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1. Introduction

Let k be a positive integer. Lep: (Z,)* x M* — M" be a smooth action of the
group @) = {t1, ..., 1 | t,? = 1 andst; =t;1;} on a closed smooth -dimensional
manifold M™ . It is well known that the fixed point sét  of the acatip on M", i.e.,

F={meM"|¢t,m)=m for all t € (Z)*}

is a disjoint union||, F"~" of closed submanifolds 07"

The purpose of this paper is to studgi,f*-actions having the property that each
component of fixed point set has trivial normal bundle. Whkenl, €onner and Floyd
gave the complete analysis of such actions (see [1, Theofedi)2Whenk > 1,
as far as the author knows, some works in this respect areamithe case in which
the fixed point set consists of isolated fixed points. For epamsee [1], [2], [3], [4],
and [5].

In [5], a linear independence condition for the fixed point e& (Z,)*-actions
on closed manifolds was introduced, and then using the tiondione analyzed
the property of fixed point set forZk)“-actions having only isolated points. Follow-
ing this idea, we first consider a more general case, iZ)‘{actions with constant
dimensional fixed point set satisfying that each componéritxed point set has triv-
ial normal bundle. The result is stated as follows.

Theorem 1.1. Suppose thafp, M") is an (Z,)*-action on a closed manifold/”
with constant/ -dimensional fixed point s&t for which each moment of F/  has
trivial normal bundle Then either(¢, M) bounds equivariantly or the fixed point set
has the following property
(1) for I < n, F' must possess the linear dependence property
(2) for I =n, F" is bordant toM".

Remark. In Theorem 1.1, linear dependence forces the fixed pointg,af7") to
have not only a normal representation, B6 has at least twoected components
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if (¢, M™) is nonbounding and < n, i.e., F' is disconnected. This means that there
cannot be Z,)*-actions with just an isolated point (see also [1, Theordn38]3.

In addition, we also consider the case in which the fixed peet has vari-
able codimensions. However, the general argument is difilicult since the key
point for (Z,)*-actions ¢ > 1) is the variation in the normal action. For example,
see [4], [6] and [7]. With the help of a linear independencadition, when we add
a restriction that each part of the fixed point set possedseditear independence
property, this naturally eliminate the existence of isetaipoints. Then the following
result is obtained.

Theorem 1.2. Suppose tha{¢, M") is an (Z,)*-action on a closed manifold for
which the fixed point sef = | |,_, F" satisfies that forh < n, all Stiefel-Whitney
classes of the normal bundle to each part vanish in positiiraedsion and
each F" possesses the linear independence propé&hgn fors < n, each connected
component ofF" boundsind M” is bordant toF".

Remark. It is well-known that any involution is equivariantly bamat to an invo-
lution with fixed point set having the connectedness prgpend each part of the fixed
point set of any involution always possesses the linearpieddence property. Thus,
whenk =1, Theorem 1.2 is just the Theorem 25.1 in [1], so Thaote? is directly
the generalization of [1, Theorem 25.1].

In Section 2, we introduce some notations, such as the lidependence property,
and review a formula given by Kosniowski and Stong. Theordmisand 1.2 will be
proved in Section 3. Throughout this paper, all manifoldd &f,)*-actions are to be
smooth. Let [V ] denote the fundamental homology class of tlesed manifoldN .
So(x1, .00y x,) = inl---x;'r denotes the usual smallest symmetric polynomial con-
taining the given monomial where = (i1, ..., i,) is a partition of|w| =i +--- +i,.

2. Notations and a formula

Let ¢: (Z2)* x M" — M" be an action of the grougZg)* being generated by the
elementsry, ..., # having the relationsz;l.2 =1 and#t; =t;t;, and letr |, F"—4 pe
its fixed point set. Let Hom{)*, Z,) be the set of homomorphisms (Z,)* — Z, =
{+1, -1}, which consists of 2 distinct homomorphisms labeleddyi = 1, ..., 2¢.
One agrees to lep; =1, i.e., p1(;) = 1 for all i. Every irreducible real representation
of (Z,)* is one-dimensional and has the forxp: (Zo)* xR — R with \,(t,7) = p(t)-r
for somep. A is the trivial representation corresponding4p= 1.

For each partF*—? of F, the restriction to each connected componéﬁt‘"
of F"=? of the tangent bundle oM” decomposes into subbundles uneéeadtion



(Zo)*-AcTIONS 457
of (Zo)*

[~%]
TMle—d = TFin—zl P @Vp.d
' p#1

wherev, 4 is the subbundle on whichZg)* acts via),, and the subbundle on which
(Zo)* acts trivially is identified with the tangent bundle 6]”"". Let g, 0 = dimy, 4,
so thatd :Ep#lqp,d. If F7—< is not connected, then the sequengs, {. - - .,quk,(,)
(called thenormal dimensional sequerjcenay vary for different components, although
Zpﬂqp,d is always equal tal . Without loss of generality one may asstimaé the
part of F*~? with a given normal dimensional sequence is connected. Ehiecause
one may form a connected sum of the components i d > 0, and cancel pairs of
components ifn —d = 0, so that up to equivariant bordism, th&,)¢-action is un-
changed. Then, one may write"~¢ = | [, F'~, u, > 1, where F"'~ is the part of
F"=? with a given normal dimensional sequenq%zig,, .. .,quk,d), and the collection

¢= (qu_d,...,q,’;zk’d) with Zq;’d:d i=1 ..., uy4

p#1

of such sequences occuring i~ will be called thenormal dimensional sequence
setof F"—<,
Now, assumingu, ..., a; to be formal variables, let

Qp = Z{a; | /\p(li, r) = —r}

for A, an irreducible representation oZf)*. Obviously, a; = 0. With the above un-
derstood, we state the definition of the linear independdacehe fixed point set.

Derinimion. . We say that then( — d)-dimensional partF”—¢ of F possesses the
linear independence property its normal dimensional sequence set

Q::{(q;;z,dv"' 7q;)2k,d) | i :17"'vud}

has the following property:

1 1
apa’ 0%
[L7100 [L7100
are linearly independent in the quotient field Bf[az, . . ., ax].
Next, let us review the formula given by Kosniowski and Stohet f(aa, - .., a,

x1,...,Xx,) be a polynomial overZ, which is symmetric in the set of variables
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X1,...,Xx,. If we use thej -th Stiefel-Whitney class af” to replace the etb-
mentary symmetric functiom;(x) = > x1---x;, then the resulting cohomology class
evaluated on the fundamental homology class\of is a chaistatenumber

(2.1) f@, -, a, x1, ..., x,)[M"].

On the other hand, consider each connected compafjertt of 77~ with the normal
bundle @p;z;l/};.d- In the polynomial,xy, ..., x, is replaced byzs, ..., z,—, and, for

all p # 1, variablesa, +y,, 1 <1 < ¢/, ,. If we let W; (F'=) (resp. W; ¢..) replace

the j-th elementary symmetric function ifzy, ..., 2z, 4} (resp. {y;,...,ygf’"}),
then

1 fId
f(a17"'7ak7Z17"'7Zn7d7"'7ap+yp7"'7 +Ypp 7"')

1,21 14 vy (ap + )

is a class in the cohomology on’,.”*d which may be evaluated on the fundamental
homology class ofFl.”*d, thus obtaining a characteristic number

f(a:b"'7ak7Z17"'7Zn7d7"'7ap+y%7"'7 +yzpd,...) d
(2.2) [F7 ]
I1 p#1 H/pd(ap + yp)
which can be considered as an element in the quotient keld Z,ff, . .., a].

Kosniowski and Stong [4] indicated the relation betweerd)and (2.2).

Theorem 2.1. If f(aa,...,a, x1,...,x,) is of degree less than or equal g
then

f(a17 . "7akax17 . '7xﬂ)[Mn]

1 qp.a
!t f(a17"'7ak7Z17"'7Zn7d7"'7ap+yp7"'7ap+ypp .

— Z Z ) [Fi”_d]
[T, [T (0 + 1)

in K.

3. Proofs of Theorems 1.1 and 1.2

This section is devoted to prove Theorems 1.1 and 1.2.
First, let us begin with the proof of Theorem 1.1.
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Proof of Theorem 1.1.  Write®! #|'_, F/ with u > 1, where each¥! is con-
nected, and let

u
- i l
v—F =Bt — £

i=1 p71

be the normal bundle t&' iM" such that the total cldigs/) <(1, and

¢= {(quinf,, e q;;zk,nf,) li=1,...,u}

the normal dimensional sequence setR)f . Recall that Zg)*¢actions the equivari-
ant bordism class is determined by the fixed point data, wiihsists of the fixed

point set and subbundles of the normal bundle on whigf)*(has given representa-
tions (see [8]). Thus, if each component Bf bounds, thenM™") bounds equiv-

ariantly. In other words, the equivariant bordism class of (&,)*-action having the

property that each component of the fixed point set has knaamal bundle is deter-
mined by the bordism class of the fixed point set.

If there exists at least a nonbounding componenfin , tiled/’) must be non-
bounding. In this case, without loss of generality, one magume that all compo-
nentsFl, ..., F! of F' are nonbounding. In fact, if there exist bounding compuase
in F!, then one can cancel those bounding component&’in . Thisndochange the
(Z)*-action up to equivariant bordism. Fér< n, consider the symmetric polynomial

folx) = inl e xtr
wherew = (i, .. ., i) iS a non-dyadic partition of . Then one has that

fw(zl,...,z/,ozpz,...,apz,...,ozpzk,...,ozpzk)

Gpon—I quk n—l
= "zf-- -zl +terms of lower degree in s

=S, (z) + terms of lower degree in .'s
Since degdf,, =/ < n, by Theorem 2.1 one has that

_ SQIFL , , SJEIE
1 q“.’l* :
[Tpza 0™ [lza0

Since each componert!  is nonbounding, one can choose alsuitatuch that for
someig, the characteristic numbefw(z)[ﬂ’o] is nonzero, SO

1 1

1 LR ] u
I olen—t 11 alent
p#1&p pFLTP
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are linearly dependent in the quotient field ®f[as, . .., a;]. Thus, forl/ < n, F! pos-
sesses the linear dependence property.

For [ =n, the dimension of the normal bundle & " is zero, andrso i
this case, each element of the normal dimensional sequends & ..., 0). Thus, for
any symmetric polynomiak,,(x) = inl ~-xl" wherew = (iy, ..., i,) with |w| = n,
by Theorem 2.1, one has that

So()M"] = Su@IFL]+ -+ SuR)F,
so F" is bordant taM” . This completes the proof. U

NoTte. We see that fol < n, if (¢, M") is nonbounding (i.e., no all components
of F! are bounding), then the linear dependence makes sureFtha disconnected.
In this case, we claim that all nonbounding componentsg’of trbaslinearly depen-
dent in M O.., whereM O, is the polynomial algebra ovét, formed by all unoriented
closed manifolds. In fact, if all nonbounding componentsFéfis linearly independent
in MO., then there exists some such that for some compone#, the characteris-
tic numberS,,(z)[F] # 0, but such the numbers for other componentsbf  are zero.

Further, we have from the proof of Theorem 1.1 that
1
_ = 0.
q[?.”—’
Hp?l Xp

This is impossible. Thus, if¢, M") is nonbounding, then all nonbounding components
of F! with [ < n must be linearly dependent it O,. This means that the conclu-
sion (1) of Theorem 1.1 is equivalent to the statement thah@hbounding compo-
nents of F! with! < n is linearly dependent i/ O,.

Next, we give the proof of Theorem 1.2.

Proof of Theorem 1.2. Being given a

Un—hng

Flo= | | B upng > 1,
i=1

with each F/® connected ando < n, and let
<= {(q;)g,ll—ho’ e qlpzk,n—ho) | i = 1’ ccc uﬂ*ho}

the normal dimensional sequence setrdf. We suppose inductively that each compo-
nent of F" bounds ifr < ho. Thus, up to equivariant bordismg,(M") is equivariantly
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bordant to an Z)"-action with fixed point set" %|,., F". Choose

folx) = inl o x

wherew = (i1, ..., I,) is a non-dyadic partition ohg, then we have that def), = Ay,
and for anyh > 0,

fw(Zlv"'7Z/17ap27"'7ap27"'7ap2k7"'7apzk)

qppn—h Qo m—h
=) "zf-- -zl +terms of lower degree in s

= S, (z) +terms of lower degree in .'s

Since the highest degree in s %(zl,...,z,,,apz,...,apz,...,apzk,...,apzk) is

4pp.n—h Qo n—h

ho, we have that for any pat” ;" F]' with h > ho,

i i
qlpz.nfh 9pp.n—h

Up—hp

Z fw(zl,...,zh,apz,...,apz,...,apzk,...,apzk)[Fh] — 0

- qim—h ! ’

i=1 Hp#l Qp

Furthermore, by Theorem 2.1, we have that

h h
_ S, SSQLE]
Un—hg *

ql I q

pn—hg —h

|| o pn—hg
pEL™P | |p?‘1 p

Since F"o possesses the linear independence property, we have thatafhi , the
characteristic numbeSw(z)[E”O] =0, and soF,.”0 bounds. This completes the induc-
tion, and thus, forh < n, each component of"” bounds. For the -dimensional
part F" of F, similarly to the argument of Theorem 1.1, we may iwbthat M" is
bordant toF”" . O
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