (h) in Fig. 2
(cf. [25, Figure 34]), one has that

A(P)—I(P):8—0¢7:¥—l.

For such figures, the following formula will be obtained (20, §4], [5]).
Theorem 2.3. Let P be a lattice PL-figure such tha® is equal to the closure

cl.(int. P) of the interiorint. P in the coordinate planelf the boundarya P is homeo-
morphic to a disjoint union of several circlethen

B(P)
2

) A(P) = +1(P)— x(P)

with respect to the Euler number(P) of the figureP.
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The formula (2) also holds for a disconnected figure such asettample (j) in
Fig. 2. However, the formula (2) does not hold for the examplg), (k) in Fig. 2.
Note that g:A —1 =7- 0=7,andthatkd — I =6 0=,6 =7. For such figures,
the following formula holds (cfx dP )=B ® }ep B )).

Theorem 2.4 (Reeve, Rosenholtz, Varberg)Let P be a lattice PL-figure such
that P = cl.(int. P) in R?. Then

x(P)
2

B(P
© apy=200 e 1py+ 280y

This paper shows that it is a consequence of Homma’s PL (Baisset theorem,
in contrast to a purely combinatorial proof [21, 27]. Howeuwbe formula (3) does not
hold for the example (i) in Fig. 2 (cf. [11, Ex. 2, Ex. 3]), andat A — 1 =5 £~ 7. For
all lattice PL-figure containing all examples in Fig. 1 and @ept the example (f),

the following formula is also obtained from Homma’s PL GaBssinet theorem.

Theorem 2.5. Let P be a lattice PL-figure irR?. Then

1
@ APY =V (P)—en(P)+ By (p)

3. Angular-sum at vertexes

By definition, a lattice triangleis a simple lattice PL-figure that is also a triangle
with a positive area. And primitive triangleis a lattice triangleP such that P( )=
3. Forr > 0, putU, ¢ ) :={p € R? | dist (v, p) < r} with respect to the Euclidean
distance disti, p ) between the two points amd Rf Then one has the following
primitive PL-complex decomposition

Definition-Proposition 3.1. Let P be a lattice PL-figureext P the set of all ex-
terior points of P, and int. P the set of all interior points ofP. Then
(i) The boundaryd(int. P) of int. P is a subcomplex of P;
(i) For any v e a(int. P) N Z?, there exist two distinct primitive line segments
vwy, vwy C d(int. P);
(iif) There exist a positive integdr and primitive line segments

Li=x;y; ={tx; +(A—1t)y; |0<t <1 ¢(=1...,k)
such thatL; N L; =@, {x;} or {y;} for i Z j, and thatd(int. P) =L, U---U Ly;
(iv) For eachz € L? = x;y7 == {tx; +(1—1t)y; | 0<t < 1} ,there exists- > 0 such that

U,(z)\L; consists of the following two connected components

U.(z)Next P and U,(z)Nint. P.
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Theorem 3.2. Any lattice PL-figureP admits a decomposition as a primitive
PL-complex consisting of primitive trianglegrimitive line segmentsand lattice points
as 2-dimensional 1-dimensiongl and O-dimensional simplexes such that the boundary
dP is a subcomplex

By means of the distance between two compact subsets in dd&acl plane,
Definition-Proposition 3.1 and Theorem 3.2 can be proved [(d]).
For a subsetP and a poiat in a coordinate plane, put

®) /(2. P) = lim ABLOP)

s ‘PT > 4z P).

zePNZ?

Note that 0< Z(z, P) < 1. Moreover, one has the following result.

Theorem 3.3. For a lattice PL-figure P, let N(P) be the number of primitive
triangles in a primitive PL-complex decompoasition of ptike triangles primitive line
segmentsand lattice points Then

(6) /p="

In particular, the numberN(P) is uniquely determined by  for any PL-complex de-
composition of primitive trianglesprimitive line segmentsand lattice points

Proof. For two lattice PL-figure®;, P, such asP; N P, C dP1N 3Py,
(7 Z(PLU Py =/Py+ /P,

By Theorem 3.2,P :Ui’\il P; U Py for a certain 1-dimensional primitive PL-complex
Py C 9P and primitive trianglesP; such tha, N P; CoP,NoP; i,( s501.,N ).
By Thales theorem/P; =1/2 ( =1...,N). AndZP,=0by 0=4(0P) > ZPy > 0.
Then/P =YX, /P, +/Py=N/2 by (7). O

Remark 3.4. The statements of Definition-Proposition 3.1, The@aéh®? and 3.3
also hold when the definition of “lattice pointZZ? is replaced by a subset  iR?
such thatb N Z is a finite set for any bounded subgets R3n

Theorem 3.5. The area of any primitive triangle is equal tty 2.

Proof. (cf. [9], [3]). () If P is a lattice triangle then the areaA(P) is a half
integer, which is non less thari/2: Let (x;, y;) be the three vertexes of the lattice
triangle ¢ = Q 1 2). Forj =1 2, put; X; —xo andb; :=y; — yo, which are
integers. Then the arda;b, — asb4/2 is a half integer.
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(i) Let P be a primitive triangle. Take a square®  containi®y iim.S of
boundary length 4 such that the four vertexes are all lafiimats. In generalS con-
sists of n2-unit squares, and that each unit square consists of twoitjwentriangles,
so thatS has a standard structure of PL-complex of suchp2imitive triangles. Put
Q :=cl.(S\P). ThendQ =dSuU P is a 1-dimensional primitive PL-complex. Hen
Q is a lattice PL-figure. By Theorem 3.2 is a PL-complex of ptiva triangles,
primitive line segments, and lattice points. HenSe, hagheroPL-complex structure
given by the PL-complex structure @@ and the primitive tgen P, in which the
number of the primitive triangles is the same numbef @ith the standard one by the
last statement of Theorem 3.3. Hence, the number of thegtdaim the PL-complex
of Q is 2¢%2 — 1. By (i) and the additivity of the area function *( ), one haatth
2n2 —1 2

L]

n?=A(S) = A(Q) +A(P) =

+ 1 =
- =n
2
sothatA P )=1% 2. Ul
Corollary 3.6 (Reeve). Let P be a lattice PL-figureThen
A(P) = ZP.

Proof. It follows from Theorems 3.2, 3.3, 3.5 and the additiof the area func-
tion A(x ). ]

Remark 3.7. Note that Theorem 3.5 was also proved from the area oftiaela
parallelograms (cf. [12§5], [1, 18, 2]) or more concrete computations on the area
of lattice rectangles (cf. [24, 26, 17, 27, 25]). The aboveoprwas given in [9] and
[3] except for the proof of the possibility of primitive trigular decomposition. Since
SL,(R) preserves the area of figures, the statements of Theoremn8.Eorollary 3.6
hold also whenz? is replaced byZ = -Z? with g € SL,(R).

4. Homma's PL Gauss-Bonnet theorem

In general, for a line segmerlt = and a 2-dimensionl simplex ntained in
a PL-complexP in a coordinate plane, as simplexesPof , takmmespointsu <
L\{z,v} andw € inta, put

Z(L, P):=Z(u, P), Z(a,P):=Z(w,P);
/B, P)=1—/(z,P), Z/E(L,P):=1-/(L,P),
B, P)i=1—Z(a,P)=1—1=0Q
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As well as the equation (7), for PL-complex&s, P, in a coordinate plane such that
Py N P, C 9PN 3Py one has that

®) Z(L, PLU P)) = Z(L, P1) + Z(L, Py);
9 Z(a, PLU Pp) = Z(a, Py) + Z(c, Po).

As a generalization of That theorem, one has the following formula (cf. [13, p.113,
Cor. 1], [14, pp.20-24], [23, pp.164-165]).

Theorem 4.1 (Homma). Let P be a PL-complex in a coordinate plane with the
vertexesz; (i = 1,..., p), the edgesL; (j = 1,...,¢), and the triangleso; (k =
1,...,r). Then

)4 q r
(10) > Lz P)= ) L(L;. P)+Y ZLlew. P)=0.
i=1 Jj=1 k=1
Proof. If P is a triangleAzizoz3, then for Ly = zoz3, L2 = z3z1, L3 = 2122,

+1=0

NI =
NIl W

3 3

Y Lz, PY =Y AL, P)+ L(zazazs P) =

i=1 j=1
If int. P = @, thenr =0, andZ(z;, P) = 4(L;,P) = 0 foranyi,j ¢ =1...,p;
j =1,...,q). By the additivity equations (7), (8) and (9), one hasnthiee required
equation for any PL-comple® in a coordinate plane. O

Then Homma'’s PL Gauss-Bonnet theorem on a plane is obtais€dllaws (cf.
[13, p.113, Thm. 1], [14, p.24, Thm. 1.6], [23, pp.170-172])

Theorem 4.2 (Homma). Let P be a PL-complex in a coordinate plane with the
vertexesz; (i = 1,..., p), the edgesL; (j = 1,...,¢), and the trianglesa; (k =
1,...,r). Then

p q r

(11) > 28z PY =Y ZF(Lj P+ Y 5oy, P) = x(P),
i=1 j=1 k=1
where the right hand sidg (P) := p — g +r is the Euler number of.

Proof. In the equation (10), substitutg(,P) = 1 — ZE(x,P) for « =
zi,Lj,ar. Thenp —q +r — (the left hand side) = 0, as required. O

Theorem 4.3. Let P be a primitive PL-complex consisting of lattice points
(i =1,...,V(P)), primitive line segmentd.; (j =1,...,e(P)) and primitive triangles
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ar (k=1,...,N(P)). Then
(12) ZP =V(P)—ep(P)+ izm — x(P).

Proof. In the equation (11) of Theorem 4.2, one has that

(13) 24 G P+ ) ey = ()

In fact, Y1) ZF(ex, P) = 0, at first. At second, ifL; ¢ 9P , theNaP #
becaused P is a subcomplex &f . In this case, the midpoinL of gagoed in
int. P, so thatZ£(L;, P) = 0. At third, for (e (P)— ef (P))-primitive line segments
L; 0P such asL; £ 9 (intP ),Lj Nad (intP )% because (ImM ) is a subcomplex
of dP. In this case, the midpoint of; is not contained dn (iRt ) mantained

in 9P, so thatZ5(L;, P) = 1— Z(L;, P) = 1. At last, forej (P )-primitive line seg-
mentsL; C 9 (intP ),L; is an edge of just one triangle in the PL-compfexso that
ZE(L;, P)=1/2. Hence,

eB(P) eB(P)

Zl (Lj, P) = (es(P) — ep(P)) + 2

j=1

es(P) —

Summing up the above arguments, (13) is obtained. By virfuth@ equations (13),
p=V(P), g =e(P) and

V(P) V(P)
> 25, PY=V(P)= Y Lz, P)=V(P)— ZP,
i=1 i=1
one has then tha¥ A 3} ZP +el(P)/2— ez (P) = x (P), as required. Ul

RemARk 4.4. The statement of Theorem 4.3 holds also when the definibf
“lattice points” Z? is replaced by a subséf iR such as Remark 3.4.

Proof of Theorem 2.5. By Corollary 3.6 and Theorem 4.3, trentlof Theo-
rem 2.5 is proved. ]

Proof of Theorem 2.4 and Theorem 2.3. By =cl(iit ), one basP ( ) =
eh(P), so that—ep P ) +el, P ) 2 =—ep P ) 2. Combined withy () # P( )B P( )
and x QP) =B (P )— ep (P ), one has Theorem 2.4 by Theorem 2.5. AssumedtRat
is a disjoint union of several circles. Thgnda K ) =0. Hence, dreen 2.3 is obtained
by Theorem 2.4. ]



732 T. KUROGI AND O. YASUKURA

Remark 4.5. The statements of Theorems 2.5, 2.4 and 2.3 hold also &hés
replaced byZ :=-Z? with g € SL»(R), as well as Remarks 3.7 and 4.4.

5. Pick’s theorem revised

Let X be a subset oR? homeomorphic to a circle. By Jordan curve theorem (cf.
[8, p.68, Thm. 5.10])R?\X is a disjoint union of the bounded connected component
D, and the unbounded connected componBptof R?\ X such thatX =3D; = dDy:

R2\X = Dy U D».

Lemma 5.1. (i) If Q is a non-empty bounded open subsetR¥\X such as
00 C X, thenQ = D,.
(i) If Pis a compact subset dR? such thatdP is homeomorphic to a cirglehen
P =cl.(int. P).

Proof. (i-1)If Q N D; # @, then Q D D;: Assume thatQ 2 D; . Take € D;\Q
andqg € QN D; . Then there exists a continuous cupve ,: [0-]D; such ghat = (0)
gandy (1) =p . Puty :=sufdr € [Q 1]| y ¢)e Q}. Theny #) € cl. 0. If y(11) € Q,
then there exists > 0 such thatr €)Q He <t < t1+¢, so thatty =1, hence
0 3 y(r1) = y(1) = p, a contradiction. Hence; 1} ¢ Q, so thaty {1) € Q. Because
of 90 € X, y(t1) € X N D; =0, that is a contradiction.

(i-2) BecauseQ is bounded) 2 D,. By (i-1), Q N D, = @. Note thatD; U D, D
Q #¢, so thatQ N D, #¢. By (i-1), Q 2 D;. ThenQ =Dy, as required.

(i) Take X :=9P andQ :=intP in (i). Then intP =D;, so that cl (intP ) =
cl.Dy2X=9P. ThenP =3P U intP =cl(intP). ]

Proof of Theorem 2.1. By Shoenflies theorem (cf. [8, p.75}), s hiomeo-
morphic to a disk, so thay A ) = 1. Combined with Theorem 2.3 &ecthma 5.1
(ii), one has the result. O

The essential points of the traditional arguments on Pift'mula (cf. [20, 24, 1,
18]) are its additivity and the calculation of the area ofnptive triangles, which are
related with a nature of Euler number (cf. [11]), so that thfcdlty for proving tradi-
tional Pick’s theorem is essentially in the difficulty of tlrect computationof Euler
number. In this article, it is decomposed into the additigf anglular-sum at vertexes,
the possibility of primitive PL-complex decomposition, ma's PL Gauss-Bonnet
theorem and Shoenflies theorem. On the other hand, the foljofact was used in
the literature [2, 27, 3]the external anglular-sum at the boundary vertexes of a-poly
gonal region P is2x radian. In general, the following result is also obtained from the
equation (13):
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Proposition 5.2. Let P be a PL-figure in a plane such tha = cl.(int. P) and
x(@P) = 0. Then“the external anglular-sum at the boundary vertéxe$ P is equal
to 2 - x (P) radian.

Proof. By Remark 3.4 and Theorem 3.2, a primitive PL-complexomposition
of P is given by considering the -vertexes &P as all “latticeint®” Note that
p—ep(P)=x(@P) =0, and thatey P ) =% £ ) byP =cl(intP ). By Remark 4.4,
the equation (13) give3""_, Z5(z;, P) — p/2 = x(P), so thatd} " ,(1 — Z(z;, P)) =
x(P)+p/2, ie.

p
1
14 -—-Z is P = P s
(1) > (54 m) =
where the left hand side means the external angular-sumeabdhbndary vertexes in
usual terminology, where the straight angle is measuredetd/I2. ]

Remark 5.3. A geometric proof of Pick's formula (Theorem 2.1) arsl general-
ization (Theorem 2.3) given in DeTemple-Robertson [2, Taeo4], Varberg [27] and
DeTemple [3] can be considered as a proof based on angutafernula at vertexes,
Proposition 5.2, Lemma 5.1 (ii) and Schoenflies theorem.

Although Theorems 2.5 and 4.3 are firstly observed by HomiRk'sSauss-Bonnet
theorem, another purely combinatorial proof is also olstdims well as a proof of
Theorem 2.4 in the literature [21, 27]:

Purely combinatorial proof of Theorem 4.3. By Theorem 3.8 &orollary 3.6,
it is enough to prove the following formula:

N(P)
2

=v(P) - en(P)+ EP) ()

(15) ;

Note that each primitive triangle has three edges; eachitpranline segment not con-
tained ind P is the common edge of just two primitive trianglesch primitive line
segment ofd (intP ) is an edge of just one primitive triangled @hat each primitive
line segment of cldP\d (intP )) is not an edge of any primitive higge. As well as
the literature [2, 6, 9, 17, 21, 27], the total numlkeP ( ) ofptive line segments of
the primitive PL-complexP then satisfies the following edoat

(16) 2(P)=3NP)+ep (P)+265 P )—ep @)
Hence,e P )=( £ »el £ )+25 P )) 2. Then

x(P)=V(P)—e(P)+N(P)
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3N(P) — ey (P) + 25 (P)
2

=V(P)—- + N(P),

as required. ]
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